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Resume´ (in Danish)
Modellering af skadesudvikling og duktilt brud i svejsninger
Denne afhandling omhandler numerisk analyse af skadesudvikling og duktilt brud i
svejsninger. To svejsningstyper er her undersøgt. Som udgangspunkt analyseres
lokalisering af plastiske deformationer og brud i aluminiumsplader som er sam-
menføjet med den relativt nye “friktions-omrørings-svejsnings-teknik” (Friction Stir
Welding) ([P1], [P2], [P7]-[P9]). Der fokuseres i afhandlingen p˚a svejsninger udført i
aluminiumlegeringer fra 2xxx og 6xxx serien, som eksempelvis er attraktive for ﬂyin-
dustrien eftersom konventionelle fusionssvejsningsteknikker normalt anses for uegnet
til at sammenføje især 2024 legeringen. Derudover undersøges punktsvejsninger som
er baseret p˚a den udbredte modstandssvejsningsteknik. Skadesudvikling og brud er
her analyseret for punktsvejsninger som belastes ved almindeligt anvendte destruk-
tive test, s˚a som “shear-lab” og “cross-tension” testning ([P3]-[P6]). Der fokuseres
i afhandlingen p˚a en gruppe af høj-styrke st˚al kaldet “Advanced High Strength
Steels”, herunder to-fase st˚allet DP600, som eksempelvis er anvendt i bilindustrien
p˚a grund af de gode mekaniske egenskaber. Begge svejseteknikker er kendt for at
medføre en markant ændring af materialets mikrostruktur i det svejste omr˚ade. Der
er derfor ligeledes udført eksperimentelle undersøgelser for at estimere variationen af
model parametre p˚a tværs af de analyserede svejsninger, samt for at udføre ma˚linger
som kan sammenholdes med modellerne ([P3], [P7]-[P9]). Fokus i denne afhandling
er dog hovedsagligt p˚a modellering af de store materiale deformationer som medfører
duktilt brud i det svejste omr˚ade, i takt med at en belastning p˚aføres.
Alle numeriske modeller udviklet i denne afhandling er baseret p˚a den klas-
siske mikro-mekaniske Gurson model (Gurson-Tvergaard-Needleman modellen), som
tilnærmer mekanismerne i duktilt brud igennem et sæt af konstitutive ligninger.
Skade, i form af sfæriske hulrum, antages her at dannes nær inklusioner i materialet,
hvorefter disse hulrum vokser indtil interaktionen med nabo-hulrum giver anledning
til accelereret skadesudvikling og efterfølgende brud. Videreudviklinger af denne
klassiske model, som dels tager hensyn til formen p˚a hulrum i materialet (Gologanu-
Leblond-Devaux model) og som dels kan beskrive brud ved lav spændingstriaxialitet
(Nahshon-Hutchinson modiﬁkation), er ligeledes anvendt til at forudsige og beskrive
brud i svejsninger.
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Abstract
Modelling of damage development and ductile failure in welded
joints
This thesis focuses on numerical analysis of damage development and ductile failure
in welded joints. Two types of welds are investigated here. First, a study of the
localization of plastic ﬂow and failure in aluminum sheets, welded by the relatively
new Friction Stir (FS) Welding method, has been conducted ([P1], [P2], [P7]-[P9]).
The focus in the thesis is on FS-welded 2xxx and 6xxx series of aluminum alloys,
which are attractive, for example, to the aerospace industry, since the 2024 aluminum
in particular, is typically classiﬁed as un-weldable by conventional fusion welding
techniques. Secondly, a study of the damage development in Resistance Spot Welded
joints, when subject to the commonly used static shear-lab or cross-tension testing
techniques, has been carried out ([P3]-[P6]). The focus in thesis is on the Advanced
High Strength Steels, Dual-Phase 600, which is used in for example, the automotive
industry due to its good mechanical properties. Both welding techniques are known
to result in a signiﬁcant change of the microstructure in the weld region. Thus, some
experimental investigations have been conducted to estimate the variation of the
model parameters across the weld as well as to obtain experimental measurements
for comparison with the developed models ([P3], [P7]-[P9]). However, the main
focus in this thesis is on modelling the large material deformation in the weld region
that eventually leads to ductile failure, as loading is applied.
All numerical models developed in this thesis are based on the classical micro-
mechanical Gurson model (Gurson-Tvergaard-Needleman model), which approxi-
mates the ductile failure mechanism by nucleation, growth and coalescence of sphe-
rical micro-voids through a set of constitutive equations. Extensions to this classi-
cal model that account for the void shape evolution (the Gologanu-Leblond-Devaux
model) and failure during low triaxiality shearing (the Nahshon-Hutchinson shear
modiﬁcation) have also been applied to predict failure in welded joints.
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Chapter 1
Introduction
1.1 Background
Welding and joining of materials are essential for modern industries in order to
eﬃciently produce and assemble complex structures. Depending on the demand,
existing welding techniques may be adapted to ﬁt speciﬁc industrial needs, whether
it is on construction site or along assembly lines. However, many aspects of existing
welding techniques and their ability to eﬃciently join new materials are still poorly
understood. Thus, industries with a high demand for safety such as the aerospace
industry, have only to a rather limited extent applied welds as a means of joining
crucial components.
This drives the scientiﬁc community in developing welding techniques to produce
high quality welds and to provide understanding of the many factors inﬂuencing the
weld performance during in-service loading and its comparison to lab tests. The
studies found in the scientiﬁc literature may be divided into two categories. First,
the in-progress weld analyses including; CFD modelling and experimental studies
of the material ﬂow during welding; modelling and measurements of heat genera-
tion and temperature history; thermo-mechanical modelling of residual stress ﬁelds;
and modelling of microstructure evolution and local material properties in the weld
region. Secondly, the post-welding analyses including; microstructure investigation
and measurement of local mechanical properties; experimental and numerical studies
of residual stresses and their eﬀect on the weld performance; numerical and expe-
rimental studies of fatigue crack growth; experimental failure analyses; and ﬁnally
modelling of large strain localization of plastic ﬂow and damage evolution during
loading.
The focus in this thesis is on modelling plastic ﬂow localization and ductile
damage development in Friction Stir Welded (FSW) and Resistance Spot Welded
(RSW) joints when subject to loading during static testing. By gradually increasing
the complexity of the numerical models, studies on how local material properties
and the test specimen geometry aﬀect the failure response are carried out. For all
studies presented in this work, the assumption that the material fails in a ductile
manner has been applied (see Fig. 1.1). Thus, material failure is assumed to initiate
as nucleation of microscopic voids at second phase particle either as particle-matrix
decohesion or as particle fracture. For moderate to high stress triaxiality the voids
start to grow during large plastic straining and eventually reach a critical stage where
plastic ﬂow localizes in the ligament between neighbouring voids. Void coalescence
then takes place, which signiﬁcantly increases the damage growth rate that leads to
ﬁnal failure. This mechanism is, however, diﬀerent for low stress triaxiality since
1
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coalescence
(a)
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Fig. 1.1 Illustration of the mechanism governing ductile failure in metallic materials,
subject to moderately high stress triaxiality. a) Microstructure of virgin material, b) void
nucleation by particle fracture or particle-matrix decohesion, c) continuous void nucleation
and growth, and d) void coalescence and interaction with small inclusions. (The markers
on the tensile curve are for illustration only.)
recent numerical and experimental studies (Barsoum and Faleskog, 2007; Tvergaard,
2008, 2009; Jodlowski, 2009; Xue et al., 2009) suggest that none or only limited void
growth takes place here. Instead, the continued material softening at low triaxiality
is found to be governed by voids ﬂattening out to micro-cracks which then rotate and
elongate until coalescence is reached by interaction with neighbouring micro-cracks.
To approximately account for the complex mechanisms leading to ductile failure
at suﬃciently high stress triaxiality, a family of micro-mechanics based constitutive
damage models, relying on the work initiated by Gurson (1977), has been developed
(see e.g. Tvergaard and Needleman, 1984; Mear and Hutchinson, 1985; Tvergaard,
1990; Leblond et al., 1995; Gologanu et al., 1997; Pardoen and Hutchinson, 2000;
Benzerga et al., 2004; Scheyvaerts, 2008). Based on an upper-bound solution for
voids on the micro-level, Gurson (1977) formulated a macroscopic yield surface for
porous materials, using only the void volume fraction, f , to approximately account
for damage development. Adjustments to this approximated yield surface were later
suggested by Tvergaard (1981, 1982b), to better represent the material response
predicted by numerical cell model studies. The original Gurson model largely over-
estimates the critical strain for the loss of stress carrying capacity due to coalescence
of neighbouring voids in real materials (or cell model studies). To approximately
account for this mechanism, Tvergaard and Needleman (1984) modiﬁed the Gurson
model, making the model attractive for the scientiﬁc community as well as for indus-
trial applications (see also Tvergaard, 1990). Their rather simple modiﬁcations are
probably the most important in relation to engineering applications and the model
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has become widely known as the Gurson-Tvergaard-Needleman model.
The Gurson model was then reformulated by Gologanu et al. (1993, 1994, 1997),
to account for the shape evolution of spheroidal voids in a perfectly plastic mate-
rial, while extensions to strain hardening materials were introduced heuristically
by Pardoen and Hutchinson (2000). This Gurson-type model rest on a strong
micro-mechanical foundation and is nowadays well known as the Gologanu-Leblond-
Devaux model. The model brings interesting features in being able to predicted the
void shape evolution during plastic ﬂow localization ([P6],[P8],[P9]), and studies to-
wards expanding this model to account for general (non-spheroidal) ellipsoidal voids
have recently been initiated (Leblond and Gologanu, 2008). Due to the higher level
of the physics, these later models are often combined with more complex micro-
mechanics based coalescence models (Thomason, 1990; Pardoen and Hutchinson,
2000; Benzerga, 2002; Scheyvaerts, 2008, [P7]-[P9]). Furthermore, some attempts
to extend the Gurson model to anisotropic materials can be found in the literature
(Benzerga and Besson, 2001; Benzerga et al., 2004; Danas and Castan˜eada, 2009).
In recent years an increasing interest in the Gurson models inability to predict
failure at zero mean stress (e.g. pure shear), can be found in the literature, since con-
tinued softening and failure is known to occur during signiﬁcant shearing (Barsoum
and Faleskog, 2007; Tvergaard, 2008, 2009; Jodlowski, 2009; Xue et al., 2009). In
an attempt to repair on the Gurson model, a phenomenological shear-modiﬁcation
has recently been suggested by Nahshon and Hutchinson (2008), so that the Gurson
model can predict ductile failure during intense shearing. However, as discussed
in [P2], this modiﬁcation has too large an eﬀect on the damage development in
some case where the stress triaxiality is high, thus a simple extension to this shear-
modiﬁcation is suggested in [P5] (see section 3.2.2).
1.2 Structure of this thesis
This thesis consists of a brief introduction to the ‘Friction stir welding’ and ‘Re-
sistance spot welding’ techniques presented in chapter 2. A detailed description of
the model formulation and the diﬀerent Gurson-type models used in the numeri-
cal analyses are presented in chapter 3. Two results chapters are presented, each
treating the friction stir welds (chapter 4) and the resistance spot welds (chapter 5),
separately. Chapters 4 and 5 serves as a summary of the main results and discussions
in the nine papers [P1]-[P9] written during the author’s Ph.D study. The papers are
included at the end of the thesis.
The ﬁrst paper, ‘Ductile damage development in friction stir welded aluminum
(AA2024) joints’ [P1], presents a parametric study of the interaction between the
local material properties of the weld region, damage development and the position
of failure in friction stir welded joints.
In ‘Eﬀect of a shear modiﬁed Gurson model on damage development in a FSW
tensile specimen’ [P2], coauthored with Viggo Tvergaard a study the eﬀect of the
recently suggested shear-modiﬁcation to the Gurson model by Nahshon and Hutchin-
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son (2008) is presented. The focus is here on plastic ﬂow localization and damage
development in friction stir welded joints.
The paper ‘3D modelling of plug failure in resistance spot welded shear-lab spe-
cimens (DP600-steel)’ [P3], presents a numerical study of the plug failure mode
during shear-lab testing of single spot welded joints, and the model predictions are
here compared to experimental observations. The eﬀect of the spot weld diame-
ter and specimen geometry on the eﬀective tensile strength and ductility is here
investigated.
The study presented in [P3] is extended in ‘3D modelling of ductile plug failure in
resistance spot welded shear-lab specimens (DP600 steel)’ [P4], for the proceedings
of the ‘12th International Conference on Fracture - ICF 2009’ [P4]. A wider range
of model parameters is here considered and a discussion on the change in tensile
response due to changes in the test specimen geometry is presented.
The paper ‘Ductile shear failure or plug failure of spot welds modelled by mo-
diﬁed Gurson model’ [P5], which is coauthored with Viggo Tvergaard presents an
application of the shear-modiﬁed Gurson model by Nahshon and Hutchinson (2008).
An improvement to the model for better predictions at high stress triaxiality is here
proposed.
In ‘Predicting failure response of spot welded joints using recent extensions to
the Gurson model’ [P6], a comparison of the predicted tensile response of spot
welded shear-lab and cross-tension test specimens is presented, when using recent
extensions to the Gurson type model. The predicted failure modes and tensile curves
are discussed in relation the assumptions and limitations of the diﬀerent models.
The paper ‘Micro-mechanical modelling of damage in 6005A aluminium using
a physics based strain hardening law including stage IV’ [P7], is coauthored with
Aude Simar, Bruno de Meester, Viggo Tvergaard and Thomas Pardoen. A combined
numerical and experimental characterization of heat treated 6005A aluminum is
presented here for later use in relation to friction stir welds in [P8] and [P9].
A preliminary study of the eﬀect of the late stage IV strain hardening on fail-
ure in friction stir welds is presented in ‘Strain hardening and damage in 6xxx se-
ries aluminum alloy friction stir welds’ [P8], as a contribution to the ‘International
Conference on Processing & Manufacturing of advanced materials - THERMEC
2009’. This short paper is coauthored with Aude Simar, Bruno de Meester, Thomas
Pardoen and Viggo Tvergaard.
In ‘The eﬀect of stage IV hardening on localisation and damage development in
friction stir welded 6005A aluminum alloy’ [P9], which is coauthored with Thomas
Pardoen, Bruno de Meester, Viggo Tvergaard and Aude Simar, a combined nume-
rical and experimental analysis of the local material properties and their inﬂuence
on the tensile response of friction stir welded joints is presented.
Finally, some concluding remarks on the results presented and the applicability
of the Gurson modelling approach are given in chapter 6.
Chapter 2
Welding techniques
2.1 Friction stir welding
The Friction Stir Welding (FSW) method was developed at The Welding Institute
(TWI, Cambridge, United Kingdom) in 1991 (Thomas et al., 1991) and has become
a widely used solid-state welding technique for joining a vast variety of materials.
In this thesis, the work on FS-welds has focused on the 2xxx and 6xxx series of
aluminum alloys, which are age hardenable alloys. Thus their material properties
depend heavily on the composition of the hardening precipitates [P7]. All comments
on FSW are made with these alloys in mind, unless anything else is stated.
The FSW process is shown schematically in Fig. 2.1a. The process utilizes a
spinning tool, consisting of a pin and a shoulder plate, which is lowered into the
weldline until the shoulders are pressed in contact with metal sheets to be welded
(the workpiece). Friction heating between the tool and the metal sheets then softens
the material, which allows for extensive stirring in what is to become the weld nugget.
This heating-softening mechanism is self-stabilizing, which ultimately makes the
FSW technique a solid-state process (Dawes, 1995). By forcing the spinning tool
forward along the weldline a joint is created due to the extensive deformation of
the material in the stir zone. This combined rotational and translatoric motion of
the tool results in an asymmetric material ﬂow during welding (Schmidt and Hattel,
2006), which creates a slight asymmetry in the ﬁnal weld. Hence, a FS-weld consists
of an advancing and a retreating side, for which the rotational speed of the tool, r,
is in the direction of or opposite to the advancing tool speed, v, respectively (see
Fig. 2.1a). Furthermore, for increasing metal sheet thickness a pronounced diﬀerence
between the top (crown) and the bottom (root) of the weld is created (see Fig. 2.1b).
This is due to the shoulder plates creating friction heating on the top-side of the
weld, while the backing plate, onto which the workpiece is rigidly clamped, acts as
a heat-sink.
The temperature evolution during welding, does not only aﬀect the diﬀerence
between the root and the crown, but also the variation of the material properties
transverse to the weldline as well as the size of the diﬀerent zones in the weld [P9].
Based on the microstructure and the mechanical properties, a FS-weld can be di-
vided into four regions, where the material to be joined is the base material (BM),
a heat aﬀected zone (HAZ) is the material experiencing a signiﬁcant increase in
temperature, a thermo-mechanically aﬀected zone (TMAZ) is closer to the weldline,
where the material is exposed to signiﬁcant heating as well as mechanical deforma-
tion, and ﬁnally a ﬁne grained region in the middle of the weld is called the weld
nugget (NG) (see Fig. 2.1b).
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(a)
(b)
Fig. 2.1 a) Illustration of the friction stir welding technique, b) fractured friction stir
welds in 6005A aluminum alloy seen from the side, illustrating the diﬀerent weld zones (cold
weld conditions [P8]-[P9]). The author acknowledge Aude Simar at Universite´ catholique
de Louvain (UCL), Belgium, for the picture.
In many aspects, the FSW process has proven as good as (or better than) conven-
tional fusion welding techniques, especially in terms of the post-welding properties
of the welded joint, and the process has many advantages. For instance, no con-
sumable ﬁller material or gas is needed, no fumes or UV radiation is created, it is
easily automated and creates reproducible high quality welds with few defects when
applied to both similar and dissimilar materials. The later advantages are especially
true for the high strength 2024 aluminum alloy, which generally has been classiﬁed
as un-weldable by fusion processes. However, many aspects of the FSW process are
still poorly understood and it suﬀers from major limitations such as the weight and
size of the equipment involved in the process and thus the forces applied during
welding, the tool wear and cost (especially for welding high strength materials), and
speciﬁc FSW defects such as kissing bonds, onion rings and tunneling (Krishnan,
2002; Sato et al., 2005; Chen et al., 2006), as well as the non-homogeneous variation
of material properties in the weld region. Many studies dealing with all aspects of
the FSW technique can be found in the literature. Consequently, to optimize the
weld performance, a large number of experimental studies have been dedicated to in-
vestigate the microstructure evolution (Fonda and Bingert, 2004; Yang et al., 2004),
and the local properties in the weld region (Genevois et al., 2004; Sutton et al., 2004;
Liu and Chao, 2005; Simar et al., 2008), when applying FSW to a wide range of
materials. The post-welding conditions are typically linked to the thermal-history
of the workpiece and the material ﬂow in the stir zone during welding, that is, to the
weld parameters (advancing tool speed, v, rotational speed, r, and tool geometry,
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see Fig. 2.1a). This drives the development of numerical models for predicting the
temperature distribution during welding as well as the material ﬂow around the tool
probe. Detailed numerical studies can be found in the literature of, for example, the
shear-layer developing close to the weld tool (Schmidt and Hattel, 2006), the tool
shape eﬀects on the ﬂow and heat generation (Colegrove and Shercliﬀ, 2003) as well
as the asymmetric heat convection due to the combined translatoric and rotational
motion of the tool (Schmidt and Hattel, 2005; Simar et al., 2007b). Furthermore,
thermo-mechanical models have been developed to investigate the residual stresses
from the welding process and their eﬀect on, for example, weld sheets distortion
(Chao and Qi, 1998) and fatigue life time (John, 2003). These later thermal and
thermo-mechanical models have recently been used in optimization studies (Tutum
et al., 2007; Larsen, 2009; Tutum, 2009).
Most of the above studies have as an objective optimization of the weld per-
formance, whether a stronger or more ductile response is wanted. A number of
experimental studies on the tensile response and failure of FS-welds when subject
to static loading, can be found in the literature (Hui-jie et al., 2004; Liu and Chao,
2005). It is known that the interaction between the microstructure evolution, the
local material properties and the post-welding stress-strain conditions largely aﬀect
the overall response of a FS-welded joint (Lockwood et al., 2002; Sutton et al., 2006).
However, only a rather limited number of numerical studies on the weld strength
and the plastic ﬂow localization during ductile failure in FS-welds have been pre-
sented in the literature (Simar et al., 2007a; Gallais et al., 2007; Borino et al., 2009).
Simar et al. (2007a) presented a sequential model for predicting the local strain
hardening in FS-welded 6005A-T6 aluminum, when using a Voce type hardening
law. This study was then followed up in Gallais et al. (2007), where the material
properties were determined from micro-specimens cut from the diﬀerent zones in
the weld. Their experimental observations were combined with a 3D J2-ﬂow model
analysis to approximately predict the tensile response of diﬀerent FS-welded joints,
while the stress-history of a chosen integration point was introduced in a decoupled
damage model to predict the onset of void coalescence at that point. Based on this
decoupled modelling approach, Gallais et al. (2007) predicted the fracture strain
of various FS-welds. Recently, Borino et al. (2009) predicted failure of FS-welded
specimens using a cohesive interface modelling approach with good agreement to
experimental ﬁndings.
The aim of the present work is to contribute to the understanding of the mech-
anisms governing ductile failure in FS-welded joints subjected to static loading. A
numerical study of ductile failure in FS-welded 2024A aluminum is here carried out
to gain a parametric understanding of the factors inﬂuencing plastic ﬂow localization
and eventually failure [P1]. This study is extended in [P2] to study the eﬀect of a
recent shear-modiﬁcation to the Gurson model. Finally, a combined numerical and
experimental study of FS-welded 6005A aluminum is carried out in [P7]-[P9], using a
physics based strain hardening model as well as more sophisticated micro-mechanics
based Gurson and coalescence models.
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2.2 Resistance spot welding
Resistance Spot Welding (RSW) is a well known welding technique used in a num-
ber of industries for joining thin sheet metals. It is, for example, favourable in the
automotive industry where it is widely used due to the low cost, high eﬃciency and
speed of the process. In this thesis, the work on RS-welds has focused on so-called
Advanced High Strength Steels (AHSS), where the Dual-Phase DP600 steel is con-
sidered due to its good mechanical properties, formability and weldability for RSW
(Ferrasse et al., 1998; Marya and Gayden, 2005; Hoon et al., 2008). Only welds in
similar materials have been considered, but an increasing interest of welding dissi-
milar materials for optimized structural performance can be found in the literature
(and the industry) (Zhang et al., 1997; Hasanbas¸ogˇlu and Kac¸ar, 2006; Marashi
et al., 2008).
The RSW process utilizes the heating eﬀect due to the electrical resistance at
the contact surfaces between the metal sheets to be welded, in order to melt the
metal and thereby create a joint (Zhang and Senkare, 2006). The metal sheets are
typically clamped by a calibrated axial-force, between an upper and lower electrode
(see Fig. 2.2a). During the clamping, a suitable weld current is passed through the
electrodes and the metal sheets in order to melt the material and thereby form a
suﬃcient weld pool size and shape. The time for which the material is exposed
to the passing current is referred to as the hold time. The spot weld is afterward
released to cool, mainly by heat conduction to the surrounding material, so that a
weld nugget is formed. Due to the melting of the material, this type of welds suﬀers
from solidiﬁcation processes in the weld nugget, that is, the possibility of increased
porosity in the weld interface, solidiﬁcation cracks, and shrinkage voids (Zhang and
Senkare, 2006; Ma et al., 2008), which can deteriorate the overall performance of
the weld.
As for other welding techniques, the resistance spot welding process produces a
large variation in the microstructure of the weld region, due to the thermal treatment
of the material. As for the FS-welds, a RSW can be divided into diﬀerent regions,
where the material to be joined is the base material (BM), the heat aﬀected zone
(HAZ) is the material experiencing a signiﬁcant increase in temperature, and a region
denoted the fusion zone or nugget (FZ/NG) of the weld is where the materials have
been melted (see Fig. 2.2b). The large variation in the microstructure of the weld
region results in a non-homogeneous variation of the mechanical properties, which
strongly depends on the base material properties and treatments prior to welding.
By applying RSW to DP600 steel, the material hardness has been shown to increase
signiﬁcantly in the weld nugget [P3]. This is due to an increased volume fraction of
hard martensite that has formed during the rather rapid cooling of the weld (Tong
et al., 2005; Song et al., 2005; Marya et al., 2006; Long and Khanna, 2007; Ma et al.,
2008).
Even though the RSW process is relatively simple, an ongoing eﬀort in simulating
the process and the performance of RS-welded joints can be found in the literature.
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To ensure a suﬃcient bonding of the weld, a number of experimental studies have
been dedicated to investigate the eﬀect of the weld current, the hold time and the
axial load applied during welding (Sawhill and Furr, 1981; Han and Indacochea, 1993;
Han et al., 1993; Marya and Gayden, 2005). In particular, the eﬀect of the weld
parameters on the spot weld size has been studied extensively, since the weld size is
typically linked, through empirical relations, to the ultimate tensile load as well as
the corresponding displacement found during destructive testing (Wung et al., 2001;
Marya et al., 2006; Sun et al., 2008). For spot welded sheet metal, failure near the
welded joint occurs either as a so-called nugget-pull-out (plug failure), where the
weld nugget is torn out of the welded sheets [P3], or as an interfacial failure along
the weld interface (Marya et al., 2006; Pouranvari et al., 2007, [P4], [P5]). The
plug failure mode is considered the only acceptable failure mode in most industries.
Thus, a number of analytical models to predict the transition from plug failure
to interfacial failure, in terms of a critical spot weld diameter, can be found in
the literature (VandenBossche, 1977; Smith, 1980). These simple models typically
rely on limit load analysis or stress state considerations, for example, with respect
to stress intensity factors near the weld, while similar experimental studies and
recommendations for estimating a spot weld size that ensures plug failure, can be
found in the literature (AWS, 2000; Pouranvari et al., 2007). Furthermore, a number
of investigations have been dedicated to study the stress state, such as the stress
intensity factors in the vicinity of the weld when subjected to typical load situations
(Zhang, 2003; Wang and Pan, 2005; Lin et al., 2007; Lin and Pan, 2008), as well as
to develop stress based failure criteria (Lin et al., 2002, 2003). These simple failure
criteria are typically combined with large scale ﬁnite element models, for example,
for car crash simulations (Salvini et al., 2000; Song et al., 2006).
A large number of experimental and numerical studies on fatigue life of spot
welded joints can be found in the literature (Salvini et al., 2000; Ning and Sheppard,
2002; Rathbun et al., 2003; Long and Khanna, 2007), while far less numerical stud-
ies of destructive testing are found (Markiewicz et al., 2001; Lin et al., 2006).
Markiewicz et al. (2001) studied the failure of spot welds undergoing either shear-lab,
cross-tension or peel testing in a combined experimental and numerical study, with
focus on predicting the measured tensile response when using the Gurson model.
Lin et al. (2006) studied failure of single spot welded shear-lab specimens in a part
analytical and part numerical study. However, using a J2-ﬂow model Lin et al.
(2006) restricted their numerical analysis of plastic ﬂow localization to 2D plane
strain specimens, leaving out 3D eﬀects.
The aim of the present work is to contribute to the understanding of the mecha-
nisms governing ductile failure of RSW joints when subject to loading during com-
monly used static testing techniques (shear-lab and cross-tension testing). A 3D
numerical study of single spot welded shear-lab test specimens is presented in [P3].
The predicted tensile response and failure mode is here compared with experimental
observations, while a purely numerical study is carried out to clarify the geometrical
factors inﬂuencing the plug failure mode ([P3], [P4]). Based on these predictions, a
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shear-modiﬁed Gurson model is applied to predict both the plug failure and the in-
terfacial shear failure mode [P5]. A simple extension to the existing shear-modiﬁed
Gurson model is here suggested to better represent damage development at high
stress triaxiality. Additionally, the eﬀect of void shape evolution as well as the eﬀect
of signiﬁcant weld defects on the tensile response during shear-lab and cross-tension
testing are investigated in [P6].
(a)
(b)
Fig. 2.2 a) Typical resistance spot welding procedure showing clamped metal sheets
with applied weld current, I, and axial-load, F , b) fractured cross-section of resistance
spot welded joint in DP600-steel, showing the diﬀerent weld zones [P3]. The author
acknowledge Kim Pedersen and Anders Harthøj for the picture (Pedersen and Harthøj,
2008).
Chapter 3
Model description
This chapter describes the Gurson modelling approach used for the numerical simu-
lations of ductile failure presented in this thesis and in the associated publications
[P1]-[P9].
Section 3.1 brieﬂy presents the convected coordinate Lagrangian formulation
used during the development of the models.
Section 3.2 introduces the three versions of the Gurson type model which have
been implemented and used in this work. These are; i) the Gurson-Tvergaard-
Needleman model (Gurson, 1977; Tvergaard and Needleman, 1984), accounting
for spherical void growth; ii) the recent shear-modiﬁcations to the Gurson model
suggested by Nahshon and Hutchinson (2008) and in [P5]; and iii) the Gologanu-
Leblond-Devaux model, accounting for non-spherical void growth (Gologanu et al.,
1997; Pardoen and Hutchinson, 2000).
Section 3.3 brieﬂy presents the ﬁnite element discretization of the ﬁeld equations
as well as the numerical implementation and the solution procedure.
In the following, ( )ij and ( )
ij denote the covariant and contravariant components
of a general tensor, respectively, and ( ),i denotes covariant diﬀerentiation in the
reference coordinate system, while ˙( ) denotes time diﬀerentiation. Repeated indices
imply summation of the range 1-3, and a bold character indicates a vector or a tensor
referring to the reference coordinate system.
3.1 Model framework
To account for ﬁnite strains, a total Lagrangian formulation of the ﬁeld equations
is employed. A convecting coordinate system, which serves as particle labels (ξi),
here follows the deformation of the material. This makes it possible to distinguish
between the current conﬁguration (the convected frame) and the reference conﬁgu-
ration (the reference frame). The reference frame can be chosen arbitrarily, thus
a Cartesian frame has be used as reference throughout this work. No limitations
are imposed on the material deformation and the convecting frame is therefore in
general neither Cartesian nor orthogonal. Thus, curvilinear coordinates are applied,
and a general tensor notation is adopted in order to distinguish between covariant
and contravariant components. All convected quantities are marked with (˜ ).
Let r and r˜ deﬁne the position of a material point in the reference and the current
conﬁguration, respectively. The covariant base vectors are then given by
ei =
∂r
∂ξi
, e˜i =
∂r˜
∂ξi
= ei + u
k
,iek (3.1)
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with ui being the contravariant components of the displacements on the reference
base vectors (u = r˜ − r = uiei). Using the base vectors, the metric tensors for the
reference and the convecting frame can be deﬁned as gij = ei · ej and Gij = e˜i · e˜j,
respectively, where gij reduces to the Kronecker delta for a Cartesian frame. Thus,
the covariant and contravariant components coincide in the reference frame (gij =
gij). Furthermore, Gr = |gij| and Gc = |Gij| are the determinants for the metric
tensors for the reference frame and the convecting frame, respectively.
Using the total Lagrangian formulation, the dynamic principle of virtual work
can be written in the reference state in terms of the Lagrangian strain, ηij, and
the work conjugate Kirchhoﬀ stress, τ ij, as follows in Eq. (3.2), by integrating over
the volume, V , and surface, S, in the reference conﬁguration (Budiansky, 1964;
Hutchinson, 1973)∫
V
τ ijδηij dV =
∫
S
T iδui dS −
∫
V
ρ
∂2ui
∂t2
δui dV (3.2)
with
T i = (τ ij + τ kjui,k)vj (3.3)
ηij =
1
2
(Gij − gij) = 1
2
(
ui,j + uj,i + u
k
,iuk,j
)
. (3.4)
The surface tractions, T i, the surface normal, vj, the displacements, ui, and the
material mass density, ρ, is here related to the reference frame, while the contravari-
ant components of the Kirchhoﬀ stress tensor, τ ij, are given on the current base
vectors. As described by Budiansky (1964), the Kirchhoﬀ stress tensor, τ ij, and the
corresponding stress rate, τ˙ ij, can be written as
τ ij =
√
Gc
Gr
σij, τ˙ ij =
√
Gc
Gr
σ˙ij + τ ijGklη˙kl (3.5)
where σij is the Cauchy stress tensor (or the true stress) and σ˙ij is the Cauchy stress
rate on the current base vectors, while
√
Gc/Gr is the ratio between the reference
and the current volume (= dV˜ /dV ). For conventional plasticity (no damage), only
the elastic material properties contribute to the volume change, which often can be
neglected (τ ij ≈ σij). However, due to the damage evolution, a considerable volume
change can occur; hence, τ ij = σij since
√
Gc/Gr = 1.
The Lagrangian strain rate is taken to be the sum of an elastic, η˙Eij , and a plastic,
η˙pij, contribution. Hence, η˙ij = η˙
E
ij + η˙
p
ij. Using the elastic relationship, σˆ
ij = Lijklη˙Ekl,
suggested in Tvergaard (1990), the constitutive relation can thus be written as
σˆij = Lijkl(η˙kl − η˙pkl) (3.6)
with
σˆij = σ˙ij +
1
2
(
Gikσjl + Gjkσil + Gilσjk + Gjlσik
)
η˙kl (3.7)
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Lijkl = E
1 + ν
[
1
2
(
GikGjl + GilGjk
)
+
ν
1− 2νG
ijGkl
]
(3.8)
where σˆij is the Jaumann rate of the Cauchy stress tensor, E is the Young’s modu-
lus, and ν is the Poisson ratio. The relations in Eqs. (3.6)-(3.8), do not give a true
representation of the elastic material behaviour, since it cannot be derived from an
elastic energy potential (called hypo-elastic). However, this is considered a reason-
able approximation since the elastic contribution to the total straining is typically
very small (Tvergaard, 1990).
3.2 Damage models
The damage models used in this thesis are based on the pioneering work of Gurson
(1977) for ductile materials containing a certain volume fraction of voids, f . Based
on an upper-bound solution for voids on the micro-level, Gurson (1977) formulated a
macroscopic yield surface for porous materials, using only the void volume fraction,
f , to approximately account for damage development. A continuous development
of this micro-mechanics based damage model can be found in the literature (as
discussed in section 1.1). The three versions of the Gurson model used in this work
are presented in the following sections 3.2.1-3.2.3. The material is here assumed
isotropic hardening, but the model has also been formulated for kinematic hardening
materials by Mear and Hutchinson (1985).
Following the Gurson modelling approach, a macroscopic and microscopic level
of the material is introduced. On the macro-level, the stress and strain components
presented in section 3.1 are assumed to describe the average ﬁelds over the material
(including the voids), while on the micro-level, the matrix material surrounding the
voids are assumed to follow the behaviour of an isotropic Mises material. Thus,
a microscopic reference stress, σM , is deﬁned, together with a corresponding mi-
croscopic plastic strain, εpM , which are related through a predeﬁned hardening law,
g(εpM). The macroscopic and microscopic level of the material is then coupled by
the assumption of equal plastic work rate on the two levels
σij η˙pij = (1− f)σM ε˙pM . (3.9)
Using Eq. (3.9), the plastic part of the Lagrangian strain rate, η˙pij, can be derived
from the current potential surface as
η˙pij = Λ
∂Φ
∂σij
, Λ = (1− f)σM ε˙pM
[
σij
∂Φ
∂σij
]−1
. (3.10)
In the present work, the microscopic plastic strain rate, ε˙pM , is assumed to be
governed by the power law in Eq. (3.11)a. Thus, the material is represented as
elastic-viscoplastic, where the Gurson yield surface is used as plastic potential (po-
tential surface). In publications [P1]-[P6], the material is chosen to follow the power
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hardening law shown in Eq. (3.11)b, while a more physics based hardening law has
been used in [P7]-[P9].
ε˙pM = ε˙0
[
σM
g(εpM)
]1/m
, g(εpM) = σy
(
1 +
EεpM
σy
)N
. (3.11)
The elastic-viscoplastic formulation is here used for the convenience of the imple-
mentation, thus throughout the work, the strain rate hardening exponent, m, is
chosen small in order to limit the viscous material behaviour.
3.2.1 Gurson-Tvergaard-Needleman model
The classical Gurson model (Gurson-Tvergaard-Needleman model, Eq. (3.12)-(3.14)),
accounting for spherical void growth, is well-known to be a good approximation of
the micro-mechanisms governing ductile failure at reasonable high stress triaxiality
(Koplik and Needleman, 1988). Voids here remain rather spherical, and the poro-
sity evolution is well described by the Gurson assumptions. However, the Gurson-
Tvergaard-Needleman model is also widely used to approximate damage develop-
ment even at moderate (or rather low) stress triaxiality, where void shape eﬀects
are known to occur. The model can, in such cases, be adjusted to give a reasonable
description of the material by considering the void volume fraction, f , as an eﬀective
value. But at zero mean stress, no void growth is predicted by the Gurson model.
The yield surface, originally formulated by Gurson (1977), has the form shown in
Eq. (3.12), but with q1 = q2 = 1 and f
∗ = f . In this form, the model overestimates
the load carrying capacity of the material as damage develops. Thus, based on cell
model studies, Tvergaard (1981, 1982b) suggested the current form of the potential
surface (in Eq. (3.12)) by introducing the q-parameters. Tvergaard (1981, 1982b)
estimated these parameters to q1 = 1.5 and q2 = 1. Later, q1 was determined
to 1.47 in an analytical study by Perrin and Leblond (1990). Furthermore, the
original Gurson model largely overestimates the critical strain for the loss in stress
carrying capacity due to coalescence of neighbouring voids in real materials (or
cell model studies). To approximately account for this mechanism, Tvergaard and
Needleman (1984) introduced the rather simple (but eﬃcient) void coalescence model
in Eq. (3.13).
Φ =
σ2e
σ2M
+ 2q1f
∗ cosh
(
q2
2
σkk
σM
)
− [1 + (q21f ∗)2] = 0 (3.12)
with
f ∗(f) =
{
f for f ≤ fc
fc + K(f − fc) for f > fc (3.13)
where K = (fU − fc)/(ff − fc) and fU = 1/q1, as suggested by Tvergaard and
Needleman (1984). Thus, the onset of void coalescence is assumed to occur as the
critical volume fraction, fc, is reached. The accelerated void growth is then governed
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by the constant K, which typically is in the range of 3 to 8 (Pineau and Pardoen,
2007). For f → ff , the Gurson yield surface shrinks to a point in stress space (see
Fig. 3.1), and a complete loss in stress carrying capacity is reached for the material.
Thus, in applying the model for numerical analysis, some precautions need to be
taken for the model to be stable (see section 3.3.4). It is noted that Eq. (3.12)
reduces to the Mises potential surface when f = 0.
Using the Gurson-Tvergaard-Needleman model, the void volume growth rate
takes the form
f˙ =(1− f)Gij η˙pij + (1− βv)Dε˙pM + βvB(σ˙M + σ˙kk/3) (3.14)
where the ﬁrst term, representing the growth of existing voids, follows from plastic
incompressibility, while the second and third terms describe void nucleation go-
verned by either the plastic straining or the stress state of the material, respectively
(Needleman and Rice, 1978; Chu and Needleman, 1980). A parameter, βv ∈ [0, 1],
is here introduced to control the nucleation mechanism.
3.2.2 Shear-modiﬁcation by Nahshon and Hutchinson
For zero or negative stress triaxiality, the Gurson type models, such as the Gurson-
Tvergaard-Needleman model (Gurson, 1977; Tvergaard, 1981, 1982b; Tvergaard and
Needleman, 1984), predict no increase in damage, if void nucleation is neglected.
However, continued softening and failure are known to occur at low stress triaxia-
lity shearing (Barsoum and Faleskog, 2007; Jodlowski, 2009; Xue et al., 2009). In
a recent study, Tvergaard (2008, 2009) clearly illustrated this numerically as be-
ing due to the collapse, rotation, and coalescence of microvoids in a shear-ﬁeld.
To mimic this softening mechanism, Nahshon and Hutchinson (2008) recently in-
troduced a phenomenological modiﬁcation of the damage growth rate, f˙ , to the
Gurson-Tvergaard-Needleman model, which can be written as in Eqs. (3.15)-(3.16).
Since this modiﬁcation is purely phenomenological, thus f should be considered
either as an eﬀective void volume fraction or simply a damage parameter.
f˙ =(1− f)Gij η˙pij + (1− βv)Dε˙pM + βvB(σ˙M + σ˙kk/3) + kωfω0
sij η˙pij
σe︸ ︷︷ ︸
Shear-modiﬁcation
(3.15)
with
ω0 = ω(σ) = 1−
(
27J3
2σ3e
)2
, J3 =
1
3
Gijskjsils
lk. (3.16)
The modiﬁcation in Eq. (3.15) is formulated to be consistent with the mechanism
of void softening in shear and introduces only one additional model parameter, kω,
which was estimated by Nahshon and Hutchinson (2008) to be in the range of 0 to 3.
This additional parameter, kω, is deﬁned by Nahshon and Hutchinson (2008) to set
the magnitude of the damage growth rate in pure shear, while ω(σ) is formulated to
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vanish at an axi-symmetric stress state so that the modiﬁed model coincides with
the original Gurson model assumptions. Consequently, it can be shown that ω(σ)
lies in the interval ω(σ) ∈ [0, 1], with ω(σ) = 0 for an axi-symmetric stress state,
and ω(σ) = 1 for all stress states combined by shear and hydrostatic pressure.
Using the shear-modiﬁed void growth rate in Eq. (3.15), a continued increase of
the last term takes place, even at zero mean stress. However, as discussed in [P2]
and [P5], the shear-modiﬁcation has a too large eﬀect in some cases of rather high
stress triaxiality, where it is reasonable to expect the micro-mechanics based Gurson
model to give a suﬃciently accurate description. A simple extension is therefore
introduced in [P5] to better represent the damage development at moderate to high
stress triaxiality. The extension is introduced by letting the parameter ω0 depend
on the level of the stress triaxiality, T = σkk/(3σe), so that
ω0 = ω(σ)Ω(T ) , with Ω(T ) =
⎧⎨
⎩
1 T < T1
(T − T2)/(T1 − T2) T1 ≤ T ≤ T2
0 T > T2
(3.17)
where T1 < T2, while ω(σ) is given by Eq. (3.16)a. The interpolation means that
the model of Nahshon and Hutchinson (2008) is used for T ≤ T1, while the Gurson-
Tvergaard-Needleman model is used for T ≥ T2. Thus, with the extension in
Eq. (3.17), the well-known features of the Gurson model are preserved at higher
stress triaxialities, while the possibility of also predicting shear failure at low stress
triaxiality is included. The parameters T1 and T2 are to be estimated to ﬁx the tran-
sition. Tvergaard and Nielsen (2009) very recently compared this phenomenological
model to cell model predictions for a range of stress triaxialities. It was found that
including Eq. (3.17) enhances the accuracy of the shear-modiﬁed model.
3.2.3 Gologanu-Leblond-Devaux model
The damage evolution in real materials is a complex issue, involving signiﬁcant
void shape changes at moderate (or low) stress triaxiality. To deal with the limi-
tation of spherical void growth in the Gurson model, Gologanu et al. (1993, 1994,
1997) reformulated the model to approximately account for the growth of spheroidal
voids in perfectly plastic materials. This strong micro-mechanics based improvement
of the Gurson model has become widely known as the Gologanu-Leblond-Devaux
model and has been the subject of numerous studies. Based on cell models studies,
Pardoen and Hutchinson (2000) extended the Gologanu-Leblond-Devaux model to
strain hardening materials by introducing a q-parameter, similar to the Tvergaard
parameters (q1, q2) for the original Gurson model, but now depending on the initial
porosity, f0, the initial void shape, S0, and the hardening exponent, N (see Lassance
et al. (2007) or appendix A). This extended Gurson model is used in publications
[P6]-[P9].
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Fig. 3.1 Potential surface dependence on the generalized hydrostatic tension, σgh/σM ,
based on the Gologanu-Leblond-Devaux model (GLD-model) for diﬀerent values of f∗(f),
and q = 1 (Tvergaard, 1990). For spherical voids (W = 1, B0σM =
σe
σM
,
σgh
σM
=
σk
k
3σM
), this
model reduces to the Gurson-Tvergaard-Needleman (see also [P6]).
Following the Gurson modelling approach described in section 3.2, the potential
surface for the Gologanu-Leblond-Devaux model takes the form
Φ = C
B20
σ2M
+ 2q(g + 1)(g + f ∗) cosh
(
κ
σgh
σM
)
− (g + 1)2 − q2(g + f ∗)2 = 0 (3.18)
where f ∗ = f ∗(f) is given by Eq. (3.13), while B0 =
√
3sˆij sˆij/2 is the Mises reference
stress of the corrected stress deviators, sˆij = sij + ησghXij, with sij being the
deviatoric part of the Cauchy stress tensor, σij, and σgh = σ
ijJij is the generalized
hydrostatic stress. As for the Gurson model, the potential surface for the Gologanu-
Leblond-Devaux model shrinks to a point in stress space as f → ff (see Fig. 3.1).
Thus, the element vanishing technique described in section 3.3.4 is applied in the
developed FE-model to limit numerical diﬃculties. Using the simple void coalescence
model in Eq. (3.13), it can be shown that ff = (fU − fc)/K + fc, with fU =
(g + 1)/q − g (g = 0 for spherical voids, see also Jinkook et al., 2007).
The potential surface parameters C, g, η, κ, α1, and α2 derived by Gologanu
et al. (1997) all depend on the current void shape factor, S, and void volume fraction,
f (see appendix A). The void shape factor of the spheroidal void is deﬁned as
S = ln(W ) = ln(R1/R2), where R1 is the “radius” along the main cavity axis of the
void, and R2 = R3 is the length of the second axis (see appendixes A and B). Thus,
S > 0 corresponds to a prolate void, while S < 0 is an oblate void.
The void volume growth rate, f˙ , here corresponds to that of the Gurson-Tvergaard-
Needleman model in Eq. (3.14), while the rate of the void shape factor, S˙, takes the
form
S˙ =
3
2
(1 + h1hT )
(
η˙pij −
1
3
GijG
klη˙pkl
)
P ijd + h2G
ij η˙pij (3.19)
where h1 and h2 are derived in Gologanu et al. (1997) as Eq. (3.20), and hT =
1− 0.555T 2 − 0.045T 4 + 0.00200T 6 has been adjusted by Pardoen and Hutchinson
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(2000), based on cell model studies for a power hardening material with N = 0.1
(and T = σkk/(3σe) < 4).
h1 =
9
2
α1 − αG1
1− 3α1
(
1−
√
f
)2
and h2 =
1− 3α1
f
+ 3α2 − 1. (3.20)
Furthermore, the second-order direction tensors Jij, Xij, and P
ij
d given on the
convecting base vectors, for the spheroidal void, are deﬁned by Gologanu et al.
(1997) in the reference frame as
P d = n1 ⊗ n1 (3.21)
J = (1− 2α2)n1 ⊗ n1 + α2 (n2 ⊗ n2 + n3 ⊗ n3) (3.22)
X =
1
3
(2n1 ⊗ n1 − n2 ⊗ n2 − n3 ⊗ n3) (3.23)
where (n1,n2,n3) is an orthonormal basis specifying the orientation of the void axes
with respect to the reference frame (see appendix B), while ⊗ denotes the tensor
product. In this study, the main cavity axis of the voids is chosen to follow a
vector inscribed in the material, for example, the direction of the ﬁrst based vector
of the convecting coordinate system, e˜1. Thus, the voids follow the convecting
coordinate system, hence the rotation and deformation of the material, but remain
axi-symmetric. The second-order tensors (J , X and P d) referring to the reference
frame may be transformed to the convected frame as Jij = e˜i ·J · e˜j, Xij = e˜i ·X · e˜j,
and P ijd = e˜
i ·P d ·e˜j. Here, e˜i and e˜i are the covariant and contravariant base vectors,
respectively, for the convecting coordinate system (see Eq. (3.1)).
The potential surface in Eq. (3.18), reduces to that of the Gurson-Tvergaard-
Needleman model in the limit of spherical voids (S → 0). However, the Gologanu-
Leblond-Devaux model inherits a singularity at S = 0 (see Eqs. (A.1)-(A.2) in
appendix A). Thus, some precautions had to be taken in the numerical model.
3.2.4 Void nucleation
The nucleation of primary voids in metallic materials, when subject to loading,
are typically governed by either decohesion at the particle-matrix interface of se-
cond phase particles (Pardoen et al., 1998) or fracture of the second phase particles
(Huber et al., 2005, [P7]). No decisive conclusion can be found in the literature
on what is governing these two mechanisms. In some cases, void nucleation ap-
pears to be controlled by the plastic straining, while, in other cases, it occurs as
the nucleation is stress controlled. In the present work, a plastic strain controlled
nucleation law (βv = 0) is employed in [P1]-[P6], while void nucleation is taken to
be stress controlled (βv = 1) in [P7]-[P9]. Following the widely used nucleation laws
suggested by Needleman and Rice (1978); Chu and Needleman (1980), as shown in
Eqs. (3.14) and (3.15), where the nucleation rate coeﬃcients (D and B) can either
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be based on the plastic straining
D = f
(eff)
N
sN
√
2π
exp
[
−1
2
(
εpM − εN
sN
)2]
(3.24)
or the stress state experience by the material
B = f
(eff)
N
sN
√
2π
exp
[
−1
2
(
σM + σ
k
k/3− σN
sN
)2]
(3.25)
for σM + σ
k
k/3 = (σM + σ
k
k/3)|max and (σM + σkk/3). > 0. (3.26)
For constant parameters, Eqs. (3.24) and (3.25) follow a normal distribution,
where f
(eff)
N is the eﬀective void volume fraction to be nucleated, sN is the standard
deviation, and εN is the mean nucleation strain. However, since the void nucleation
process takes place during an interval of plastic straining, a correction for the evolv-
ing void shape may be introduced when using the Gologanu-Leblond-Devaux model.
The two nucleation mechanisms, particle-matrix decohesion or particle fracture, may
thereby be approximately accounted for (see [P6] and [P7]). For particle-matrix de-
cohesion, f
(eff)
N = fN and W0 = 1 (initially spherical voids) are used, while void
nucleation governed by the fracture of particles in their equatorial planes is approxi-
mately accounted for with f
(eff)
N = fNW/Wp and W0 = 0.01 (Lassance et al., 2007).
Here, Wp is the shape of the second phase particles.
3.2.5 Void coalescence
For distinct diﬀerences in the void volume fraction, the void shape and the stress-
strain conditions, a noticeable diﬀerence in the critical state at which void coale-
scence occurs, should be expected. Eﬀorts to develop a reliable coalescence criterion
depending on such state variables can be found in the literature (Thomason, 1990;
Pardoen and Hutchinson, 2000; Benzerga, 2002; Scheyvaerts, 2008). However, a
constant critical void volume fraction, fc, is adopted in [P1]-[P6], while the coale-
scence criterion by Thomason (1990) is used in [P7]-[P9] in an attempt to develop
a “complete” Gurson model for the material. The critical void volume fraction, fc,
corresponding to the onset of void coalescence is here obtained from the Thomason
criterion in Eq. (3.27)1 (Thomason, 1990; Pardoen and Hutchinson, 2000).
σn
σM
≥ (1−X 2)
[
α(εu)
(
1−X 2
XW
)2
+ 1.24
√
1
X
]
(3.27)
where α(εu) = 0.1 + 0.217εu + 4.8ε
2
u is estimated by Pardoen and Hutchinson
(2000) based on cell model studies for strain hardening materials, with εu being
the Conside`re strain. Furthermore, σn = σijP
ij
d is the stress component along the
main cavity axis of the void, W is the void aspect ratio, and X is the relative void
spacing (see appendix B).
1A typographical error in the Thomason criterion is corrected in Frabre`gue and Pardoen (2009).
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3.3 Numerical formulation
3.3.1 Finite element discretization
The ﬁnite element method is applied to approximate a solution to the ﬁeld equations,
described in sections 3.1-3.2, in a predeﬁned domain with given boundary conditions.
Thus, the total volume of the geometry considered is divided into a mesh of ﬁnite
sub-volumes (of K elements), such that
V =
K∑
e=1
V(e), S =
K∑
e=1
S(e) (3.28)
with V(e) = 0 for all elements and only S(e) = 0 for elements belonging to the surface
of the discretized volume. Each element “e” consists of a number of nodes, through
which it can be connected to neighbouring elements. For each node, a corresponding
shape function, N , is deﬁned within the element, so that it takes the value unity in
the node to which it belongs and zero in all other nodes of the element. The shape
functions may then be used for interpolating ﬁeld quantities between nodal values.
Thus, the displacement ﬁeld ui, the velocity ﬁeld u˙i, and the acceleration ﬁeld u¨i,
inside an element “e” can be expressed as
ui =
Fe∑
n=1
N
(n)
i D(n), u˙i =
Fe∑
n=1
N
(n)
i D˙(n), u¨i =
Fe∑
n=1
N
(n)
i D¨(n) (3.29)
where i = 1, 2, 3, refers to the components of the vector-ﬁelds, Fe is the number
of degrees of freedom for the element, N
(n)
i are the corresponding shape functions,
and D(n), D˙(n), and D¨(n) are the nodal displacements, velocities, and accelerations,
respectively. With the shape functions N
(n)
i in Eq. (3.29) depending on the position
in the element, one may write the virtual displacements and virtual change in the
Lagrangian strain as
δui =
Fe∑
n=1
N
(n)
i δD(n), δηij =
Fe∑
n=1
E
(n)
ij δD(n) (3.30)
with,
E
(n)
ij =
1
2
(
N
(n)
i,j + N
(n)
j,i + u
k
,iN
(n)
k,j + u
k
,jN
(n)
k,i
)
(3.31)
Based on Eqs. (3.28)-(3.31), the ﬁnite element method is used to discretize the
dynamic principle of virtual work in Eq. (3.2) and thus to integrate the ﬁeld equa-
tions in the domain of the considered geometry. The dynamic principle of virtual
work then takes the form
K∑
e=1
(−P int(n))(e) =
K∑
e=1
(
P ext(n)
)
(e)
−
K∑
e=1
Fe∑
m=1
(
M(nm)
∂2D(m)
∂t2
)
(e)
(3.32)
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with, (−P int(n))(e) =
∫
V(e)
τ ijE
(n)
ij dV(e) (3.33)
(
P ext(n)
)
(e)
=
∫
S(e)
T iN
(n)
i dS(e) (3.34)
(
M(nm)
)
(e)
=
∫
V(e)
ρN i(m)N
(n)
i dV(e) (3.35)
where (−P int(n) )(e) are the nodal forces from the internal stresses in the element,
(P ext(n) )(e) are the external forces applied to the element, and (M(nm))(e) is the consis-
tent element mass matrix. Rearranging Eq. (3.32) and performing the summation
over the elements, the total system of equations of motion thereby takes the form
F∑
m=1
M tot(nm)D¨
tot
(m) = P
tot
(n), for n = 1, 2, ..., F (3.36)
where F is the total number of degrees of freedom in the system, and P tot(n) = P
int
(n) +
P ext(n) are the residual forces driving the deformation. The time integration for the
equations of motion (Eq. (3.36)) is then performed by a standard explicit Newmark
β-procedure (β = 0, γ = 0.5).
Dk+1 = Dk + ΔtD˙k +
1
2
(Δt)2D¨k (3.37)
D˙k+1 = D˙k +
1
2
ΔtD¨k (3.38)
D¨k+1 = M
−1Pk+1 (3.39)
D˙k+1 = D˙k+1 +
1
2
ΔtD¨k+1. (3.40)
For this numerical procedure to be stable, the Courant condition2 must be fulﬁlled
(Δt ≤ ΔtCourant). Thus, rather small time increments are normally needed. To
lower the calculation time in each increment, a lumped mass matrix is therefore
introduced in all models developed.
For the 2D plane strain model developed in [P2], 8 node isoparametric plane
elements are used, whereas corresponding 20 node isoparametric 3D elements are
used for all 3D models ([P1]-[P9]). A second-order description of the displacement
ﬁeld is thereby ensured in all models, together with a linear variation of the state
variables across the elements. For the spatial integration, reduced Gauss quadrature
is used in all models, with 2 × 2 × 2 Gauss points to evaluate the stiﬀness integral
(2× 2 in 2D) and 3× 3× 3 Gauss points to evaluate the mass matrix (3× 3 in 2D).
All models have been implemented in a parallel Fortran90 code using OpenMP (see
appendix C).
2ΔtCourant = min(L
(e))/cmax, where min(L
(e)) is the minimum element length in the model,
and cmax is the maximum wave speed in the material.
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3.3.2 Forward gradient method
As a consequence of the strong non-linearity in the viscoplastic material model
(Eq. (3.11)a), small time increments are necessary to obtain numerical stability
(typically Δt ≤ 0.1ΔtCourant). To increase the critical time increment, the for-
ward gradient method suggested by Peirce et al. (1984) is used. The microscopic
plastic strain rate is here expressed as a linear combination of the rate at time t
and t + Δt, respectively. Thus, assuming that the total Lagrangian strain rate can
be written as η˙ij = η˙
E
ij + η˙
p
ij and by using the Jaumann stress rate in Eqs. (3.6)-
(3.8), a forward gradient procedure for determining the Krichhoﬀ stress rate tensor,
τ˙ ij, can be derived. This procedure is shown in appendix D for the Gologanu-
Leblond-Devaux model, while simpliﬁcation to reduce the procedure to that of the
Gurson-Tvergaard-Needleman model, with and without the shear-modiﬁcation in
section 3.2.2, is pointed out.
3.3.3 Correction of microscopic reference stress
Using the model formulation presented in sections 3.1-3.2, the microscopic stress
rate, σ˙M , can be derived from the current potential surface, Φ
k, and updated as
σk+1M = σ
k
M + Δtσ˙
k
M . However, in doing so, a small incremental error is introduced
since σ˙M will depend on σM , and the microscopic reference stress will therefore tend
to drift away from the real solution. To compensate for this incremental error, a
correction is introduced by adding the error ΔtΦ˙∗ to the new potential surface Φk+1
and then requiring equilibrium. Hence, Φ = Φk+1 + ΔtΦ˙∗ = 0. For the Gologanu-
Leblond-Devaux model, the correction can then be written as follows in Eq. (3.41),
which reduces to that of the Gurson-Tvergaard-Needleman model for S˙ = 0.
σ˙∗M = −
[
∂Φ
∂σM
]−1 [
∂Φ
∂σij
σˆij +
∂Φ
∂f
f˙ +
∂Φ
∂S
S˙ + Φk+1/Δt
]
. (3.41)
The microscopic reference stress is ﬁnally updated as σcorM = σ
k+1
M + Δtσ˙
∗
M , where
σ˙∗M << σ˙
k
M . The partial derivatives for the potential surface are given in appendix A.
3.3.4 Element vanishing technique
As discussed in sections 3.2.1 and 3.2.3, a Gurson type potential surface shrinks to a
point in stress space due to the increase in the damage parameter, f . Thus, one may
experience numerical diﬃculties since the stress carrying capacity of an element is
reduced for f → ff . To deal with this, the element vanishing technique suggested
by Tvergaard (1982a) is applied in all models. Damage reaching f = 0.9ff in a
given Gauss point is here turned oﬀ, while the element is “killed” when 3 of 8 Gauss
points have been turned oﬀ (Tvergaard and Needleman, 2004). The material thereby
follows the Gurson model, including the coalescence model in Eq. (3.14), up to an
almost complete loss of stress carrying capacity at f = 0.9ff . The remaining forces
on the neighbouring elements are at this point so small that they may be stepped
down in the following 50 increments without inﬂuencing the response.
Chapter 4
Summary of results on friction stir welding
The main results from the publications [P1]-[P2] and [P7]-[P9] on ductile failure in
friction stir welded (FSW) joints subject to a static loading, are summarized in the
following chapter. The work presented in [P1]-[P2] serves as parametric studies of
the post-welding material condition [P1] as well as the eﬀect of modifying the damage
model to account for ductile failure in shear [P2]. A more rigorous material-oriented
study is presented in [P7] as an attempt to characterize the 6005A aluminum alloy
and to develop a “complete” Gurson-type model for the material behaviour up to
failure. This model is then applied to FS-welded 6005A aluminum in [P8]-[P9].
Section 4.1 presents the main results for a numerical study of ductile failure in FS-
welded joints, in terms of the localization of plastic ﬂow, the damage development,
and the evolution of stress triaxiality. These results are a part of a parametric study
of the eﬀect of the local mechanical properties in the diﬀerent weld zones (BM, HAZ,
TMAZ and NG). Special attention is here on the yield stress variation transverse to
the weldline. Section 4.1 serves as a summary of [P1].
The work presented in [P1] is extended in [P2] to study the eﬀect of a recent
shear-modiﬁcation of the Gurson model. The main results for the model predictions
in both 2D plane strain and full 3D are discussed. Section 4.2 summarizes the main
results of [P2].
The material characterization of the 6005A aluminum alloy and the evolution
of its mechanical properties during FS-welding are presented in section 4.3. Ex-
perimental ﬁndings are here combined with 3D numerical simulation and part of
the results on failure of FS-welded test specimens are presented. Section 4.3 is a
summary of [P7]-[P9].
4.1 Damage development in FS-welded joints and the eﬀect
of local mechanical properties [P1]
The 2xxx and 6xxx series of aluminum alloys, considered in this thesis, are age
hardenable, thus their mechanical properties depend heavily on the composition
of the hardening precipitates, which can be optimized by heat treating the alloys
[P7]. However, the pre-tempering condition of the materials is severely disrupted
by the heating coming from the welding process. Thus, a dramatic change of the
mechanical properties occurs locally in the weld region. For high strength tempering
condition of the 2xxx and 6xxx series, one typically observe a signiﬁcant drop in
hardness in the weld region (Yang et al., 2004; Mishra and Ma, 2005). This is due
to the dissolution (in the nugget) or growth (in the HAZ) of hardening precipitates,
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Fig. 4.1 a) Illustration of FS-welded plate from which the macro-specimens are cut out
transverse to the weldline, while the micro-specimens are cut from diﬀerent weld zones
along the weldline. b) Characteristic hardness/yield stress variation transverse to the
weldline modelled at the crown, root and middle of the weld cross-section (in x1x2-plane)
(b0 = 25 mm is the plate thickness in x
2-direction, σ
(b)
y = 380 MPa, σ
(THAZ)
y and σ
(NG)
y
are the yield stress of the base material, the TMAZ and the NG, respectively).
which lead to a less optimal composition of precipitates and thereby to a drop in
strength, typically associated with an increase in ductility (see also [P7]). A slight
gain in strength can, however, be observed in the weld nugget due to the formation
of disperso¨ıds and renewed growth of precipitates from the dissolved state during the
weld heat treatment or simply during natural aging. This results in a characteristic
U or W-shaped hardness/yield stress proﬁle, typical for FS-welds in high strength
aluminum (see Fig. 4.1b). The yield stress is here assumed to be linearly related
to the hardness of the material. The size of the weld region and the variation of
the mechanical properties are, however, known to be aﬀected by process parameters
such as the advancing weld speed, v, or the rotational speed, r (Hui-jie et al., 2004;
Liu and Chao, 2005, and [P9]). Thus, a parametrized variation of the mechanical
properties transverse to the weldline is considered in [P1] in order to study the eﬀect
of the local properties on plastic ﬂow localization and damage development when the
weld is subjected to tension transverse to the weldline. Special attention is here on
the variation of the yield stress, while a similar study of the eﬀect of the distribution
of particles, from which voids can nucleate, is presented in [P1].
The macro-specimens considered in the numerical study in [P1] are illustrated
in Fig. 4.1a. These specimens contain the welded joint and are loaded in tension
transverse to the weldline. The numerical analyses presented in [P1] are carried
out in both 2D plane strain and in full 3D, using the Gurson-Tvergaard-Needleman
model presented in section 3.2.1, with strain controlled void nucleation (βv = 0 in
Eq. (3.14)). No diﬀerence between the advancing and retreating side of the weld is
assumed here and all residual stresses are neglected. The geometry of the welded
macro-specimen and the initial yield stress variation in the weld region are estimated
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from the experimental work presented by Fonda and Bingert (2004); Yang et al.
(2004); Genevois et al. (2004); Liu and Chao (2005), while an empirical relation
for the strain hardening is introduced to approximately account for the increase in
ductility when lowering the yield stress in the weld region (see [P1]).
Fig. 4.2 shows a typical failure predicted for FS-welded macro-specimen of high
strength aluminum. The results are here shown for a cross-section of a macro-
specimen, constrained to 2D plane strain, with the yield stress variation speciﬁed
by σ
(TMAZ)
y /σ
(b)
y = 0.8 and σ
(NG)
y /σ
(b)
y = 0.9 (see Fig. 4.1b or [P1]). When the weld
is subjected to tension, failure is predicted to develop as follows. Void nucleation
initiates in the TMAZ near the root of the weld, where also the largest plastic
strain is predicted. Upon further loading of the specimen, plastic ﬂow localizes near
the region of lowest yield stress, which eventually leads to failure in that region
(see Fig. 4.2a). During the localization, a region of relatively high stress triaxiality
builds up in the TMAZ due to the constraint on the plastic ﬂow, while the stress
triaxiality is lower in the surrounding material (see Fig. 4.2c). Thus, failure occurs
in a shear band-like region at a moderate level of stress triaxiality for this speciﬁc
yield stress proﬁle.
The local mechanical properties are, however, found to strongly aﬀect the pre-
dicted localization of plastic ﬂow, thus the failure mode, and it is shown in [P1] that
ductile failure can occur outside the region of lowest yield stress. Fig. 4.3 shows the
evolution of damage for three diﬀerent levels of yield stress in the weld nugget, while
the yield stress in the TMAZ is kept constant. By changing the yield stress varia-
tion transverse to the weldline, a clear change in the failure mechanism is observed.
However, the nucleation of voids is in all cases predicted to initiate in the TMAZ, at
the root of the weld, while further void nucleation and growth are governed either
Fig. 4.2 Cross-section of a plane strain macro-specimen, showing curves of constant
a) void volume fraction, f , b) stress triaxiality, T = σkk/(3σe), at global average strain
ε = 0.108, with constant fN = 0.04 and fc = 0.075.
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by necking of the specimen, or by localization of plastic ﬂow in a shear band-like
region (see Fig. 4.3). It is seen that, if σ
(NG)
y is comparable to σ
(TMAZ)
y then failure
clearly occurs in the weld nugget as a consequence of the local necking of the tensile
specimen (see Fig. 4.3a), while for increasing σ
(NG)
y the failure occurs in the TMAZ
instead. This agrees with the experimental ﬁndings by Hui-jie et al. (2004); Liu and
Chao (2005), where the position of failure is shown to move towards the weldline
as σ
(TMAZ)
y becomes comparable to σ
(NG)
y when changing the process parameters.
However, these experimental observations were also inﬂuenced by a change in size
of the diﬀerent weld zones, which is not accounted for in this parametric study.
It is shown in [P1], that the predicted change in the failure mechanism aﬀects
the overall tensile response of the specimens, thus the average strain at which the
weld loses the load carrying capacity. The lowest average strain at failure was here
predicted for the two extremities σ
(NG)
y = σ
(TMAZ)
y and σ
(NG)
y = σ
(b)
y (σ
(TMAZ)
y /σ
(b)
y
kept ﬁxed), since the plastic ﬂow localizes in a rather conﬁned region of the weld.
Similar results were found for the specimens studied in full 3D (see [P1]). How-
ever, due to the free surfaces, thus less constraint on the deformation, a lower ul-
timated load and lower level of stress triaxiality were predicted. In addition, 3D
eﬀects of the plastic ﬂow localization, such as maximum triaxiality and maximum
damage development in the middle of the specimen were captured.
Fig. 4.3 Cross-section of 2D plane strain macro-specimens, showing curves of constant
void volume fraction at ε = 0.1056, a) σ
(NG)
y /σ
(b)
y = 0.85, b) σ
(NG)
y /σ
(b)
y = 0.875, c)
σ
(NG)
y /σ
(b)
y = 0.9, with fN = 0.04, fc = 0.075, σ
(TMAZ)
y /σ
(b)
y = 0.8 and σ
(b)
y = 380 MPa.
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4.2 Eﬀect of shear-modiﬁed Gurson model [P2]
The parametric study of the eﬀect of the local mechanical properties presented in
[P1], is extended in [P2] in order to study the recently proposed shear-modiﬁcation
to the Gurson model by Nahshon and Hutchinson (2008) (see section 3.2.2). A
number of diﬀerent macro-specimen geometries are considered and the material
properties estimated in [P1] are used. In this study, two extreme cases for the
yield stress proﬁle shown in Fig. 4.1b are considered in order to ensure plastic ﬂow
localization in either a shear band-like failure, σ
(NG)
y /σ
(b)
y = 1, or a neck governed
failure, σ
(NG)
y /σ
(b)
y = 0.8, both with σ
(TMAZ)
y /σ
(b)
y = 0.8. As discussed in [P1], ductile
failure of welded macro-specimens develops at moderate stress triaxiality, thus the
shear-modiﬁcation by Nahshon and Hutchinson (2008) is naturally applied. Only
the results for the shear band-like failure are presented here, but similar results were
found for the neck governed failure (see [P2]).
The eﬀect of the shear-term in Eq. (3.15) is, to a wide extent, controlled by
the parameter ω(σ), which depends on the current stress state. For the macro-
specimens modelled in 3D with free boundaries, but loaded in uni-axial tension, it
can be shown that ω(σ) = 0 in both the elastic and the plastic domain. Thus, in
order for the shear-modiﬁcation to contribute to the damage growth, a change in
Fig. 4.4 Deformed 3D macro-specimens at ε = 0.1648 showing curves of constant a)
shear parameter ω(σ), b) total damage f , c) contribution to total damage from shear-
term fModification. (σ
(NG)
y /σ
(b)
y = 1, kω = 3, w0 = 2b0, b0 = 25 mm is the plate thickness).
Symmetry conditions are applied at x1 = 0 and x3 = 0, while loaded in tension at x1 = L0.
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y = 1).
the local stress state is required. As plastic ﬂow localizes in the weld region, a stress
component builds up along the weld due to the constraint on the plastic ﬂow. This
alters the local stress state suﬃciently such that ω(σ) grow diﬀerent from zero. It
is seen from Fig. 4.4a that a region of rather high values of ω(σ) builds up near the
TMAZ during the localization in a shear band-like failure. This change in ω(σ) is
directly reﬂected in a noticeable damage contribution from the shear-term, which is
located in a region inclined to the tensile direction (see Fig. 4.4c). The location of
the additional damage growth is, however, heavily dependent on the void nucleation
due to an incorporated dependency on already existing damage in the shear-term
(see Eq. (3.15)).
For ﬁxed coalescence parameters (fc in Eq. (3.13)), any additional contribution
to damage gives earlier failure. This is also seen in Fig. 4.5, where an earlier loss
in load carrying capacity is predicted when using the shear-modiﬁed Gurson model
(kω = 3) compared to the original Gurson-Tvergaard-Needleman model (kω = 0).
The eﬀect of the shear-term is furthermore seen to increase for increasing specimen
width, w0, which is due to the enhanced constraint on the plastic ﬂow in the region
of localization. As seen in Fig. 4.5, the largest eﬀect of the shear-term is found
when constraining the specimen to plane strain. For plane strain uni-axial tension,
one ﬁnds that ω(σ) = 1 for the stationary stress state in the plastic domain. The
shear-term in Eq. (3.15) is therefore non-zero if f > 0, even though no shear is
present (see Fig. 1 in [P2]). A further study of the eﬀect of the shear-modiﬁcation
for welded macro-specimens at plane strain is presented in [P2].
The shear modiﬁcation proposed by Nahshon and Hutchinson (2008) has the
important eﬀect of being able to predict failure at very low stress triaxiality, where
the usual Gurson-type models does not perform well. However, as seen in Fig. 4.5,
this shear-modiﬁcation contributes to damage even at rather high stress triaxiality,
where there is no reason to add to the micro-mechanics based Gurson model. This
is further discussed in section 5.2, where a summary of [P5] is presented.
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4.3 A “Complete” Gurson model for 6005A aluminum and
its applications to FS welds [P7]-[P9]
The strain hardening behaviour and the damage mechanisms governing ductile fail-
ure are investigated in a combined experimental and numerical study for a wide
range of isothermally heat treated 6005A aluminum [P7]. Based on the experimen-
tal ﬁndings an attempt to develop a “complete” Gurson-type model, relying mostly
on model parameters linked to the relevant microstructural features, is presented.
This model is based on the ﬁnite element implementation of the Gologanu-Leblond-
Devaux model presented in [P6] (see section 5.3). The results for the evolution
of the mechanical properties during diﬀerent heat treatments and the developed
model are then used to predict plastic ﬂow localization and failure in FS-welded
macro-specimens of the 6005A aluminum alloy [P8] and [P9].
4.3.1 Material characterization by isothermal heat treatments [P7]
The 6005A aluminum alloy is age hardenable with the precipitation sequence: Super-
saturated Solid Solution→Guinier Preston (GP) zones→ β′′→ β′(+B′)→ β(Mg2Si),
where β′′ and β′ are the strengthening precipitates (Edwards et al., 1998). Thus, a
peak hardness/strength can be attained for an optimal size of precipitates, which
closely corresponds to a T6 tempering state. Figs. 4.6a-b shows the microstructure
of a T6 material and a heavily over-aged material which has been heat treated at
300◦C for 13 days. The T6 material shows a random distribution of iron-rich partic-
les (white), while the smaller strengthening precipitates cannot be observed at this
Fig. 4.6 Scanning electron microscope (SEM) micrographs showing the microstructure
of a) the T6 state, b) the long (13 days) time heat treatment at 300◦C, c) broken particle
at an early (insert) and a late stage of the deformation for a heat treated sample at 300◦C
in 5 minutes, and fracture surface of d) as-received T6 state, e) heat treated sample for 5
minutes at 300◦C.
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Fig. 4.7 Deﬁnition of the strain hardening parameters (θ0, β0, θIV ) for the Voce equation
involving both a stage III (linear in (g(εpM ) − σy)) and a smooth transition to stage IV
(constant in (g(εpM ) − σy)). The Voce equation is shown ﬁtted to an experimentally
measured tensile response curve for 6005A aluminum tempered at 300◦C for 13 days.
level of magniﬁcation (Fig. 4.6a). A similar volume fraction of iron-rich particles
was found for the over-aged material (Fig. 4.6b), together with a high number of
other particles (black), which were identiﬁed as Si or Mg2Si particles. These Si-rich
particles were concluded not to act as void nucleation sites.
The overall ﬂow stress for the diﬀerent heat treated specimens was determined
from measured uni-axial tensile curves. The plastic slope, ∂g(εpM)/∂ε
p
M , was here
found to decrease linearly with (g(εpM)− σy) when the ﬂow stress, g(εpM), exceeded
the yield stress, σy, for all heat treated specimens (see Fig. 4.7). As described
by Mecking and Kocks (1981); Estrin and Mecking (1984); Simar et al. (2007a),
this hardening stage (referred to as stage III) is related to the competition between
dislocation accumulation and dynamic recovery. Thus, using the Voce hardening law
in Eqs. (4.1)-(4.2) with θIV = 0, one can directly relate the parameters θ0 and β0 to
the dislocation storage rate and the dynamic recovery rate, respectively. However, a
constant hardening stage was experimentally observed at large plastic strain for the
6005A alloy (see Fig. 4.7). Hence, the heuristically extended Voce equation by Liu
(1996) accounting for a smooth transition to a constant stage IV hardening has been
rewritten and applied as (see also [P7])
g(εpM) =
θ
β
(1− exp(−βεpM)) + σy + θIV εpM (4.1)
with
θ = θ0 − θIV and β = β0
[
1− θIV ε
p
M
|ch
g(εp
M
)|ch−σy
]−1
(4.2)
where we chose g(εpM)ch = (g(ε
p
M)|sat−σy)/2+σy with g(εpM)|sat = θ0/β0 +σy being
the saturation stress for the stage III Voce equation (θIV = 0) (see Fig. 4.7). The
transition to a stage IV was directly observed prior to necking for heavily over-aged
materials (see Fig. 4.7), while the post-necking behaviour of the remaining specimens
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clearly indicated the need for a stage IV, when compared to the numerical model.
The evolution of σy, θ0, β0 and θIV with heat treatment time can be found in [P7].
Void nucleation in 6005A aluminum was found to be governed by fracture of the
iron-rich particles (see insert in Fig. 4.6c). Thus, it is assumed that the primary voids
nucleate as very oblate (W0 = 0.01 in the model), which then evolve towards a pro-
late shape during the deformation (see Fig. 4.6c). To mimic the fracture of iron-rich
particles, void nucleation is assumed to be stress controlled in the numerical model
(βv = 1 in Eq. (3.14)) and to initiate when a critical stress level, σc = σN − 3sN , is
exceeded. This critical stress is, however, diﬃcult to determine experimentally since
it is related to the fracture toughness of the iron-rich particle. Thus, the nucleation
parameters are here estimated, so that the trends for the experimentally measured
fracture strain of the diﬀerent heat treated specimens are reasonably captured by
the FE-model (see Fig. 4.8). Here, assuming void coalescence to be governed by
the Thomason criterion in Eq. (3.27). As seen in Fig. 4.8, the model was found
consistently to underestimate the measured fracture strain for realistic values of the
nucleation parameters, except for the T6 material which can be explained by the
presence of a second void population (see Fig. 4.6).
Fig. 4.6e presents a typical fracture surface observed for most of the heat treated
specimens, which clearly shows a ductile failure indicated by the large dimples
formed during growth and coalescence of primary voids. However, the fracture
surface of the high strength T6 material in Fig. 4.6d shows some evidence of a se-
cond population of smaller voids. These smaller voids were concluded to severely
aﬀect the fracture strain (see Fig. 4.8 and the appendix in [P9]).
The stage IV hardening was found to have a ﬁrst-order eﬀect on the predicted
fracture strain, when assuming the stress controlled nucleation (in Eqs. (3.25)-(3.26))
and void coalescence to be determined by the Thomason criterion (in Eq. (3.27)).
Properly accounting for a stage IV hardening was thus found essential in order to
obtain reasonable predictions for the fracture strain of 6005A aluminum (see [P7]).
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Fig. 4.8 Measured and predicted fracture strain for the cylindrical specimens as function
of heat treatment time (εf = ln(A0/Af ) and εc = ln(A0/Ac), where A0 is the initial
cross-sectional area, Af is the area at ﬁnal failure, Ac is the area at coalescence).
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4.3.2 The eﬀect of stage IV hardening on plastic ﬂow localization and damage in
FS-welded 6005A aluminum [P8]-[P9]
Plastic ﬂow localization and failure in friction stir welded 6005A aluminum test
specimens are investigated in [P8] and [P9], using the “complete” Gurson model
developed in [P7]. Special focus is here on the eﬀect of the local strain hardening
in the diﬀerent weld zones. The FS-welds considered are made of 6 mm 6005A alu-
minum sheets, welded in the as-received high strength T6 tempering state. Keeping
the rotational tool speed constant (r = 1000 rpm), two welding conditions denoted
as ‘hot’ or ‘cold’ are studied by letting the advancing tool speed, v, be either 200
or 1000 mm/min, respectively. The location of the diﬀerent weld zones (BM, HAZ,
TMAZ and NG) was identiﬁed by Vickers hardness measurements. The main diﬀe-
rence between the two welding conditions is the extent of the HAZ, which has been
divided into a high (HAZ1) and a low strength (HAZ2) region (see Fig. 4.9).
The local material properties in the weld were determined from micro-specimens
cut along the weldline from the diﬀerent zones (see Fig. 4.1a). The thickness of the
specimens were here chosen to 0.8 mm to ensure a rather homogeneous material.
However, the small dimensions of the micro-specimens made them very sensitive to
imperfections and a number of the specimens broke outside the gauge section (Simar
et al., 2008). Hence, the procedure used in [P7] to determine θIV from the post-
necking tensile response was not applicable to these measurements. Instead, θIV is
based on an empirical correlation, KIV = θIV /εu ≈ 650 MPa, observed between the
Conside`re strain, εu, and the stage IV, θIV , for the heat treatments in [P7]. As seen
Fig. 4.9 Mechanical properties for the Voce hardening law in Eqs. (4.1)-(4.2) estimated
from the micro-specimens, showing the initial yield stress, σy, dislocation storage rate, θ0,
dynamic recovery rate, β0, and approximated stage IV hardening, θIV , transverse to a)
the cold weld (v = 1000 mm/min) and b) the hot weld (v = 200 mm/min), (r = 1000
rpm).
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Fig. 4.10 Predicted and measured tensile response of macro-specimens containing a) the
cold weld (v = 1000 mm/min) and b) the hot weld (v = 200 mm/min), (r = 1000 rpm).
in Fig. 4.9, both welds show the characteristic U-shaped yield stress proﬁle, with an
increase in ductility for the low strength regions (also assumed in [P1]).
The measured mechanical properties and weld topology were introduced in the
3D mesh of the macro-specimens considered in the FE-analysis, while tensile loading
was applied transverse to the weldline (see Fig. 4.1a). Fig. 4.10 shows the measured
and predicted tensile response (with/without stage IV) of the macro-specimens con-
taining either the cold or the hot weld. The predicted tensile response for both
welding conditions closely match the measured eﬀective yield stress and the ulti-
mate tensile stress of the welds. Thus, the joint eﬃciency, σuts/σy, is well predicted.
However, the post-localization response of the cold weld is severely overestimated
both with and without stage IV (see Fig. 4.9a). This is likely due to deviations in
the estimated weld topology. Studies have shown that over/under-estimating the
size of the diﬀerent weld zones inﬂuences the post-localization response.
To study the non-homogeneous deformation in the weld region, Digital Image
Correlation (DIC) analysis was performed on the transverse section of the macro-
specimens during tensile testing (see Fig. 4.11a). Comparing the predicted and the
measured local straining in Figs. 4.11b-e, a remarkably good agreement is found for
both welding conditions. The region of localization and the level of straining are
here very well predicted throughout the full deformation, both with and without ac-
counting for a stage IV hardening. However, by introducing the stage IV hardening,
a consistently higher level of the local straining is obtained.
As seen in Figs. 4.11d-e, failure occurs in the soft HAZ for both welding con-
ditions and a good prediction for this region is therefore of particular importance.
However, by ensuring a good agreement with the experimental results for the micro-
specimen extracted from the HAZ, a large overestimation of the fracture strain for
the BM and the NG was found. Based on SEM observation, this was concluded to
be due to the nucleation of a second population of voids in these zones. A parame-
tric study conﬁrmed that this second population of smaller voids can signiﬁcantly
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lower the fracture strain for the BM and NG without aﬀecting the HAZ (see [P9]).
Furthermore, a comparison between the measured and predicted fracture strain
of the welds can be found in [P9]. Both the predicted level and change in the fracture
strain among the hot and the cold weld were improved when accounting for a stage
IV hardening. A consistent overestimation of 17-20% was here obtained, which is
acceptable considering that only physical model parameters are used.
A discussion of the evolution of the porosity, the stress triaxiality and the void
shape can be found in [P8] and [P9]. These results closely match those of the
parametric study presented in [P1] (see section 4.1).
Fig. 4.11 a) Deformed macro-specimen at ε/εu = 1.7 showing the predicted local strain,
ε11 = ln(1+u1,1), on the outer-surface (also used for DIC measurements) for the cold weld
with KIV = θIV /εu = 650MPa. The curves (b-e) have been extracted along the dashed
horizontal line. DIC measurements and predicted local strain are shown in b-c) at necking
(ε/εu = 1) and in d-e) at (ε/εu = 1.3), for both weld conditions. Here, εu is the Conside`re
strain and ε the global strain in the tensile direction. Note that the predicted localization
has been inverted for the hot weld (see [P9]) and that the curves (b-e) are shown in the
undeformed conﬁguration to identify the weak zone of the weld.
Chapter 5
Summary of results on resistance spot welding
The main results from the publications [P3]-[P6] on ductile failure of resistance
spot welds (RSW) subjected to loading during static testing are summarized in
this chapter. The commonly used shear-lab and cross-tension testing techniques for
single spot welded joints are considered in this work.
Section 5.1 presents a numerical study of ductile failure during shear-lab testing
of single spot welded joints, with some comparison to experimental measurements.
Special attention in the numerical study is devoted to the plastic ﬂow localization
and damage development in the vicinity of the spot weld, as well as to how the
spot weld size and the specimen geometry aﬀect the predicted tensile response.
Section 5.1 summarizes the main results of [P3] and [P4].
Two diﬀerent failure modes can be observed during shear-lab testing, which
are the tension-governed plug failure near the HAZ [P3] and the shear-dominated
interface failure in the weld nugget [P5]. The original Gurson model does not predict
void growth during the shear-dominated interface failure, thus the recent shear-
modiﬁcation suggested by Nahshon and Hutchinson (2008), has been applied in
[P5] and a further extension is proposed. Section 5.2 serves as a summary of [P5].
Finally, a comparison of i) the Gurson-Tvergaard-Needleman model, ii) the shear
extended model by Nahshon and Hutchinson (2008), and iii) the more complex
Gologanu-Leblond-Devaux model is presented in [P6]. The predicted tensile re-
sponse for both shear-lab and cross-tension test specimens are here presented and
discussed in relations to the void nucleation, void growth, and coalescence approxi-
mated in the diﬀerent models. Section 5.3 is a summary of [P6].
5.1 Modelling of plug failure in RS-welded shear-lab test
specimens [P3]-[P4]
The mechanisms governing the so-called nugget-pull-out failure (or plug failure),
where the spot weld is torn from the sheets during shear-lab testing, are studied
in [P3] and [P4]. A numerical investigation examines the damage evolution in the
vicinity of the welded joint as well as studies the eﬀect of the specimen geome-
try on the test results. The shear-lab specimens consist of two overlapping metal
sheets, which are joined by a single spot weld in the mid-point of the overlap (AWS
(2000), see Fig. 5.1a). To estimate model parameters and to obtain measurements
for comparison with the model, specimens of 1.5 mm DP600 steel sheets have been
prepared using either a 6 mm or 8 mm diameter electrode and studied experimen-
tally by tensile testing, hardness measurements, and scanning electron microscopy
(SEM) observations1.
1This small experimental campaign was carried out in collaboration with Pedersen and Harthøj
(2008) as well as Kasper L. Friis and Trine C. Lomholt, funded by the INNOJoint-project
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(a) (b)
Fig. 5.1 a) Modelled shear-lab specimens for testing single spot welded DP600-steel.
b) Normalized hardness measurements for DP600-steel and approximated yield stress
variation transverse to the weld region. (Base material hardness is 225 HV , while
a = L
(NG)
x2=0
and b are the nugget dimensions along the x1- and x2-axis, respectively, and
L
(HAZ)
x2=0
/a = 1.2 speciﬁes the size of the HAZ. The author acknowledge Pedersen and
Harthøj (2008) for the hardness measurements.)
By applying RSW to DP600 steel, a signiﬁcant increase in hardness occurs in the
weld nugget (see Fig. 5.1b). To estimate the change in hardness and the spot weld
size, Vickers micro-indentation hardness measurements were performed by Pedersen
and Harthøj (2008) on the cross-sectional plane (at x3 = 0, see Fig. 2.2b) for the
8 mm electrode weld, in the x1- and x2-direction according to Fig. 5.1a. Fig. 5.1b
shows the normalized hardness variation across the weld region, which is assumed
to be linearly related to the yield stress. Based on these measurements, a mapping
of the yield stress variation is introduced in [P3], so that the relatively hard weld
nugget can be accounted for in the numerical model. The mapping is speciﬁed so
that it is easily scaled with the spot weld size and used in later studies in [P3]-[P6].
The numerical analyses presented in [P3] and [P4] are carried out in full 3D,
using the Gurson-Tvergaard-Needleman model presented in section 3.2.1, with strain
controlled void nucleation (βv = 0 in Eq. (3.14)). A power hardening law is used
to approximate the material behaviour and the mechanical properties of the basis
material are estimated by comparing measured and predicted uni-axial tensile curves
[P3]. To model plug failure during shear-lab testing, an anti-symmetric failure mode
is assumed, based on experimental observations (see Fig. 10 in [P3]). Only one
quarter of the specimen is thereby considered in the numerical model (indicated
in Fig. 5.1a) by applying symmetry conditions at x3 = 0, while anti-symmetry
conditions are introduced at the weld interface (x2 = 0) using the dynamic approach
suggested in [P3]. The specimen is subjected to tension at x1 = L1. Only the yield
stress variation in the weld region is accounted for, while all other material properties
are assumed constant throughout the specimen. All residual stresses are furthermore
neglected.
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During shear-lab testing, plug failure is predicted to initiate as local thinning
of the metal sheets near the HAZ (at x3 = 0 in Fig. 5.1a) as plastic ﬂow localizes
in the specimen legs stretched by the applied load (see Fig. 5.2b). As seen from
Figs. 5.2a-d, this makes the spot weld rotate, while a region of large plastic strains
and moderate stress triaxiality builds up just outside the HAZ. Damage develops
in this thin region by void nucleation and growth, which eventually leads to failure
and crack initiation (at x3 = 0 in Fig. 5.1a). A similar thin region and failure mode
were observed experimentally (see Fig. 2.2b). The initial state of the plug failure
mode is of a tensile nature (close to mode I crack opening). This is clearly seen from
the fracture surface in Fig. 5.2e, which indicates that large dimples have formed
during void growth to coalescence. However, due to signiﬁcant rotation of the spot
weld, the subsequent crack propagation, following the path outlined by the initial
damage along the circumference of the weld, gradually shifts to occur in mixed mode
II/III loading as the crack tip reach x3 ≈ a and x1 ≈ 0 (see Fig. 5.1a). Failure is
here dominated by shearing. This is also clearly seen from the fracture surface in
Fig. 5.2f, where the dimples are ﬂattened along the surface.
Fig. 5.2 a) Predicted cross-section of deformed shear-lab specimen during plug failure,
and curves of constant b) void volume fraction, f , c) microscopic plastic strain, εpM , d)
stress triaxiality, σkk/(3σe) as well as scanning electron microscope (SEM) fractographs
showing the fracture surface near the HAZ at e) x1 ≈ a and x3 ≈ 0, f) x1 ≈ 0 and x3 ≈ a.
(a = L
(NH)
x2=0
= 4 mm, L
(HAZ)
x2=0
/a = 1.2, b = 1.25 mm, t = 1.5 mm and 2w = 25 mm.)
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(a) (b)
Fig. 5.3 a) Predicted and measured tensile curves for single spot welded shear-lab speci-
mens, and b) the predicted relationship between the weld diameter, d = 2a, the ultimate
tensile shear force (TSF ) and corresponding displacement, uTSF . (2a = 2L
(NH)
x2=0
∈ [4, 9]
mm, L
(HAZ)
x2=0
/a = 1.2, a/b = 3.2 for b > 0.8 mm else b = 0.8 mm, t = 1.5 mm and 2w = 25
mm.)
Fig. 5.3a shows a comparison of the measured and predicted tensile response
curves for a range of shear-lab specimens. The numerical analysis is carried out for
weld diameters in the interval 2a ∈ [4, 9]mm, while the measured tensile response is
shown when using either a 6 mm or 8 mm electrode. The model captures the overall
tendency of the tensile response reasonably well and an almost perfect agreement
is found for the 8 mm diameter weld up to failure. The tensile shear force, TSF ,
and the corresponding displacement, uTSF , are very well predicted. However, a
somewhat larger deviation from the tensile curve is observed for the 6 mm electrode
weld, which seems to be in better agreement with the predicted response of a 7 mm
diameter weld. Furthermore, rather large deviations from the experimental tensile
curves are found for all values of 2a, as the predicted response exceeds uTSF . This
is, however, concluded to be related to numerical approximations.
Based on the numerical analysis, the relationship between the predicted TSF ,
uTSF and the weld diameter are shown in Fig. 5.3b. The dependency on the weld
diameter is here found to be in reasonable agreement with TSF ∝ (2a)n and uTSF ∝
(2a)n where n ∈ [1, 2], which typically is reported for simple empirical relations in
the literature (Marya et al., 2006). However, this dependency was found to be largely
aﬀected by the shear-lab specimen geometry in [P3] and [P4], as a stiﬀer response
was observed for increasing specimen width. An improved empirical relationship for
estimating the TSF and uTSF should therefore include the eﬀect of the specimen
dimensions (see [P4] for an extended study).
By lowering the weld diameter suﬃciently, a change from plug failure in the HAZ
to a failure along the weld interface was observed as plastic ﬂow localizes in the weld
nugget. This interfacial failure mode is, however, dominated by shearing, thus the
Gurson model does not predict failure by void growth to coalescence (see [P5]).
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5.2 Ductile shear failure or plug failure of spot welds mod-
elled by shear-modiﬁed Gurson model [P5]
The study of plug failure of RS-welded shear-lab specimens presented in [P3] and
[P4] is extended in [P5] to involve the transition to interfacial failure across the
weld region, observed, for example, when lowering the weld diameter suﬃciently
(VandenBossche, 1977; Pouranvari et al., 2007, [P3], [P4]). Due to intense shearing
during this failure mode, the Gurson model does not predict failure by void growth to
coalescence. Thus, the shear-modiﬁed Gurson model by Nahshon and Hutchinson
(2008) (see section 3.2.2) is used to predict both the shear-dominated interfacial
failure and the tension governed plug failure in [P5]. However, as discussed in [P2]
(see section 3.2.2 and 4.2), this shear-modiﬁcation has too large an eﬀect in some
cases of rather high stress triaxiality, in which it is reasonable to expect the micro-
mechanics based the Gurson model to be suﬃciently accurate. Also in the present
study, a large eﬀect is observed for the tension governed plug failure mode (see
Fig. 5.5a). Thus, to improve the model predictions, a further modiﬁcation to the
model by Nahshon and Hutchinson (2008) is proposed in [P5] by introducing an
interpolation function, Ω(T = σkk/(3σe)), on the shear term (see Eqs. (3.15)-(3.17)).
To study the eﬀect of this interpolation function, predictions of four material models
are compared in [P5]. These models are speciﬁed as
(A) kω = 3, ω0 = ω(σ), (Nahshon-Hutchinson model)
(B) kω = 3, ω0 = ω(σ)Ω(T ), [T1, T2] = [0.2, 0.7]
(C) kω = 3, ω0 = ω(σ)Ω(T ), [T1, T2] = [0, 0.5]
(D) kω = 0, (Gurson model).
(5.1)
The eﬀect of Ω(T ) is illustrated in Fig. 5.4a, in which the variation of ω0 is shown
in the principal stress space for model (C) (analogous to a ﬁgure in Nahshon and
Hutchinson (2008)). Using the model by Nahshon and Hutchinson (2008) (model
(A)), the contour lines of constant ω0 = ω(σ) remain straight as indicated by the
dashed line marking the state of shear plus hydrostatic stress. Thus, the parameter
ω0 may reach its maximum value at very high stress triaxiality (for example, as
σIII/σI → 1), but vanish at σIII = σII = σI due to the assumption of zero eﬀect
at axi-symmetric conditions. However, the proposed interpolation function, Ω(T ),
ensures that the shear-term vanishes at much lower stress triaxiality. As seen in
Fig. 5.4a, ω0 is ramped out as the triaxiality increases. Above T2, no additional
contribution to damage thereby occurs, while the shear-term is unaﬀected below T1.
In addition, Ω(T ) preserves that the shear-term vanishes in an axi-symmetric state.
More explicitly, the eﬀect of Ω(T ) is shown in Fig. 5.4b for plane stress bi-
axial tension (0 ≤ σII/σI ≤ 1). Here, the interpolation function Ω(T ) reduces the
value of ω(σ) signiﬁcantly at σII/σI = 0.5 (T = 0.577), for example, found for
plane strain uni-axial tension well into the plastic domain where no shearing occurs.
Fig. 5.4c shows that Ω(T ) only has little eﬀect on the shear-term for a state of shear
(σIII/σI = −1) combined with a transverse stress component (−1 ≤ σII/σI ≤ 1).
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Fig. 5.4 a) Variation of ω0 in principal stress space for model (C), (σI > 0, σm = σ
k
k/3),
and the eﬀect of Ω(T ) for the three models involving ω0, here shown for b) plane stress
bi-axial tension (σIII/σI = 0, σI > 0), and c) a shear state combined with a transverse
stress component (σIII/σI = −1, σI > 0).
Following the study presented in [P3] and [P4], the numerical analysis in [P5] is
carried out in full 3D by assuming an anti-symmetric mode for both the interfacial
failure and the plug failure during shear-lab testing. Only the yield stress variation
across the weld region is accounted for, while all residual stresses are neglected.
Fig. 5.5 shows the predicted tensile curves for the shear-lab specimens contai-
ning a 3 mm or 8 mm spot weld, which ensures interfacial failure or plug failure,
respectively. It is seen in Fig. 5.5a, that a rather large eﬀect of the shear-term occurs
when directly applying the model by Nahshon and Hutchinson (2008) (model (A))
to predict plug failure, even through failure here develops at moderately high stress
triaxiality (see Fig. 5.2d, [P3]). This large eﬀect can be linked to the evolution
of ω(σ). As the weld rotates due to the stretching of the specimen, plastic ﬂow
localizes near the weld and a thin-region develops. This localization enhances the
constraint on the plastic ﬂow and a stress state corresponding to high values of ω(σ)
builds up in the thin region (see Fig. 5.6d). Combined with nucleation of voids,
this leads to a large contribution to the damage development from the shear-term,
which is on the order of 40-50% of the total damage at coalescence (see Fig. 5.6c-d).
Compared with the original Gurson model (model (D)), this naturally leads to more
localized damage in the thin-region. The coalescence condition is thereby reached
much earlier, resulting in the early loss in load carrying capacity (see Fig. 5.5a).
However, by introducing the suggested interpolation function, Ω(T ) (model (B) and
(C)), the eﬀect of the shear-term is limited to regions of low stress triaxiality and
almost no contribution from the shear-term is present in the thin region during plug
failure. This can also be seen from the tensile curves in Fig. 5.5a, in which the
predictions from model (B) and (C) almost coincide with the results of the original
Gurson-Tvergaard-Needleman model (model (D)).
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(a) (b)
Fig. 5.5 Modelled tensile curves for single spot welded shear-lab specimen during a) plug
failure (a = L
(NH)
x2=0
= 4 mm, b = 1.25 mm), and b) interfacial failure (a = L
(NH)
x2=0
= 1.5
mm, b = 0.8 mm). (L
(HAZ)
x2=0
/a = 1.2, t = 1.5 mm and 2w = 25 mm.)
Fig. 5.6 a) Predicted cross-section of deformed shear-lab specimen during plug failure,
and curves of constant b) total damage, f , c) contribution to damage from shear-term
using model (A), and d) parameter ω0 = ω(σ). (a = L
(NH)
x2=0
= 4 mm, L
(HAZ)
x2=0
/a = 1.2,
b = 1.25 mm, t = 1.5 mm and 2w = 25 mm.)
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Fig. 5.7 a) Deformed shear-lab specimen during interfacial failure seen from the side,
and curves of constant b) total damage, f , c) contribution to damage from shear-term
using model (A), and d) parameter ω0 = ω(σ) (a = L
(NH)
x2=0
= 1.5 mm, L
(HAZ)
x2=0
/a = 1.2,
b = 0.8 mm, t = 1.5 mm and 2w = 25 mm).
Fig. 5.5b presents the tensile curves predicted for interfacial failure during shear-
lab testing. Due to the intense shearing (T ≈ 0.1 − 0.2 [P5]) in the region of
localization, only limited void growth was predicted by the Gurson model (model
(D)). This is clearly reﬂected in the tensile curve in Fig. 5.5b, in which the loss of
load carrying capacity is never reached for model (D), even though signiﬁcant plastic
straining was predicted (εpM > 1.5 [P5]). However, using the model by Nahshon and
Hutchinson (2008) (model (A)), void nucleation is followed by an increase in the
damage parameter, f , leading to a complete loss of load carrying capacity (see
Figs. 5.5b and 5.7b-c). This is due to ω0 > 0 in the region of intense shearing where
values close to the maximum level are reached, while much lower values of ω0 are
found outside this region (see Fig. 5.7d). Applying the interpolation function, Ω(T ),
a rather small eﬀect on the tensile curves in Fig. 5.5b is predicted, as intended for
a state of low stress triaxiality.
Comparing the tensile curves in Figs. 5.5a-b for the plug failure and the interfa-
cial failure, respectively, the intended eﬀect of the proposed interpolation function is
obtained. As ductile plug failure occurs at moderate stress triaxiality, Ω(T ) delays
the evolution of the shear-term which leads to later void coalescence. But as inter-
facial failure occurs at low stress triaxiality, a maximum eﬀect from the shear-term
is needed to reach void coalescence (f = fc) and thereby to reach a complete loss in
load carrying capacity.
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5.3 Predicting failure of spot welded joints using recent ex-
tensions to the Gurson model [P6]
The plug failure modes of RS-welded shear-lab and cross-tension test specimens
are studied in [P6], using recent extensions to the Gurson model. A comparison
between the predicted tensile response is presented when using either i) the Gurson-
Tvergaard-Needleman model (see section 3.2.1), ii) the shear-modiﬁed Gurson model
by Nahshon and Hutchinson (2008) (including the modiﬁcation propose in [P5],
see section 3.2.2), or iii) the Gologanu-Leblond-Devaux model accounting for non-
spherical void growth (see section 3.2.3). Both the shear-lab and cross-tension test
specimens consist of two overlapping metal sheets, which are joined by a single spot
weld and loaded in tension according to the inserts in Fig. 5.9 (AWS, 2000).
Following the studies in [P3]-[P5], the numerical analyses are carried out in full
3D. Using the Gologanu-Leblond-Devaux model, a simple approach is here used to
approximate void nucleation by either particle fracture or particle-matrix decohe-
sion, and a study of the subsequent void shape evolution is presented [P6].
As for the shear-lab specimen studied in [P3]-[P5], the plug failure mode during
cross-tension testing is found to be of a tensile nature. Thus, failure develops at
moderate stress triaxiality as plastic ﬂow localizes during local thinning of the metal
sheet near the spot weld (see Fig. 5.8). Fig. 5.8d shows the evolved void shape,
W = ln(S), in the thin region, predicted by the Gologanu-Leblond-Devaux model
(a) (b)
(c) (d)
Fig. 5.8 Plug failure of a single spot welded cross-tension test specimen modelled using
the Gologanu-Leblond-Devaux model with void nucleation by particle fracture (W0 =
0.01), here showing curves of constant a) void volume fraction, f , b) microscopic plastic
strain, εpM , c) stress triaxiality, σ
k
k/(3σe), and d) void shape, W = ln(S), with overlaying
vector-ﬁeld indicating the modelled void orientation, n1, and the relative aspect ratio,
W/Wmax. (The spot weld diameter is 8 mm and ΔL = 39.37 mm.)
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(a) (b)
Fig. 5.9 Predicted tensile response for single spot weld subject to a) shear-lab testing, and
b) cross-tension testing, using the Gurson-Tvergaard-Needleman model (GTN-model), the
Nahshon-Hutchinson model (NH-model), the extended Nahshon-Hutchinson model with
Ω(T ) (NH(e)-model), and the Gologanu-Leblond-Devaux model (GLD-model).
with assumed void nucleation by particle fracture (W0 = 0.01). Signiﬁcant void
elongation is observed here. Similar results were found for plug failure during shear-
lab testing [P5]. However, compared to shear-lab testing, the thin-region covers
a larger part of the weld circumference for the cross-tension specimen, depending
on the state of deformation before void coalescence occurs. Thus, a fundamental
diﬀerence from the shear-lab test specimen is observed, since loading more closely
resembles mode I crack opening up to complete failure during cross-tension testing.
Fig. 5.9 presents the predicted tensile response for the various damage models.
Comparing the tensile curves for the two testing techniques, a lower ultimate tensile
force is predicted for the cross-tension test, while the corresponding displacement
is much larger due to the signiﬁcant bending of the welded sheets (Mukhopadhyay
et al., 2009). However, for both tests a signiﬁcant eﬀect is found for the shear-
modiﬁed model by Nahshon and Hutchinson (2008), which predicts failure much
earlier than the Gurson-Tvergaard-Needleman model, even though the stress tria-
xiality is moderately high [P3]-[P6]. This is in contrast to the predictions by the
more complex micro-mechanics based Gologanu-Leblond-Davaux model, where later
failure occurs in all cases. This is partly due to a change in the void growth rate
and yield surface contraction rate when accounting for the void shape evolution, and
partly due to the lower void volume fraction nucleated when assuming void nucle-
ation by particle fracture. A larger dependence on void growth is thereby observed
for void nucleation by particle fracture, which leads to later void coalescence.
Furthermore, to address the problem of shrinkage voids or larger weld defects, a
similar study has been carried out when removing parts of the weld nugget center.
It is shown in [P6] that this type of defect only has a limited eﬀect on the tensile
response and that the plastic ﬂow localization in the vicinity of a defect weld closely
matches that of a fully intact weld up to large defect sizes (Uijl and Smith, 2006).
Chapter 6
Concluding remarks
This thesis focuses on numerical analysis of damage development and ductile fail-
ure in welded joints. In particular, the plastic ﬂow localization and the evolution
of damage in friction stir welded uni-axial test specimens and commonly used spe-
cimens for testing resistance spot welds have been studied intensively. Diﬀerent
Gurson-type models have been implemented in a ﬁnite element (FE) framework and
used to predict failure at loading conditions ranging from moderate (T < 1) to low
(T ≈ 0) stress triaxiality, T = σkk/(3σe). Most studies are carried out in full 3D,
but simpler plane strain models have also been used. All models account for ﬁnite
strains. To estimate the model parameters in the weld region and to obtain mea-
surements for comparison with the models, some experimental investigations have
also been conducted. Nine papers, denoted [P1] through [P9], have been included
in the thesis.
The Gurson modelling approach of predicting failure by void nucleation
and void growth to coalescence in welded joints subject to tensile loading, has here
shown good results. The Gurson-Tvergaard-Needleman model, accounting for the
growth of spherical voids, was found to predict the tension-governed failure modes
at moderate stress triaxiality reasonably well and a good agreement with experi-
mental observations was obtained in [P1] and [P3]. Most model parameters are here
typically considered as eﬀective values, since voids only remain spherical at rather
high stress triaxiality. To account for the void shape evolution, a 3D FE-model
based on the more complex Gologanu-Leblond-Devaux model has been developed
([P6]-[P9]). The numerical study in [P6] showed that this model slightly delays
failure, as compared to the Gurson-Tvergaard-Needleman model, when assuming
void coalescence to occur at a critical porosity, fc. However, this does not make
the Gologanu-Leblond-Devaux model less predictive, and the combined numerical
and experimental study of FS-welded aluminum presented in [P7]-[P9] showed good
agreement. The onset of void coalescence was here assumed to be governed by the
Thomason criterion.
None of the above mentioned micro-mechanics based Gurson-type models can
predict failure by void growth to coalescence during shearing, for example, as found
for interfacial failure of spot welds. Thus, the recent phenomenological shear-
modiﬁcation to the Gurson model by Nahshon and Hutchinson (2008) is naturally
applied. Using the shear-modiﬁed Gurson model, a number of studies have been
conducted in this thesis for both homogeneous loading conditions and the more
complex conditions during failure in welded joints ([P2], [P5], [P6]). A further ex-
tension to the shear-modiﬁcation by Nahshon and Hutchinson (2008) was proposed
in [P5] to better predict failure at high stress triaxiality.
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The governing equations for the Gurson-type models are presented in chapter 3
together with a description of the applied total Lagrangian formulation and the FE-
implementation. The assumptions and limitations of the models have been discussed
throughout the thesis, with reference to the work presented in [P1]-[P9].
Friction Stir Welds (FSWs) in age-hardenable aluminum, loaded in ten-
sion transverse to the weldline (see Fig. 4.1a) has been studied using the diﬀerent
Gurson-type models. Ductile failure was here predicted to occur in the low strength
weld region and was found to be strongly aﬀected by the variation of the material
properties transverse to the weldline, mainly the variation of the initial yield stress.
The weakest part of the weld (typically near the HAZ and TMAZ), was found to
act as a large imperfection that governs the initiation of plastic ﬂow localization
([P1],[P2],[P8],[P9]). Thus, a parametric study of the eﬀect of changing the mate-
rial properties in the diﬀerent weld zones was conducted in [P1]. Failure was here
found to localize in either the TMAZ or the weld nugget, depending on the relative
level of the yield stress. Furthermore, this study clearly illustrates the stress-strain
conditions at failure, which closely match those of the more complex models pre-
sented in [P8] and [P9]. Failure was here predicted to occur at moderate stress
triaxiality, thus the eﬀect of the shear-modiﬁcation by Nahshon and Hutchinson
(2008) was studied in [P2]. This model showed a noticeable eﬀect, even at mode-
rately high stress triaxiality, which has been discussed in detail. A more rigorous
material-oriented study of FS-welded aluminum was conducted in [P7]-[P9]. Based
on the characterization of 6005A aluminum in [P7] a combined experimental and
numerical analysis of failure in FS-welded 6005A aluminum was carried out in [P8]
and [P9]. Special attention was devoted to the eﬀect of the stage IV strain hardening
observed in [P7], which was found to improve the predictions of the fracture strain.
In the studies of FS-welds presented in [P1]-[P2] and [P7]-[P9], the eﬀect of
residual stresses have been neglected, since these are signiﬁcantly relaxed when
cutting out a test specimen from the welded plate (see Fig. 4.1a). Thus the weld
is mainly characterized by the variation of the material properties. Accounting for
both the post-welding stress-strain conditions and the non-homogeneous material
properties when considering a much wider specimen are currently investigated in an
ongoing collaboration with Jesper H. Hattel and Cem C. Tutum.
Resistance Spot Welds (RSWs) in DP600 steel, subject to commonly used
testing techniques, have been studied numerically with focus on failure in the weld
region. A numerical study of plug failure in spot welded shear-lab specimens has
been presented in [P3]. The predictions of a 3D Gurson-Tvergaard-Needleman model
here showed good agreement with experimentally measured tensile curves as well as
the observed plastic ﬂow localization near the HAZ. Using this model, a further
study of the eﬀect of the weld diameter as well as the eﬀect of the test specimen
geometry on the ultimate tensile shear force, TSF , and the displacement, uTSF , was
presented in [P3] and [P4]. Here, a reasonable agreement was found with empirical
relations from the literature, which solely relates the weld diameter to the TSF and
the uTSF . However, the study presented in [P4] showed that the specimen geometry
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aﬀects the tensile response as well as the transition to interfacial failure in the weld
nugget. To predict both the plug failure and the shear-dominated interfacial failure,
a numerical study was conducted in [P5], using the shear-modiﬁed Gurson model.
This study illustrated the new features of the shear-term by predicting failure at
low stress triaxiality. However, the shear-modiﬁcation by Nahshon and Hutchinson
(2008) was found to have too large an eﬀect at moderately high stress triaxiality.
Thus, a further extension to the shear-term was proposed in [P5], which very recently
has been compared to cell model predictions (Tvergaard and Nielsen, 2009). Finally,
the Gologanu-Leblond-Devaux model was implemented and used in [P6] to study
the void shape evolution during failure near spot welds. The predicted tensile curves
were here compared to the predictions of the remaining Gurson-type models.
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Appendix A
Potential surface parameters and derivatives
The parameters governing the potential surface by Gologanu et al. (1993, 1994,
1997) and its partial derivatives are brieﬂy presented. Simpliﬁcations which reduce
the derivatives to those of the Gurson-Tvergaard-Needleman model are pointed out.
A.1 Parameters dependent on void shape and porosity
As for the original Gurson model, Gologanu et al. (1993, 1994, 1997) derived the
potential surface in Eq. (3.18), based on limit-load analysis, by considering a sphe-
roidal void embedded in a confocal spheroidal representative volume as illustrated
in Fig. A.1. To account for the void shape evolution, Gologanu et al. (1997) intro-
duced two potential surfaces, one for prolate voids (S > 0) (Gologanu et al., 1993)
and one for oblate voids (S < 0) (Gologanu et al., 1994), which coincide in the limit
S → 0 (spherical void). However, the model inherits a singularity at S = 0 (see
Eqs. (A.1)-(A.2)). The governing parameters for the potential surfaces are the void
shape factor S ≡ ln(R1/R2) = ln(W ) and the porosity f ≡ (R1R22)/(r1r22), which
relate the eccentricities e1 and e2 of the inner and outer spheroid as
e1 =
√
1− 1
exp(2|S|) (A.1)
(1− e22)n
e32
=
1
f
(1− e21)n
e31
, with
{
n = 1 for prolate shape, S ≥ 0
n = 0.5 for oblate shape, S < 0.
(A.2)
A limit on the void shape, S, is introduced in the numerical model to avoid the
singularity in Eqs. (A.1)-(A.2), while a solution to Eq. (A.2) is approximated by a
Newton-Raphson iteration loop during the numerical simulations.
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Fig. A.1 Spheroidal void and confocal representative volume element (spheroidal) deﬁned
by Gologanu et al. (1997), a) prolate void S > 0, and b) oblate void S < 0.
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The void shape and porosity dependent parameters for the potential surface in
Eq. (3.18) are deﬁned by Gologanu et al. (1997); Pardoen and Hutchinson (2000) as
Prolate voids (S > 0)
g = 0 (A.3)
α1 =
e1 − (1− e21) tanh−1(e1)
2e31
,
[
tanh−1(e1) =
1
2
ln
(
2
1− e1 − 1
)]
(A.4)
αG1 =
1
3− e21
(A.5)
α2 =
1 + e22
3 + e42
(A.6)
κ−1 =
1√
3
+
1
ln(f)
((√
3− 2
)
ln
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e1
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))
+
1
ln(f)
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1√
3
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3 + e22 + 2
√
3 + e42
3 + e21 + 2
√
3 + e21
)
+ ln
(√
3 +
√
3 + e41√
3 +
√
3 + e42
))
(A.7)
Oblate voids (S < 0)
g =
e32√
1− e22
(A.8)
α1 =
−e1(1− e21) +
√
1− e21 sin−1(e1)
2e31
(A.9)
αG1 =
1− e21
3− 2e21
(A.10)
α2 =
(1− e22)(1− 2e22)
3− 6e22 + 4e42
(A.11)
gf =
g
g + f
(A.12)
g1 =
g
g + 1
(A.13)
κ−1 =
2
3
+
1
ln (gf/g1)
(
2
3
(gf − g1) + 2
5
(
g
5/2
f − g5/21
)(4
3
− g5/2f − g5/21
))
(A.14)
while for both oblate and prolate voids
sh ≡ sinh(2κ(α1 − α2)) (A.15)
ch ≡ cosh(2κ(α1 − α2)) (A.16)
η = − κq(1− f)(g + 1)(g + f)sh
(g + 1)2 + q2(g + f)2 + 2q(g + 1)(g + f)[κ(α1 − α2)sh− ch] (A.17)
C = − κq(g + 1)(g + f)sh
η(1− f + 2η(α1 − α2)) (A.18)
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In line with the studies by Tvergaard (1981, 1982b) for the Gurson model,
Pardoen and Hutchinson (2000) suggested a modiﬁcation to the potential surface
by Gologanu et al. (1997) based on cell model studies for a power hardening material
with hardening exponent N . The expression for q used in this study can be found
in Lassance et al. (2007) and is given by
q = 1.5
∣∣ b−1
π
∣∣+ 1
2
(b + 1) (A.19)
b = 1 +
(
0.655− 1.75N − 0.5f 1/40
)(
1
2
+ tan
−1(2(1.2−S0))
π
− 1
44 exp (S0)
)
which is valid for W0 > 0.01. Otherwise, q is taken to be equal to q(W0 = 0.01).
Slightly more accurate predictions can be obtained by introducing a dependency of
the stress triaxiality in Eq. (A.19) (see Pardoen and Hutchinson, 2000). It is however
noted that introducing a dependence on the stress triaxiality further complicates the
partial derivatives of the potential surface.
A.2 Potential surface derivatives
The partial derivatives of the potential surface in Eq. (3.18) for non-spherical void
growth (Gologanu et al., 1993, 1994, 1997) takes the form
∂Φ
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This reduces to the derivatives of the Gurson-Tvergaard-Needleman model (∂Φ
∂S
=
0) by letting S → 0, hence C = 1, η = 0, g = 0, κ = 3q2/2, q = q1, and σh = σkk/3.
The partial derivatives of the parameters in Eqs. (A.3)-(A.18) used in Eqs. (A.20)-
(A.23) for the potential surface are not given here. However, these have been derived
and controlled by a numerical ﬁnite diﬀerence check.
Appendix B
Void orientation and relative spacing
B.1 Void orientation
For the Gologanu-Leblond-Devaux model presented in section 3.2.3 (and appen-
dix A), the voids are chosen to follow the convecting frame, while no additional ro-
tation is accounted for. Thus, the void orientation is speciﬁed by a basis (n1,n2,n3)
(see Fig. B.1), which remains orthogonal during the deformation. It is chosen that,
if the main cavity axis, n1, is in the direction of the base vector, e˜1, then
n1 = e˜1/||e˜1||, n2 = [n1(2),−n1(1), 0]T/
√
(n1(1))
2 + (n1(2))
2, n3 = n1×n2 (B.1)
for n1(1) = 0 or n1(2) = 0. This approximation is reasonable if the maximum
principal stress does not deviate too much from e˜1 (Scheyvaerts, 2008).
B.2 Relative void spacing
To combine the Gologanu-Leblond-Devaux model with the coalescence criterion
by Thomason (1990) (section 3.2.5), a relative void spacing has been deﬁned as
X = R3/L3 in the 3D studies presented in [P7]-[P9]. This can be written as
X =
(
f
γd
λd
W
) 1
3
, λ˙1 = λ1(ε˙1 − ε˙3), λ˙2 = λ2(ε˙1 − ε˙2) (B.2)
where f = γdR1R
2
3/(L1L2L3) is the void volume fraction, W = R1/R2 is the void
aspect ratio, γd is a geometric factor depending on the arrangement of the voids
and λd is a factor related to the anisotropy in the void distribution. A 3D cubic
homogeneous distribution of the voids is assumed, thus γd = π/6 and λd = (λ1)
2/λ2
with λ1 = L1/L3 and λ2 = L1/L2, which is updated according to Eqs. (B.2)b-c.
Here, ε˙k = nk · ε˙ · nk for k = 1, 2, 3 and ε˙ = η˙ije˜ie˜j (Lassance et al., 2007).
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Fig. B.1 a) Example of orientation for an oblate void, b) void arrangement (γd = π/6).
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Appendix C
Accessible hardware and parallel performance
C.1 Accessible computer hardware
The speciﬁcations of the hardware used for the numerical simulations in the present
work are shown in the table below. The shared memory machines “Newton” and
“Euler” were mainly used during [P1]-[P7], while the newer clusters, “HLOpt” and
“Green” have been used for [P6] and [P7]-[P9], respectively.
Domain Speciﬁcation At
Newton/Euler
60/24 UltraSPARC IV+ dual-core CPU’s, 1.8GHz
32Mb Cache, 416/96Gb ram (Shared memory)
DTU
HLOpt
29× 8 AMD Opteron(tm) 2354 CPU’s, 2.2GHz
512kb Cache, 8Gb ram
DTU
Green
99× 8 Inter(R) Xeon(R) L5420 CPU’s, 2.5GHz
6Mb Cache, 16-31Gb ram
UCL
C.2 Parallel performance using OpenMP
All numerical models developed during this work have been implemented as parallel
Fortran90 code using OpenMP (Sun Microsystems, 2005). Thus, using the clusters
“HLOpt” or “Green” up to 8 CPU’s could be used for each simulation, while all 120
or 48 CPU’s on the shared memory machines could be addressed to one calculation.
An example of the achieved Speed-Up is shown in Fig. C.1c for the 3D Gologanu-
Leblond-Devaux model (including one serial call for writing the results ﬁle). A small
uni-axial test case presented by Jinkook and Xiaosheng (2005) is here considered (see
Figs. C.1a-b). Also, good agreement was found for the predicted damage evolution.
(a) (b) (c)
Fig. C.1 a) Mesh for uni-axial test case, b) predicted void volume fraction, f , and c)
Speed-Up factor, deﬁned as the calculation time for one CPU over the current calculation
time, based on wall-clock time for the uni-axial tensile test performed on “Euler”.
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Appendix D
Forward gradient procedure
Peirce et al. (1984) suggested a forward gradient procedure by introducing a linear
interpolation of the eﬀective strain at time t and t + Δt. When using this within
the time integration of a Gurson-type model, the microscopic plastic strain rate
(eﬀective plastic strain rate) takes the form
ε˙pM = (1− θ)ε˙p(t)M + θε˙p(t+Δt)M (D.1)
with θ ∈ [0, 1] and ε˙p(t+Δt)M approximated by the Taylor series expansion
ε˙
p(t+Δt)
M = ε˙
p(t)
M +
∂ε˙p
M
∂σM
σ˙MΔt +
∂ε˙p
M
∂εp
M
ε˙pMΔt. (D.2)
Peirce et al. (1984) found a reasonable increase in numerical stability for θ ≥ 0.5.
Thus, θ = 0.9 has been used in this work. Combined with the constitutive relations
described in chapter 3, a forward gradient procedure has be derived to determine the
Kirchhoﬀ stress rate, τ˙ ij. In the following, the procedure is shown for the Gologanu-
Leblond-Devaux model with the damage growth rate given by Eq. (3.14).
τ˙ ij = Lijklη˙kl + τ˙
ij
o , L
ijkl = Rijkl − μM ijA MklB (D.3)
with
τ˙ ij0 = −
√
Gc
Gr
ε˙
p(t)
M
1−θΔtQ1
M ijA Q2
μ = −
√
Gc
Gr
θΔt
1−θΔtQ1
[
∂Φ
∂σM
]−1
∂ε˙p
M
∂σM
Q2
M ijA = Lijkl ∂Φ∂σkl , MklB = Lijkl
(
∂Φ
∂σij
+ βij
∂Φ
∂f
[
1 + βvB ∂Φ∂f
[
∂Φ
∂σM
]−1]−1)
βij =
(
1
3
−
[
∂Φ
∂σM
]−1
∂Φ
∂σij
)
Bβv
Q1 =
∂ε˙p
M
∂εp
M
−
[
∂Φ
∂σM
]−1
∂ε˙p
M
∂σM
(
∂Φ
∂f
Q3 +
∂Φ
∂S
Q4 −MklB ∂Φ∂σkl
)
Q2
Q2 = (1− f)σM
[
σkl ∂Φ
∂σkl
]−1
Q3 = (1− f)Gij ∂Φ∂σij + (1− βv)D 1Q2 − βijM
ij
A
Q4 =
[
3
2
(1 + h1hT )(P
ij
d − 13GijGklP kld ) + h2Gij
]
∂Φ
∂σij
Rijkl =
√
Gc
Gr
(Lijkl − 1
2
(
σikGjl + σjkGil + σjlGik + σilGjk
)
+ σijGkl
)
(D.4)
This procedure reduces to that of the Gurson-Tvergaard-Needleman model for sphe-
rical voids (S = 0, ∂Φ
∂S
= 0, Q4 = 0), when using the same expression for the damage
growth rate (Eq. (3.14)). Furthermore, the shear-modiﬁcation described in sec-
tion 3.2.2 may be accounted for by adding kωfω0
sij
σe
∂Φ
∂σij
to the Q3 parameter in
Eq. (D.4) and applying Eq. (3.15) as the damage growth rate. Consequently, the
shear-modiﬁcation does not aﬀect normality as shown by Nahshon and Hutchinson
(2008), since M ijA = M
ij
B for B = 0.
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Abstract
Ductile damage development in a friction stir welded aluminum joint subjected to tension is analyzed numerically by
FE-analysis, based on a total Lagrangian formulation. An elastic–viscoplastic constitutive relation that accounts for nucle-
ation and growth of microvoids is applied. Main focus in the paper is on the interaction between changes in the material
parameters in diﬀerent regions of the weld, the damage development and the position of the ﬁnal fracture. Especially
changes in the yield stress proﬁle transverse to the weldline are examined, since some process parameters have been shown
experimentally to aﬀect this. It is found that damage development is highly inﬂuenced by changes in the yield stress proﬁle
and a shift in ﬁnal failure is shown for comparable yield stress in the thermo-mechanically aﬀected zone (TMAZ) and the
nugget zone (NG).
 2008 Elsevier Ltd. All rights reserved.
Keywords: Fracture; Friction stir welding; Ductile damage; GTN-model; Stress triaxiality
1. Introduction
Friction stir welding (FSW) is a relatively new solid-state process for joining a variety of diﬀerent materials.
FSW was developed at The Welding Institute (TWI, Cambridge, United Kingdom) in 1991, (Thomas et al.
[1]), and has proven to be an attractive method for joining age-hardening aluminum alloys, such as the
2xxx (Al–Cu–Mg) series. The basis of the process is a spinning tool, consisting of a pin and a shoulder plate,
which is lowered into the weldline between two metal sheets until the shoulders are pressed in contact with the
sheets to be welded. By forcing the spinning tool forward along the weldline a joint is created due to friction
heating and extensive deformation of the material in the stir zone. The heat and deformation created between
the shoulder plate and the material to be welded, results in a diﬀerence in the microstructure and thereby the
mechanical properties between the top (crown) and bottom (root) of the weld (Figs. 4 and 5).
A large number of experimental studies have focused on the mechanical properties, (Lockwood et al. [2],
Liu and Chao [3]), the evolution of the microstructure, (Fonda and Bingert [4], Yang et al. [5]) and the relation
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between these topics, (Genevois et al. [6], Sutton et al. [7]). It is well known that a FS-weld may be divided into
four regions, base material (BM), heat aﬀected zone (HAZ), thermo-mechanically aﬀected zone (TMAZ) and
the nugget zone (NG). The HAZ is the material which experience a signiﬁcant increase in the temperature due
to the heat generated in the process, whereas the TMAZ closer to the weldline is exposed to signiﬁcant heating
as well as mechanical deformation. Furthermore, a region of ﬁne grained material is known to occur in the
center of the weld, which is referred to as the NG.
Between the diﬀerent regions a more or less smooth transition in the microstructure and the mechanical
properties is shown by Fonda and Bingert [4] and Yang et al. [5]. However a fundamental diﬀerence in the
two sides of the weld is shown by Schmidt et al. [8], since material on the retreating side (RS) experiences
Nomenclature
E Young’s modulus
f ; _f void volume fraction, void volume fraction rate
fc; ff void volume fraction at coalescence, void volume fraction at ﬁnal fracture
f ; f U corrected void volume fraction, ultimate corrected void volume fraction
fN; sN; eN potential nucleated void volume fraction, standard deviation, mean nucleation strain
gij;Gij metric tensors for undeformed and deformed state
L0;w0; b0 length, width and hight of tensile specimen
LðCÞi ; L
ðRÞ
i dimensions of crown
ðCÞ and rootðRÞ of weld proﬁle
m strain rate hardening exponent
N strain hardening exponent
q1; q2 damage parameters for GTN-model
S; V surface and volume
SH horizontal surface
t;Dt time and time increment
tr ramping time
T i surface tractions
ui displacements
_U 0 prescribed velocity
xi coordinates
_e0 reference strain rate
epM; _e
p
M microscopic plastic strain and strain rate
gij; _gij covariant Lagrangian strain and Lagrangian strain rate
_gEij; _g
p
ij elastic and plastic parts of Lagrangian strain rate
h linear scaling factor for forward gradient
m Poisson’s ratio
q density
re Von Mises reference stress
rM microscopic reference stress
ry yield stress
rij Cauchy stress tensor
1
3 r
k
k mean Cauchy stress
sij; _sij Kirchhoﬀ stress and Kirchhoﬀ stress rate
U potential surface
D void nucleation law
gðepMÞ strain hardening function
BM, HAZ, TMAZ, NG base material, heat aﬀected zone, thermo-mechanically aﬀected zone and
Nugget zone
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a large deformation and shear zone, while material on the advancing side (AS) only experiences minor
deformation.
Some experimental studies of the location of ﬁnal fracture in a FS-welded joint are carried out by Liu et al.
[9–11]. It is shown that for increasing advancing weld speed the fracture moves toward the nugget of the weld
for many aluminum alloys. This is then coupled to the changes in the yield stress proﬁle, since for a high
advancing weld speed comparable yield stresses are found in the NG and the TMAZ, while for a low advanc-
ing weld speed the yield stress in the NG exceeds that of the TMAZ. For the aluminum alloys analyzed by Liu
et al. [9–11] a ductile failure is observed to occur. However, an experimental study on the failure mechanism
for a FS-welded tensile specimen is yet to be published. Furthermore, no conclusive study on why ﬁnal frac-
ture occurs on diﬀerent sides of the weld for diﬀerent aluminum alloys has yet been published.
In many experimental studies the fracture location is related to a variation of the yield stress transverse to
the weldline (Liu et al. [9–11]). Final fracture is thereby often related to the minimum yield stress. However, as
the present study will show fracture may occur outside the region of minimum yield stress. The study of frac-
ture location has thus proven to be a complex issue and published experimental work shows some contradic-
tory results, (Heinz and Skrotzki [12], Magnusson and Ka¨llman [13]). Both Heinz and Skrotzki [12] and
Magnusson and Ka¨llman [13] ﬁnd that ﬁnal fracture of AA6013 occurs in the HAZ, but on the AS and
RS, respectively.
For a perfectly symmetric weld the location of ﬁnal fracture on one side or the other of the weld depend on
a bifurcation. Even a small asymmetry in the weld can thereby change the location of fracture. Small or larger
imperfections are presented in experiments by Barcellone et al. [14] and Chen et al. [15], both in forms of var-
ious types of defects and changes in the distribution of second phase particles.
The purpose of the present paper is to model the ductile damage development in FS-welded AA2024 joints,
in order to obtain a parametric understanding of the eﬀect of diﬀerent distributions of material properties.
This also gives a more general understanding, which may be used for other aluminum alloys. The study is car-
ried out by ﬁnite element analysis of a tensile specimen containing a FS-weld running transverse to the tensile
direction. As an assumption the GTN-model for porous ductile metals is applied to describe the damage devel-
opment in the weld region. This is due to the pronounced plastic deformation of the weld region as the spec-
imen is loaded. Furthermore, evidence of ductile fracture has been published by Yan et al. [16] in the form of
SEM fractographs for aluminum AA2024. Local data for the constitutive material model, in terms of stress–
strain curves for diﬀerent regions of the weld, are approximated by the FE-model and compared with exper-
imental uni-axial tensile data presented by Lockwood et al. [2] and Genevois et al. [6]. Furthermore, the global
geometry and tensile curves are compared with experimental work presented by Fonda and Bingert [4].
2. Flow rules and damage model
For a general description of a specimen under a given loading condition, the ﬁnite element model is based
on a total Lagrangian formulation, (Budiansky [17], Hutchinson[18]). The model is formulated by introducing
a Cartesian reference frame and a frame convecting with the material under deformation. The dynamic prin-
ciple of virtual work can be written in terms of the Lagrange strain gij and the work conjugated Kirchhoﬀ
stress sijZ
V
sijdgijdV ¼
Z
S
T idui dS 
Z
V
q
o2ui
ot2
duidV ð1Þ
with
gij ¼
1
2
ðui;j þ uj;i þ uki uk;jÞ ð2Þ
Here, ð Þij and ð Þij denote the covariant and contravariant components of a general tensor, respectively, and
ð Þ;i denotes the covariant diﬀerentiation in the reference frame. The Lagrangian strain increment is here taken
to be the sum of the elastic and plastic contributions, _gij ¼ _gEij þ _gpij.
To model the ductile damage development the Gurson–Tvergaard–Needleman-model (GTN-model) is
applied, (Gurson [19], Tvergaard [20]). Here a void volume fraction f describes the degree of damage in a given
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volume, varying in the interval f 2 ½0; 1, where f ¼ 0 refers to a damage free volume. The potential surface
can be written as (3), where rM are the microscopic reference stress in the matrix material surrounding the
voids, while rij are the contravariant components of the macroscopic Cauchy stresses, describing the average
stress ﬁeld over the material in the convected coordinate system
U ¼ r
2
e
r2M
þ 2q1f cosh
q2
2
rkk
rM
 
 ½1þ ðq1f Þ2 ¼ 0 ð3Þ
here
f ðf Þ ¼
f for f 6 fc
fc þ f

U
fc
fffc ðf  fcÞ for f > fc
(
ð4Þ
The correction (4) of the modiﬁed Gurson-model introduced by Tvergaard and Needleman [21] accounts for
coalescence of microvoids at some critical value, fc, while ﬁnal fracture occurs at f ðffÞ ¼ f U ¼ 1=q1. The rate
of the void volume fraction, _f , is here taken to be given as a sum of a growth and a nucleation part,
respectively
_f ¼ ð1 f ÞGij _gpij þD_epM ð5Þ
The ﬁrst term, representing growth of existing voids, follows from plastic incompressibility, while nucleation
of new voids is taken to be governed by a normal distribution as suggested by Chu and Needleman [22]. A
plastic strain controlled nucleation can then be written as
D ¼ fN
sN
ﬃﬃﬃﬃﬃ
2p
p exp  1
2
epM  eN
sN
 2" #
ð6Þ
Here fN is the volume fraction of second phase particles, which are taken to initiate new voids, sN is the stan-
dard deviation and eN is the mean nucleation strain.
The eﬀective microscopic plastic strain rate is here assumed to be governed by a potential law, given as (7).
The material model thereby reﬂects the viscoplastic behaviour of the material
_epM ¼ _e0
rM
gðepMÞ
 1=m
; gðepMÞ ¼ ry 1þ
EepM
ry
 N
ð7Þ
where m and _e0 are the strain rate hardening exponent and the reference strain rate, respectively. Furthermore
the strain hardening function gðepMÞ are taken to be given as a power law, where N and ry are the strain hard-
ening exponent and initial yield stress, respectively.
3. Method of analysis
The dynamic form of the principle of virtual work (1) is applied in the FE-model and discretized by either 8
or 20 node isoparametric plane or solid elements in 2D or 3D, respectively. The integrals are evaluated by
reduced integration with 2 Gauss-points in each direction. Furthermore a lumped mass matrix is introduced
to decouple the system of equations, which are solved by a standard explicit Newmark b-method. The
dynamic analysis accounting for inertia has the advantage over a standard quasi static analysis that no stiﬀ-
ness matrix is needed, and then the computation time in each increment is much reduced. Under slow loading
this dynamic method gives a very good approximation to the static solution.
As a consequence of the strong non-linearity in the elastic–viscoplastic material model (7) small time incre-
ments are necessary to obtain numerical stability. However, as shown by Peirce et al. [23] the size of the critical
time increment is increased by introducing a forward gradient method for estimating the microscopic plastic
strain rate. The microscopic plastic strain rate is then expressed by a linear combination of the rate at time t
and t þ Dt, respectively
_epM ¼ ð1 hÞ_epðtÞM þ h_epðtþDtÞM ð8Þ
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a correction of the material model can thereby be derived, (Tvergaard [24]). All calculations in the following
analysis are carried out with h ¼ 0:9, which is shown by Peirce et al. [23] to improve the stability of the model
signiﬁcantly.
As the extension of the potential surface are reduced due to void nucleation and growth one may experience
numerical diﬃculties since the stress carrying capacity of a given element is reduced for f ! ff , in the consti-
tutive equations. To deal with this the element vanishing technique suggested by Tvergaard [25] is applied.
Damage development in a given Gauss-point reaching f ¼ 0:9f f is thereby turned oﬀ, while a given element
is killed when 2 or 3 Gauss-points in 2D or 3D, respectively, are turned oﬀ. After killing the element the
remaining forces from the element on neighbouring elements are stepped down in the following 50 increments.
3.1. Types of analysis
For estimating the parameters in the GTN-model a uni-axial tensile tests for a homogeneous material is
carried out by use of a general 3D model. The results are compared with experimental work presented by
Lockwood et al. [2] and Genevois et al. [6], where tensile specimens from diﬀerent regions of a FS-weld is
cut out along the weldline and analyzed. The dimension of the tensile specimen is 6 6 50 mm, which is
modelled as show in Fig. 1. By utilizing the symmetry of the problem and prescribing a uniform displacement
in the x1-direction, the boundary condition takes the form
T a ¼ 0; u1 ¼ 0 at x1 ¼ 0; a ¼ 2; 3 ð9Þ
T a ¼ 0; u1 ¼ _UDt at x1 ¼ L0; a ¼ 2; 3 ð10Þ
T 1 ¼ 0; T 3 ¼ 0; u2 ¼ 0 at x2 ¼ 0 ð11Þ
T 1 ¼ 0; T 2 ¼ 0; u3 ¼ 0 at x3 ¼ 0 ð12Þ
T i ¼ 0 at xa ¼ b0; a ¼ 2; 3 ð13Þ
The material and damage parameters found in the uni-axial tensile tests are then used to model a tensile spec-
imen with a FS-welded joint running transverse to the tensile direction. The emphasis of this study is focused
on the geometry of a FS-welded joint of 25 mm thick aluminum plates, described by Fonda and Bingert [4].
In the following study, the weld is ﬁrst modelled in 2D, with plane strain assumption. Unit width of the
specimen is thereby assumed in all cases, while the remaining dimensions are found in Fig. 3. Furthermore,
the tensile test specimen is modelled in 3D for comparison with the 2D results. Depending on the purpose of
the analysis a section of the plate containing the weld is discretized in two diﬀerent manners. In the case of a
3D analysis the main part of the elements are localized in the softest region, Fig. 2. This conﬁguration of the
mesh is also used in 2D calculations when comparison of 2D and 3D results are made. As the following study
shows, the mesh should agree with the chosen material parameters, since damage development should mainly
occur in the region of ﬁne discretization. For a general description of the damage development in the whole
Fig. 1. Uni-axial tensile test specimen with a typical mesh. b0=L0 ¼ 0:12; L0 ¼ 25 mm.
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weld region a uniform mesh is needed instead, Fig. 3. A uniform mesh is therefore introduced in the 2D case,
when analyzing the eﬀect of changing the material parameters in the direction transverse to the welded joint.
In all cases symmetry about the line x1 ¼ 0 is assumed and a uniform displacement is prescribed in the x1-
direction, while the boundary conditions take the form.
2D
T 2 ¼ 0; u1 ¼ _UDt at x1 ¼ L0 ð14Þ
T 2 ¼ 0; u1 ¼ 0 at x1 ¼ 0 ð15Þ
T 1 ¼ 0; T 2 ¼ 0 on SH ð16Þ
where SH is the horizontal surface of the specimen.
3D
T 2 ¼ 0; T 3 ¼ 0; u1 ¼ _UDt at x1 ¼ L0 ð17Þ
T 2 ¼ 0; T 3 ¼ 0; u1 ¼ 0 at x1 ¼ 0 ð18Þ
T 1 ¼ 0; T 2 ¼ 0; u3 ¼ 0 at x3 ¼ 0 ð19Þ
T i ¼ 0; on remaining surfaces ð20Þ
To avoid eﬀects of the material inertia, due to a sudden prescribed displacement, a ramping of the velocity, _U ,
is applied, (Needleman and Tvergaard [26])
Fig. 2. 3D weld geometry with a typical mesh. L0=b0 ¼ 3;w0=b0 ¼ 0:25; L0 ¼ 75 mm.
Fig. 3. 2D weld geometry with a typical mesh. L0=b0 ¼ 3; L0 ¼ 75 mm.
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_UðtÞ ¼ _U 0t=tr for t 6 tr; else _UðtÞ ¼ _U 0 ð21Þ
where tr is the ramping time and _U 0 is the prescribed velocity.
4. Weld assumptions
In the following study no diﬀerence between the advancing (AS) and retreating (RS) side of the weld is
assumed. This is due to the relatively small diﬀerence between the AS and RS for a perfect weld, pointed
out by Fonda and Bingert [4]. However, even a small asymmetry in the weld contributes to determining on
which side the fracture would occur.
4.1. Yield stress proﬁle
A symmetric hardness and thereby initial yield stress proﬁle transverse to the weld is introduced and mod-
elled as shown in Fig. 4. The geometry used and the reductions in yield stress are estimated from the exper-
imentally measured Knoop hardness proﬁle presented by Yang et al. [5] and from the tensile results of Liu and
Chao [3] and Genevois et al. [6]. The estimated yield stress proﬁle is speciﬁed as the variation in the middle of
the plate, while a linear variation between the crownðCÞ and the rootðRÞ of the weld is assumed. According to
Fig. 4 the dimension of the yield stress proﬁle are ½L1; L2; L3ðCÞ ¼ ½40:0; 28:5; 14:0 mm and
½L1; L2; L3ðRÞ ¼ ½35:0; 14:5; 7:0 mm for the crown and root of the weld, respectively.
Furthermore, a change in the strain hardening exponent N, in diﬀerent regions of the weld is observed by
Liu and Chao [3]. This observation can be extended to also cover the uni-axial tension curves presented by
Lockwood et al. [2] and Genevois et al. [6]. To capture this eﬀect an yield stress dependent hardening expo-
nent, analogous to that described by Barsom and Rolfe [27] for construction steel, is introduced for the alu-
minum alloy considered here. By ﬁtting a similar expression to the experimental data presented by Liu and
Chao [3], one can derived the following empirical correlation for the strain hardening exponent
N ¼ 12:34 ry
rðbÞy
" #7=10
ð22Þ
Fig. 4. Estimated yield stress variation transverse to weldline.
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4.2. Distribution of second phase particles
As presented by Yang et al. [5] and Barcellone et al. [14] a non-uniform distribution of second phase par-
ticles, from which new voids are assumed to nucleate, are in some cases present in a FSW joint. Some evidence
of an asymmetric decrease in the particle volume fraction, fN, though the weld NG towards AS has been
observed. This diﬀerence between RS and AS once again inﬂuences on which side of the weld the fracture will
occur. However, based on the limited data in the literature on the particle distribution transverse to the weld-
line only the inﬂuence of the drop in volume fraction of second phase particles will be studied, thus considering
a symmetric distribution.
Two types of distributions of second phase particles are studied. The cases considered are a homogeneous
distribution with constant level of fN, and a symmetric distribution shown in Fig. 5. The assumed variation of
second phase particles is here introduced as a linear drop through the TMAZ region, in the middle of the
plate, x2 ¼ b0=2, with f ðTMAZÞN =f ðbÞN ¼ 0:70 and f ðNGÞN =f ðbÞN ¼ 0:50. Furthermore, the dimensions of the proﬁle
are assumed to coincide with those of the yield stress proﬁle, LðCÞi and L
ðRÞ
i .
4.3. Material parameters
The remaining mechanical properties for aluminum AA2024 are here taken to be E ¼
72 GPa;m ¼ 0:33;m ¼ 0:01, which are assumed constant transverse to the weldline, while the yield stress of
the base material is rðbÞy ¼ 380 MPa. For estimating the damage parameters in the GTN-model, uni-axial ten-
sile test specimens from diﬀerent regions of the weld, cut out along the weldline, are analyzed. The specimens
are here assumed suﬃciently small for the material to be assumed homogeneous. The results in Fig. 6 are then
compared with experimental work presented by Lockwood et al. [2] and Genevois et al. [6] and the damage
parameters are estimated such that a reasonable ﬁt of the stress–strain curves is obtained. However, to min-
imize the number of parameters varying transverse to the weldline the damage parameters are assumed con-
stant. These values are estimated to be eN ¼ 0:15; sN ¼ 0:3eN; fc ¼ 0:075; ff ¼ 0:2; q1 ¼ 2 and q2 ¼ 1.
For the currently used empirical correlation (22) for the strain hardening exponent N, this means that neck-
ing and thereby fracture occurs at the largest strain in the material with lowest yield stress, Fig. 6. Somewhat
diﬀerent behaviour has been presented by Genevois et al. [6], where a slight decrease in fracture strain for
Fig. 5. Assumed variation of the volume fraction of second particle transverse to the weldline.
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decreasing yield stress is observed. This deviation from the experimentally obtained fracture strain for a sim-
ilar specimen can nevertheless be corrected by changing the level of the hardening exponent, N.
4.4. Residual stresses
For the current analysis all residual stresses are neglected and the tensile test specimen is thereby considered
stress free at t ¼ 0. However, through the thermal eﬀects and signiﬁcant plastic deformation of the material
due to the welding process, relatively large residual stresses are known to occur in the as-welded plate. Espe-
cially in the case of a plane strain condition, since the largest residual stresses are shown both experimentally
and numerically by Feng et al. [28] to occur along the weldline. However, for a 3D specimen a signiﬁcant drop
in residual stresses are furthermore shown to occur by Feng et al. [28], since the stress component along the
weldline is relaxed. The approximation of neglecting residual stresses are therefore more reasonable for the
thin 3D specimen than for the 2D plane strain case.
5. Results
The 2D results are ﬁrst considered for the case of a yield stress proﬁle given by rðTMAZÞy =r
ðbÞ
y ¼ 0:80 and
rðNGÞy =r
ðbÞ
y ¼ 0:90. Figs. 7 and 8 show the contours of constant void volume fraction and the maximum prin-
cipal logarithmic strain, respectively, for three stages of the deformation. It is seen that nucleation ﬁrst
occurs in the TMAZ near the root of the weld, where also the largest principal logarithmic strain is
observed. Further stretching of the tensile specimen shows that the plastic ﬂow localizes in a shear band-like
region near the lowest yield stress, where also the ﬁnal failure is seen to occur, Fig. 7c. Furthermore, the
development of stress triaxiality, rkk=ð3reÞ, in the weld region is shown in Fig. 9. It is seen that as the spec-
imen is stretched a region of relatively high stress triaxiality builds up in the TMAZ, while regions of lower
stress triaxiality occur in the NG and HAZ, respectively. In this case void growth will be present in the
TMAZ, since the strains grow large enough, due to the localization of plastic ﬂow, to cause nucleation,
Fig. 8.
As shown by Liu et al. [10,11] ﬁnal fracture will not always occur in the TMAZ. For a range of aluminum
alloys it is shown that the fracture region moves towards the NG of the weld for increasing advancing weld
speed [mm/rev.]. This is coupled to the changes in the yield stress proﬁle, since for a high advancing weld speed
comparable yield stresses is found in the NG and the TMAZ, while for a low advancing weld speed the yield
stress in the NG exceeds that of the TMAZ, (Liu et al. [10,11], Dumont et al. [29]). This leads to a study of the
damage development as the ratio between the yield stress level in the TMAZ and the NG are varied. The anal-
yses are here carried out for ﬁxed rðTMAZÞy =r
ðbÞ
y ¼ 0:80.
0 0.05 0.1 0.15 0.2 0.25 0.3
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
 
Fig. 6. Load vs. average axial strain curves for uni-axial tensile test specimen for diﬀerent regions, cut out along the weldline.
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The calculated load vs. average axial strain curves are shown in Fig. 10, while the damage development for
three diﬀerent yield stress levels in the NG are shown in Fig. 11, for the same average strain. By changing the
yield stress level in the NG, a clear change in the damage development is observed. However, in all cases void
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Fig. 7. Curves of constant void volume fraction for plane strain weld specimen: (a) ea ¼ 0:0737, (b) eb ¼ 0:0898 and (c) ec ¼ 0:1080.
Constant level of fN ¼ 0:04 is assumed.
0.2
0.15
0.125
0.1
5
0
.1
0
.075
0
.15
0.125
0.2
5
0.
12
5
c 0.2
0.3
0.2
0.1
25
0.12
5
0.1
5 0.
12
5
0.
1 0.
07
5
0
.1
b
0.1 0.
07
5a
Fig. 8. Curves of constant maximum principal logarithmic strain for plane strain weld specimen: (a) ea ¼ 0:0737, (b) eb ¼ 0:0898 and
(c) ec ¼ 0:1080. Constant level of fN ¼ 0:04 is assumed.
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nucleation is seen to initiate in the TMAZ at the root of the weld. Further nucleation is then either governed
by necking of the specimen, or by localization of plastic ﬂow in a shear band, as is also seen from Fig. 11.
When rðNGÞy becomes comparable with r
ðTMAZÞ
y the ﬁnal failure clearly occurs in the NG as a consequence
of the local necking of the tensile specimen, Fig. 11a. However when rðNGÞy is increased the ﬁnal fracture
switches to a shear band-like failure inside the TMAZ.
The change in the failure mechanism is also seen to have an eﬀect on the ﬁnal failure strain. Fig. 10 shows
that the strain at ﬁnal failure increases with rðNGÞy until a certain level, after which it decreases again. This is
due to a shift in the failure mechanism. For the two extremities rðNGÞy ¼ rðTMAZÞy and rðNGÞy ¼ rðbÞy the plastic
straining of the material is localized in a neck and a shear band, respectively. Thereby only a small amount
of material will experience large plastic strains, which results in a low average strain of the tensile specimen.
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Fig. 10. Load vs. average axial strain curves for 2D plane strain with rðNGÞy =r
ðbÞ
y 2 ½0:800; 0:850; 0:875; 0:900; 1:000. Constant level of
fN ¼ 0:04 is assumed.
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On the other hand for the interval between these two extremities one ﬁnds that a wider region of the weld
experiences large plastic strains, which results in a higher average failure strain. From Fig. 10 it may be noted
that for some of the tensile response curves no ﬁnal drop in load carrying capacity was obtained. This is how-
ever due to a rapid increase in the damage development which causes the model to become numerically unsta-
ble. The ﬁnal drop was therefore not captured with the resolution used for the curves.
5.1. 3D modelling of tensile specimen
As the ratio between the width and the height of a given tensile specimen is lowered, w0=b0 ! 0, the point of
change in the failure mechanism is known to be inﬂuenced. This is partly due to the changes in the ﬁnal neck
development of a 3D tensile specimen with rectangular cross-section, (Tvergaard [30], Okazawa et al. [31]),
and partly due to the change in the stress triaxiality. For a thin plate strip of a homogeneous material the ﬁnal
neck development and damage development appears in a relatively narrow groove inclined to the cross-section
of the specimen. However for comparable height and width, the bifurcation mode in terms of a Conside`re neck
become dominant, (Tvergaard [30]). This change in ﬁnal necking mode is observed to alter the damage
development.
The change in stress triaxiality is illustrated in the following study by considering a relatively thin strip of a
FS-welded plate, cut out transverse to the welded joint, w0=b0 ¼ 0:25. The plane strain assumption is thereby
no longer valid, and the above mentioned eﬀects are clearly seen. Mesh and specimen dimension for the cur-
rent analysis are found in Fig. 2, while the yield stress proﬁle is given by rðTMAZÞy =r
ðbÞ
y ¼ 0:80 and
rðNGÞy =r
ðbÞ
y ¼ 0:90.
Load vs. average axial strain curves are shown in Fig. 12, while curves of constant void volume fraction and
stress triaxiality are shown in Figs. 13 and 14, respectively. The contour curves are here shown both on the
surface and in diﬀerent cross-sections through the width of the specimen.
By comparing the tensile curves for the 2D and 3D case, Fig. 12, it is seen that for the general 3D specimen
a higher strain at ﬁnal failure are achieved. This is mainly due to the change in the level of the stress triaxiality.
It can be shown that for a homogeneous uni-axial tensile specimen the stress triaxiality for the stationary
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plastic state will be given by rkk=ð3reÞ ¼
ﬃﬃﬃ
3
p
=3 for the 2D plane strain case and rkk=ð3reÞ ¼ 1=3 for the 3D case.
Thus, the development of damage in the 2D case evolves more rapidly than in the 3D case, (3). This eﬀect are
also seen by comparing Figs. 13 and 14 with Figs. 7 and 9, since the level of the void volume fraction and the
stress triaxiality for the 3D case is lower than that of the 2D case, for same yield stress proﬁle and average
strain. A 3D eﬀect is furthermore seen to occur in the development of damage and stress triaxiality. Fig. 13
shows that an uneven distribution of the void volume fraction occurs through the width of the specimen, with
maximum in the TMAZ in the mid-section, x3 ¼ 0. However, the change in damage development through the
width of the specimen is relatively moderate compared to the change in stress triaxiality, Fig. 14. From Fig. 14
it is seen that, as for the void volume fraction, a high level of stress triaxiality is found in the mid-section, while
only limited values are present on the outer surface.
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Fig. 12. Load vs. average axial strain curves for 2D and 3D weld specimen with rðNGÞy =r
ðbÞ
y ¼ 0:900. Constant level of fN ¼ 0:04 is
assumed.
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By comparing the distributions of the void volume fraction for the 2D and 3D cases for the current yield
stress proﬁle, Figs. 7 and 13, one ﬁnds that in both cases the void volume fraction start out in the root of the
TMAZ and then evolves in a band inclined to the cross-section. Furthermore, Figs. 9 and 14, with curves of
constant stress triaxiality, show evidence of a region of relatively high values in the TMAZ, surrounded by
regions of lower triaxiality in the NG and the HAZ, respectively.
5.2. Variation of second phase particles
In the previous studies a constant level of second phase particles, fN was assumed. However, as shown by
Yang et al. [5] and Barcellona et al. [14] a drop in the volume fraction of second phase particles may occur in
the NG of a FS-weld, for aluminum AA2024. The eﬀect of changing the variation of the volume fraction fN
transverse to the weldline is therefore studied in the following.
To illustrate the eﬀect of the drop in volume fraction of second phase particles in the NG, the load vs. aver-
age axial strain curves for diﬀerent assumptions of fN are shown in Fig. 15. Furthermore, for the case of a non-
uniform distribution of fN, curves of constant void volume fraction, maximum principal logarithmic strain
and stress triaxiality, respectively, are shown in Fig. 16, for the same average strain. The calculations are here
carried out in 2D with a yield stress proﬁle given by rðTMAZÞy =r
ðbÞ
y ¼ 0:80 and rðNGÞy =rðbÞy ¼ 0:90. The ﬁnal failure
are thereby in all cases seen to occur in the TMAZ region.
Fig. 15 shows that as the constant level of fN is lowered, a larger average failure strain is observed for the
specimen. This is due to the lower nucleated void volume fraction so that the ﬁnal failure depends more on
void growth. This is also seen to be the case of the non-uniform distribution of fN. However, the slightly larger
particle volume fraction in the TMAZ region compared to that of the NG, contributes to a concentration of
the damage development in this region and thereby a lower failure strain. The concentration of damage devel-
opment is also seen in Fig. 16, where the development of damage is relaxed in the NG, when compared with
Fig. 7.
Furthermore, Fig. 16 shows a development in stress triaxiality similar to that presented in Fig. 9. However,
a slightly higher level is present in the current 2D analysis, which is due to the increase in the local
deformation.
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6. Concluding remarks
The focus in the present paper is on studying the ductile damage development in a FS-welded aluminum
joint under tensile loading. For this analysis the GTN-model, which accounts for ductile failure by nucleation
and growth of voids to coalescence, is applied. This model has earlier been used by Tvergaard [26] and Tverg-
aard and Needleman [32,33] in studies of conventional fusion welded joints.
The majority of the analyses in the present paper are carried out for a 2D plane strain model with the weld
running transverse to the plane of deformation. However, also some 3D analyses are shown in Figs. 12–14 to
point out the eﬀect of 3D deformation and the corresponding change in stress triaxiality.
As shown in Figs. 7, 8 and 10 the model of the FSW, subjected to tension transverse to the weldline, is seen
to be in reasonable agreement with experimental results. For similar experimentally measured yield stress
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Fig. 15. Load vs. average axial strain curves for 2D plane strain with rðNGÞy =r
ðbÞ
y ¼ 0:90. Diﬀerent types of fN levels and distributions are
assumed.
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proﬁles a reasonable agreement is seen both in relation to the geometry at ﬁnal failure, (Fonda and Bingert
[4]), and the load vs. average strain curves for the total weld, (Lockwood et al. [2], Liu and Chao [3], Genevois
et al. [6]). However, some deviation from the published experimental results are found. This may partly be due
to the delayed localization of plastic ﬂow and fracture at low stress triaxiality for the GTN-model, and partly
be due to the strong dependence on the damage parameters used in the GTN-model. Especially the parameter
values estimated for the nucleation law, since these are of limited accuracy. Furthermore, the deviation may be
due to a diﬀerence between the specimen length used here and that in the published experimental work, since
this may be shown to inﬂuence the average strain due to the pronounced non-homogeneity of the material
properties in the weld region.
A good description of the damage development is obtained as the tensile specimen are stretched, Figs. 7, 11
and 13. For a yield stress proﬁle given by rðNGÞy =r
ðbÞ
y ¼ 0:90 and rðTMAZÞy =rðbÞy ¼ 0:80, damage development is
shown to occur in the region of lowest yield stress, Fig. 7. However, a change in yield stress proﬁle is shown
to greatly inﬂuence the damage development and thereby the strain at ﬁnal failure. In the cases of rðNGÞy ¼ rðbÞy
and rðNGÞy ¼ rðTMAZÞy the plastic straining is here shown to localize in a shear band in TMAZ or in a neck in the
NG, respectively. As a consequence, this leads to a relatively low average failure strain, since only a small
amount of material will experience large plastic strains. However, a larger failure strain is observed in the
interval between these two extremities, Fig. 10. As a result of this analysis it is shown that a change in yield
stress proﬁle contributes to the change in the position of the ﬁnal fracture and that the position of fracture
moves towards the NG for rðNGÞy ! rðTMAZÞy , (Liu et al. [9–11]). Furthermore, it is shown that the ﬁnal fracture
may be located outside the regions of the lowest yield stress, see Fig. 11.
In the present study the position of minimum yield stress, rminy , is assumed ﬁxed, while the level of the yield
stress in the NG is varied. Some experimental studies indicate, however, that the position of the minimum
yield stress moves towards the weldline together with rðTMAZÞy ! rðNGÞy , as the advancing weld speed increases,
(Dumont et al. [29]). This eﬀect is neglected in the present study, since only an analysis of the change in failure
mechanism, due to changes in the yield stress proﬁle, is wanted. However, a displacement of the minimum
yield stress towards the weldline also contributes to moving the position of the ﬁnal fracture towards the
weldline.
Furthermore, a study of the eﬀect of varying the distribution of the volume fraction of second phase par-
ticles, from which voids are assumed to nucleate, is carried out. A drop in the volume fraction fN in the NG of
the weld is here shown to have a considerable eﬀect on the average strain at ﬁnal failure of the weld. However,
in all cases the damage is observed to initiate in the TMAZ at the root of the weld. The development of dam-
age to ﬁnal failure is then greatly inﬂuenced by the material parameters in the diﬀerent regions of the weld.
As shown in Figs. 9 and 14 the stress triaxiality in both the 2D and 3D analyses is relatively low, which is
known to generate non-spherical voids as has been analyzed by Tvergaard [34] and Fleck et al. [35]. An exten-
sion of the GTN-model has been proposed by Gologanu et al. [36], which accounts for void shape eﬀects. The
assumption of spherical voids in the Gurson-model is therefore an approximation, for the current analyses.
However the Gurson-model has been used earlier for similar intervals of the stress triaxiality, with reliable
results.
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a b s t r a c t
For a friction stir welded aluminum plate the resistance to ductile failure is studied by ana-
lyzing tensile test specimens cut out across the weldline. As the stress triaxiality is rather
low in these tests, the Gurson material model is not expected to give a very accurate
description of the void growth to coalescence. A recently proposed modiﬁed version of
the Gurson model is used, in which an extra term in the damage evolution law allows
for the prediction of failure even at zero or negative values of the mean stress. This mod-
iﬁcation of the Gurson model is purely phenomenological, such that the damage parameter
does not really represent the void volume fraction. Various amounts of the additional dam-
age evolution are compared with predictions of the original Gurson model. The analyses
are carried out for different yield stress proﬁles transverse to the weld and for different
specimen widths. It is found that the modiﬁcation does provide additional damage devel-
opment in the friction stir weld, which may help to ﬁt experimental data. But the suggested
modiﬁcation depends strongly on the overall stress state, and may have a too strong effect
in some cases where the stress triaxiality is rather high.
 2008 Elsevier Ltd. All rights reserved.
1. Introduction
The friction stir welding method (FSW) was developed at The Welding Institute (TWI, Cambridge, United Kingdom) in
1991 (Thomas et al., 1991). This has become a widely used solid-state welding technique for joining a variety of alumi-
num alloys. The FSW process utilizes a spinning tool, consisting of a pin and a shoulder plate, which is lowered into the
weldline until the shoulders are pressed in contact with the metal sheets to be welded. By forcing the spinning tool for-
ward along the weldline a joint is created due to friction heating and extensive deformation of the material in the stir
zone. The combined rotating and translatoric motion of the tool results in an asymmetric material ﬂow (Schmidt
et al., 2006), which creates an asymmetry in the ﬁnal weld. Furthermore, the heat and deformation created between
the shoulder plate and the material to be welded, results in a difference between the top (crown) and bottom (root)
of the weld.
Compared to conventional fusion welds the FSW technique has proven to produce welds of better mechanical properties
for the aluminum alloy (AA2024) considered here. However, a non-homogeneous variation of the mechanical properties
transverse to theweldline is still found. For the aluminumalloy considered, a number of experimental studies for themechan-
ical properties (Lockwood et al., 2002; Genevois et al., 2004; Liu and Chao, 2005) and for the evolution of themicrostructure in
the weld region (Yang et al., 2004; Sutton et al., 2004) have been published. It is well known that a FS-weld may be divided
into four regions; the material to be joined is the basematerial (BM); a heat affected zone (HAZ) is thematerial experiencing a
0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2008.09.011
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signiﬁcant increase in temperature; a thermo-mechanically affected zone (TMAZ) is closer to theweldline, where thematerial
is exposed to signiﬁcant heating as well as mechanical deformation; and a ﬁne grained region in the middle of the weld is
called the nugget zone (NG).
Based on published experimental work the variation of the most essential mechanical properties, transverse to the weld-
line, may be estimated (Liu and Chao, 2005; Nielsen, 2008). This variation of mechanical properties is known to strongly af-
fect the ductile damage development in the weld region. As discussed by Nielsen (2008) the yields stress proﬁle may be
shown to have a signiﬁcant inﬂuence on the mode of the ﬁnal failure in a uni-axial tensile specimen cut out of a welded plate,
with the weld running transverse to the tensile direction. It has been shown that a shift in the failure mode occurs as the
yield stress level in the TMAZ becomes comparable to that of the NG, such that a shear band-like failure in the softer TMAZ
region, is replaced by a neck governing failure in the NG zone. In all cases it was found that failure occurred under relatively
low stress triaxiality, due to the applied uni-axial loading.
In the case of low stress triaxiality the Gurson model is known to give a less accurate description of the void volume frac-
tion evolution. This is due to the formation of non-spherical voids at low stress triaxiality (Tvergaard, 1988; Gologanu et al.,
1997). In the extreme case of pure shear, where the stress triaxiality is zero, the Gurson model gives no failure at all. Re-
cently, a material model has been proposed that extends the Gurson model to also describe failure in pure shear (Nahshon
and Hutchinson, 2008). Here, the damage parameter f is no longer only a void volume fraction, but is a damage parameter
that can also grow in pure shear, or even under negative stress triaxiality, dependent on the value of the third invariant, J3.
The purpose of the present paper is to analyze the effect of this shear modiﬁed Gurson model (Nahshon and Hutchinson,
2008) on the ductile damage development in a tensile specimen with a FS-weld running transverse to the tensile direction.
The suggested modiﬁcation of the Gurson model is formulated such that it vanishes under an axi-symmetric stress state,
thus reducing to the original Gurson model. The effect of the modiﬁcation on the damage development as well as on the total
force vs. elongation curves is presented and compared to the original Gurson model. Furthermore, the relative contribution
of the additional damage term is studied for various cases, including a FS-welded tensile test specimen in 2D and 3D,
respectively.
2. Flow rules and damage model
The applied ﬁnite element model is based on a total Lagrangian formulation of the ﬁeld equations (Budiansky, 1964;
Hutchinson, 1973). Hence, the dynamic principle of virtual work can be written in the reference state, in terms of the
Lagrangian strain gij and the work conjugate Kirchhoff stress sij as (1), by integrating over the volume, V, and surface, S,
in the reference conﬁguration.
Z
V
sijdgij dV ¼
Z
S
TiduidS
Z
V
q
o2ui
ot2
duidV ð1Þ
with,
gij ¼
1
2
ui;j þ uj;i þ uk;iuk;j
 
ð2Þ
The contravariant components of Kirchoff stress tensor, sij, are here given on the convected base vectors, while the surface
tractions, Ti, and displacements, ui, are related to the reference coordinates. Furthermore, ðÞ;i here denotes covariant differ-
entiation in the reference frame. The Lagrangian strain increment is here taken to be the sum of the elastic and plastic con-
tributions, _gij ¼ _gEij þ _gpij.
To model the ductile damage development a modiﬁed version of the Gurson model (Gurson, 1977; Tvergaard and Nee-
dleman, 1984), suggested by Nahshon and Hutchinson (2008) is applied. The potential surface is here assumed to take the
form (3), where rM is the microscopic effective stress in the matrix material surrounding the voids, while rij are the contra-
variant components of the macroscopic Cauchy stresses, describing the average stress ﬁeld over the material in the con-
vected coordinate system (Tvergaard, 1990)
U ¼ r
2
e
r2M
þ 2q1f  cosh
q2
2
rkk
rM
 
 ½1þ ðq1f Þ2 ¼ 0 ð3Þ
Here,
f ðf Þ ¼
f for f 6 fc
fc þ f

Ufc
fffc ðf  fcÞ for f > fc
(
ð4Þ
The correction (4) introduced by Tvergaard and Needleman (1984) accounts for coalescence of microvoids at some critical
value, fc, while ﬁnal fracture occurs at f ðff Þ ¼ f U ¼ 1=q1. It is seen that (3) reduces to the original Gurson model for
q1 ¼ q2 ¼ 1 and f  ¼ f , and further to the standard Mises surface for f ¼ 0.
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The potential surface (3) is based on an assumption of spherical voids in an axi-symmetric stress state (Gurson, 1977).
However, it is known that non-spherical voids develops at low stress triaxiality (Tvergaard, 1988; Gologanu et al., 1997; Par-
doen and Hutchinson, 2000). In such cases the Gurson model may therefore only be used to approximately describe the evo-
lution of the void volume fraction, f.
For zero or negative stress triaxiality the Gurson model predicts no increase in damage, if void nucleation is neglected.
However, a continued softening and eventually fracture at zero or negative triaxiality is known to occur (Barsoum and Fale-
skog, 2007). To compensate this Nahshon and Hutchinson (2008) have introduced a modiﬁcation to the damage growth rate,
_f , which may be written as
_f ¼ ð1 f ÞGij _gpij þD _epM þ kxfxðrÞ
sij _gpij
re
ð5Þ
Here the ﬁrst term, representing growth of existing voids, follows from plastic incompressibility, the second term describes
nucleation of new voids, while the last term, introduced by Nahshon and Hutchinson (2008), is formulated to be consistent
with the mechanism of void softening in shear. The modiﬁcation introduced by Nahshon and Hutchinson (2008) is, however,
purely phenomenological, hence f may no longer be considered as a measure of the void volume fraction, but instead either
as an effective void volume fraction or simply as a damage parameter. The nucleation of voids in (5) was not included by
Nahshon and Hutchinson (2008), but is needed to represent real materials that have been welded (Nielsen, 2008).
The parameter kx in (5), is deﬁned by Nahshon and Hutchinson (2008) as the magnitude of the damage growth rate in
pure shear, while xðrÞ is assumed to be given as
xðrÞ ¼ 1 27J3
2r3e
 2
; J3 ¼
1
3
Gijskjsilslk ð6Þ
Where re is the macroscopic effective Mises stress, Gij are the contravariant components of the metric tensor for the con-
vected frame and sij are the covariant components of the Cauchy stress diviator on the deformed base vectors. Nucleation
of new voids is taken to be governed by a normal distribution as suggested by Chu and Needleman (1980), so that the coef-
ﬁcient D in (5) takes the form
D ¼ fN
sN
ﬃﬃﬃﬃﬃﬃ
2p
p exp 1
2
epM  eN
sN
 2" #
ð7Þ
Here, fN is the volume fraction of second phase particles, fromwhich new voids can nucleate, sN is the standard deviation and
eN is the mean nucleation strain.
To couple the microscopic and macroscopic values it is assumed that the rates of plastic work on each level are equal
rij _gpij ¼ ð1 f ÞrM _epM ð8Þ
where the macroscopic plastic strain rate _gpij can be derived from the current potential surface as
_gpij ¼ K
oU
orij
; K ¼ ð1 f ÞrM _epM rij
oU
orij
 1
ð9Þ
The effective microscopic plastic strain rate is here assumed to be governed by a potential law, given as (10). Thus, the mate-
rial is represented as elastic–viscoplastic
_epM ¼ _e0
rM
gðepMÞ
 1=m
; g epM
	 
 ¼ ry 1þ EepMry
 N
ð10Þ
Here, m and _e0 are the strain rate hardening exponent and the reference strain rate, respectively. Furthermore, the strain
hardening function gðepMÞ is taken to be given as a power law, where N and ry are the strain hardening exponent and initial
yield stress, respectively.
By formulating xðrÞ as (6), the modiﬁcation vanishes at an axi-symmetric stress state, so that the model coincides with
the Gurson model. Furthermore, it may be shown that xðrÞ lies in the interval xðrÞ 2 ½0;1, with xðrÞ ¼ 0 for an axi-sym-
metric stress state and xðrÞ ¼ 1 for all states combined by pure shear and hydrostatic pressure. However, this modiﬁcation
of the Gurson model will not only contribute to damage development in shear, as is easily seen by considering a bi-axial
stress state. At plane strain uni-axial tension one ﬁnds that J3 ¼ 0 for the stationary solution in the plastic domain, hence
xðrÞ ¼ 1. The softening term added to the damage growth rate in (5) is thereby non-zero if f > 0, as is illustrated in
Fig. 1. It is seen that the suggested modiﬁcation has a signiﬁcant effect on the damage development, even though no shear
is present. This plane strain tensile test illustrates that the additional damage development due to the last term in (5) cannot
be interpreted as solely due to shear. The curves in Figs. 1 and 2 is given by
fTotal ¼ fGrowth þ fNucleation þ fModification ð11Þ
Here,
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fGrowth ¼
Z
ð1 f ÞGij _gpij dt ð12Þ
fNucleation ¼
Z
D _epM dt ð13Þ
fModification ¼
Z
kxfxðrÞ
sij _gpij
re
dt ð14Þ
As seen in Fig. 2 the modiﬁcation to the damage growth rate in (5) makes it possible to model damage development in a
shear dominated condition. For simple shear in plane strain condition Fig. 2 shows that only nucleation of voids takes place
in the Gurson model ðkx ¼ 0Þ, while no growth of microvoids is obtained. However, for kx > 0 void nucleation is followed by
an increase in damage due to the modiﬁcation, which eventually causes ﬁnal failure.
It is noted that the damage tensor XðrÞ, sometimes applied in continuum damage mechanics (Lemaitre and Chaboche,
1990) is not related to the coefﬁcient xðrÞ in (5). In the present model based on (5) the only damage parameter is f.
3. Method of analysis
The dynamic form of the principle of virtual work (1) is discretized by either 8 or 20 node isoparametric planar 2D ele-
ments or solid 3D elements in the FEM code developed. This program is similar to the programs developed by Tvergaard and
Needleman (2004), and the correctness of the program has been carefully tested against previous results. The integrals are
evaluated by reduced integration. Furthermore, a lumped mass matrix is introduced to decouple the system of equations,
which are solved by a standard explicit Newmark b-method. The dynamic analysis accounting for inertia has the advantage
over a standard quasi static analysis that no stiffness matrix is needed, and the computation time in each increment is there-
by signiﬁcantly reduced. Under slow loading this dynamic method gives a very good approximation to the static solution.
However, by use of the explicit dynamic method the maximum increment size is limited by a time increment fulﬁlling
the Courant condition, Dt 6 Dtc. As a consequence of the strong non-linearity in the elastic–viscoplastic material model
(10), smaller time increments Dt are normally required. However, as shown by Peirce et al. (1984) the size of the critical time
increment may be increased by introducing a forward gradient method for estimating the microscopic plastic strain rate in
the following time increment (Peirce et al., 1984; Tvergaard, 1984). With this procedure incorporated the time increments
applied are typically Dt  0:1Dtc. The possibility of artiﬁcially increasing the time step size by introducing a non-physical
Fig. 1. Damage development vs. average strain in uni-axial plane strain tension. Distinction of the contributions to the total damage development,
ðeN ¼ 0:15; sN ¼ 0:3eN; fc ¼ 0:075; ff ¼ 0:2; q1 ¼ 2 and q2 ¼ 1Þ.
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high speciﬁc mass, is not applied here. Thus, a small time step has been used for both the 2D and 3D calculations, such that a
high number of time increments was needed.
As the potential surface shrinks due to an increase in the damage parameter, f, one may experience numerical difﬁculties
when the stress carrying capacity of an element is reduced for f ! ff . To deal with this the element vanishing technique is
applied (Tvergaard, 1982). Damage development in a given Gauss point reaching f ¼ 0:9f f is here turned off, while a given
element is killed when 2 or 3 Gauss points in 2D or 3D, respectively, have been turned off (Tvergaard and Needleman, 2004).
After killing the element the remaining forces from the element on neighboring elements are stepped down in the following
50 increments.
Both 2D and 3D tensile test specimens are modeled in order to study the effect of the modiﬁcation (5) in the Gurson mod-
el. For the 2D case a plane strain condition is assumed, where the modiﬁcation is known to have a signiﬁcant inﬂuence on the
damage development. However, as discussed in Section 2, the additional damage development cannot be interpreted as so-
lely due to softening in shear. For a 3D specimen under uni-axial tension where xðrÞ ¼ 0 the modiﬁcation in (5) would only
contribute to the damage development if the stress state starts to deviate from uni-axial tension. It is analyzed how the var-
iation of the specimen width w0 affects such deviations from the uni-axial tension in the deformed region as localization
occurs.
In all cases the tensile test specimens are assumed to be cut out transverse to the weldline, hence the FS-welded joint will
be running transverse to the tensile direction. The emphasis of the following study is focused on the geometry of a FS-welded
joint of 25 mm thick aluminum plates, described by Fonda and Bingert (2004). A similar weld was analyzed by Nielsen
(2008), who estimated the weld dimensions and material parameters to be used.
To model the damage development in the tensile test specimen, a uniform mesh in the weld region is introduced, Fig. 3.
By utilizing the symmetry of the problem and prescribing a uniform displacement in the x1-direction, the boundary condi-
tions take the form
T2 ¼ 0; T3 ¼ 0; u1 ¼ _UDt at x1 ¼ L0 ð15Þ
T2 ¼ 0; T3 ¼ 0; u1 ¼ 0 at x1 ¼ 0 ð16Þ
T1 ¼ 0; T2 ¼ 0; u3 ¼ 0 at x3 ¼ 0 ð17Þ
Ti ¼ 0; on remaining surfaces ð18Þ
Furthermore, u3  0 for the 2D plane strain case, and here the smaller calculation time allows for a ﬁner discretization. The
same type of mesh, as shown in Fig. 3, is used for both 2D and 3D calculations.
Loading of the specimens is in all cases introduced as a uniform prescribed displacement in the x1-direction at x1 ¼ L0. To
avoid effects of the material inertia, due to a sudden prescribed displacement, a ramping of the velocity, _U, is applied (Nee-
dleman and Tvergaard, 1999)
_UðtÞ ¼ _U0t=tr for t 6 tr ð19Þ
_UðtÞ ¼ _U0 for t > tr ð20Þ
Fig. 2. Damage development vs. average strain at simple shear in plane strain condition. Distinction of the contributions to the total damage development,
ðeN ¼ 0:15; sN ¼ 0:3eN; fc ¼ 0:075; ff ¼ 0:2; q1 ¼ 2 and q2 ¼ 1Þ.
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where tr is the ramping time and _U0 is the prescribed velocity. To obtain reasonable CPU times for the explicit analyses a
prescribed velocity of _U0 ¼ 1 m=s has been used for all calculations. Comparison with solutions for lower velocity have indi-
cated that inertia effects were limited.
4. Weld assumptions
As discussed by Nielsen (2008) the difference between the advancing (AS) and retreating (RS) sides of the weld is ne-
glected. Thus, a symmetric hardness and initial yield stress proﬁle transverse to the weldline is modeled as shown in
Fig. 4. The geometry and reductions in the yield stress are estimated by Nielsen (2008) from experimentally measured hard-
ness proﬁles presented by Junhui et al. (2006) and tensile test results of Genevois et al. (2004) and Liu and Chao (2005). The
assumed yield stress proﬁle is characteristic for FS-welded aluminum joints and may be found for various types of alloys.
The estimated yield stress proﬁle is speciﬁed as the variation in the middle of the plate, while a linear variation between
the crown(C) and the root(R) of the weld is assumed (Feng et al., 2007). According to Fig. 4 the dimension of the yield stress
x¹
x²
x³
L
b
w0/2
0
0
Fig. 3. 3D tensile test specimen with a typical mesh for L0=b0 ¼ 3, w0=b0 ¼ 4 and L0 ¼ 75 mm.
Fig. 4. Characteristic yield stress variation transverse to the weldline for FS-welded aluminum alloys. (a) Yield stress in weld cross-section, (b) modeled
yields stress proﬁle at the crown, root and middle of the weld cross-section, Fig. (a).
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proﬁle are ½L1; L2; L3ðCÞ ¼ ½40:0;28:5;14:0mm and ½L1; L2; L3ðRÞ ¼ ½35:0;14:5;7:0mm for the crown and root of the weld,
respectively. Since both the process parameters and aging of the alloy is known to inﬂuence on the yield stress proﬁle,
two different cases are considered. First a yield stress proﬁle with rðNGÞy =rðbÞy ¼ 1 is studied, and subsequently a proﬁle with
rðNGÞy =rðbÞy ¼ 0:8. Here, rðbÞy denotes the yield stress of the base material. In both cases the yield stress in the TMAZ is assumed
ﬁxed at rðTMAZÞy =rðbÞy ¼ 0:8.
A change of the strain hardening exponent, N, has been observed experimentally in different regions of the welded joint
for the aluminum alloy AA2024 (Lockwood et al., 2002; Genevois et al., 2004; Liu and Chao, 2005). To capture these exper-
imental observations a yield stress dependent empirical correlation for the strain hardening, was introduced by Nielsen
(2008) as speciﬁed by
N ¼ 12:34 ry
rðbÞy
" #7=10
ð21Þ
This expression for NðryÞ is also applied in the following study.
The motion of the welding tool gives very large plastic deformations as the materials on both sides of the weldline are
forced to rotate and mix around the tool. This may introduce plastic an-isotropy with varying principal directions across
the weld region. However, a systematic experimental determination of such an-isotropy has not been found. The material
model used to describe plasticity and damage evolution assumes isotropic material behavior.
The remaining mechanical properties for aluminum AA2024 are here taken to be E ¼ 72 GPa, m ¼ 0:33andm ¼ 0:01,
which are assumed constant everywhere in the specimen, inside and outside the weld. The yield stress of the base material
is rðbÞy ¼ 380 MPa. The damage parameters of the Gurson model for the current aluminum alloy, estimated by Nielsen (2008),
are taken to be constant transverse to the weldline. This is to minimize the number of parameters to be varied. The applied
damage parameters are then eN ¼ 0:15, sN ¼ 0:3eN; fc ¼ 0:075; ff ¼ 0:2; q1 ¼ 2 and q2 ¼ 1. Furthermore, a constant level of
second phase particles, fN ¼ 0:04, which are taken to initiate nucleation of new voids, is assumed. These damage parameters
are chosen to represent the inclusion distributions typically observed experimentally (Yang et al., 2004; Barcellona et al.,
2006) in FS-welded aluminum alloys. Also more serious initial damage such as channel defects has been observed in
FS-welds (Chen et al., 2006), but such initial damage will not be present for appropriately chosen process parameters and
welding tool.
For the present analyses all residual stresses are neglected and the tensile test specimen is considered stress free at t ¼ 0.
However, through the thermal effects and signiﬁcant plastic deformation of the material due to the welding process, rela-
tively large residual stresses are known to occur in the as-welded plate. The largest residual stresses are shown both exper-
imentally and numerically by Feng et al. (2007) to occur along the weldline. Thus, in the analysis of a full welded structure
the residual stress ﬁeld will clearly affect the onset of plastic yielding and the subsequent stress and strain ﬁelds. However,
for a 3D specimen a signiﬁcant drop in residual stresses is shown to occur by Feng et al. (2007), since the stress component
along the weldline is relaxed when the specimen is cut out from the welded plate. The approximation of neglecting residual
stresses is therefore more reasonable for the thin 3D specimen than for the 2D plane strain case, or the thicker 3D specimen.
It is planned to consider the effect of residual stresses more closely in future work.
5. Results
The response of the tensile test specimens, under plane strain conditions, are shown in Fig. 5 for both yield stress proﬁles
and for four kx values. It is seen that kx has a large inﬂuence on the total damage development for both types of yield stress
proﬁles. This is observed as a signiﬁcant decrease in the fracture strain, as the value of kx is increased. This agrees with the
interpretation of kx as the amplitude of the softening term added to the damage rate (5), as discussed by Nahshon and
Hutchinson (2008).
The inﬂuence of kx on the damage development for the plane strain condition is partly due to the large values ofxðrÞ. As
discussed in Section 2, one may show that xðrÞ ¼ 1 for the stationary plastic stress state under uni-axial plane strain con-
ditions. For the present 2D calculations only a small deviation from xðrÞ ¼ 1 is observed in the specimen, even though a
region of signiﬁcant plastic localization occurs. Thus, xðrÞ can be considered as constant ðxðrÞ  1Þ throughout the defor-
mation so that the variation of xðrÞ has only a minor effect on the 2D results presented in the following.
Considerable damage due to the applied modiﬁcation initiates relatively early in the deformation, since a change in the
overall stress state should not be obtained forxðrÞ–0 to occur. This may also be seen from Fig. 6, where the contributions to
the damage development from nucleation, growth and the modiﬁcation, respectively, are traced for the region of the spec-
imen obtaining the largest amount of damage. The results are here shown for the case of a shear band-like failure
ðrðNGÞy =rðbÞy ¼ 1Þ, where localization occurs in the TMAZ, Fig. 8. This corresponds to the Gauss point nearest
½x1; x2 ¼ ½ðLðRÞ2 þ LðCÞ2 Þ=2; b0=2, in the middle of the TMAZ. The different contributions to the total damage parameter, f, are
shown for kx ¼ 0 and kx ¼ 3, corresponding to the Gurson model and the maximum value of kx, suggested by Nahshon
and Hutchinson (2008), respectively. The damage development is shown for values up to f ¼ 0:05. Beyond that a rapid in-
crease in the total damage is observed, especially as fc is exceeded, since void coalescence sets in. This may also been seen
from the tendency of Fig. 6. The damage development for both values of kx in Fig. 6 is seen to initiate by nucleation of voids,
after which growth sets in. For the case of kx ¼ 3 additional damage due to the modiﬁcation is observed to slowly develop as
K.L. Nielsen, V. Tvergaard / International Journal of Solids and Structures 46 (2009) 587–601 593
the specimen is stretched. The relatively early initiation of the additional damage due toxðrÞ–0 is seen to result in a notice-
able contribution to the total damage development, of the order of fModification  0:1f c. This additional damage of the specimen
leads to earlier failure, Fig. 5. From Fig. 6 it is furthermore seen that for kx–0 the applied modiﬁcation gives so much earlier
failure that the growth contribution is less dominant.
When material softening occurs, somewhere after the load maxima in Fig. 5, it is well known that numerical predictions
are mesh sensitive, as bands of localized plastic deformation will become as narrow as possible with the mesh applied. With
a material length included in a non-local version of the Gurson model Tvergaard and Needleman (1995) have studied shear
band localization. It was found that there is little mesh sensitivity prior to localization but after localization convergence
depends on the material length. In the present study, as in many applications of damage mechanics, the element size rep-
resents the characteristic length of the analysis.
To illustrate the development of the additional damage contribution, compared to the development of the total damage
parameter, f, contour plots of advanced states of the deformation are shown in Figs. 7 and 8. The contour plots are shown for
both yield stress proﬁles, with kx ¼ 3. It is seen that in both cases a noticeable contribution from the additional softening
term occurs in the regions of plastic localization, in the range of fModification  0:1f . The reason for the nicely localized devel-
opment of the additional softening term in the region of plastic localization is however partly due to the assumed strain con-
trolled nucleation law. Since the applied modiﬁcation aims to describe void softening and deformation, a dependence on
Fig. 5. Load vs. average axial strain curves for plane strain uni-axial tension. (rðNGÞy =rðbÞy ¼ 0:8 or rðNGÞy =rðbÞy ¼ 1).
Fig. 6. Distinction of the contributions to the total damage development in Gauss points nearest ½x1; x2 ¼ ½ðLðRÞ2 þ LðCÞ2 Þ=2; b0=2 for rðNGÞy =rðbÞy ¼ 1 in plane
strain tension with kx ¼ 0 and kx ¼ 3, respectively.
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already existing voids/damage is incorporated by Nahshon and Hutchinson (2008). Thus, for the case of no initial damage a
dependence on the nucleation is present. Consequently, the regions with considerable contributions from the additional soft-
ening term correspond to the regions of signiﬁcant nucleation. It is furthermore seen that for the two cases considered sim-
ilar levels of additional damage are observed for both yield stress proﬁles, even though different failure modes occur.
As discussed, xðrÞ only has a minor inﬂuence on how the additional damage develops in the uni-axial plane strain state,
sincexðrÞ  1 throughout the specimen. This is not the case for a uni-axial tensile test specimen in 3D. For 3D uni-axial ten-
sion it may be shown that J3 ¼ 2r3e=27, hencexðrÞ ¼ 0, both in the elastic and plastic domains. Therefore, additional damage
development due to the applied modiﬁcation requires a change from the overall uni-axial stress state, since _fModification–0 re-
quires that xðrÞ–0. Such a change may be found in the case of pronounced plastic localization, e.g., for the shear band-like
failure, rðNGÞy =rðbÞy ¼ 1. As plastic localization occurs in a shear band-like region, a stress component along the weldline builds
up, so that a change in both xðrÞ and in the stress triaxiality is observed. This change in the stress state and in xðrÞmay be
enhanced by increasing the specimen width, since the constraint on the plastic ﬂow is thereby enhanced in the band of local-
ization. Thus, the additional damage development due to the applied modiﬁcation is expected to increase for increasing
specimen width.
The effect of the applied modiﬁcation on the damage development in a 3D uni-axial specimen is illustrated in Figs. 9 and
12. The tensile response is shown for two different widths of the tensile specimen and for both yield stress proﬁles. Further-
more, the results for both 2D and 3D specimens are shown for the two yield stress proﬁles and for two kx values. It is seen,
from Fig. 9, that kx only has a limited effect on the tensile response of the 3D specimen for the case where a necking type
failure occurs in the NG, rðNGÞy =rðbÞy ¼ 0:8. However, an increasing inﬂuence of the modiﬁcation is seen for increasing speci-
men width in both Figs. 9 and 12. This is due to the change in the overall stress state as localized deformation in the neck in
the NG develops, since this leads to changes in xðrÞ, Fig. 10. However, for the current yield stress proﬁle only a limited
changes in xðrÞ is observed in the neck region, while more signiﬁcant changes are seen on the top surface and on the sym-
metry planes some distance from the neck, Fig. 10. The high level of xðrÞ in these areas do however not contribute to addi-
tional damage development, since only limited void nucleation takes place here. A larger inﬂuence of the modiﬁcation is
obtained in the case of a shear band-like failure in the TMAZ, Fig. 12. This is due to the large values of xðrÞ obtained in
the regions of plastic localization, Fig. 13.
By comparing the tensile curves for the 2D and 3D specimens in Figs. 9 and 12, it is seen that for both yield stress proﬁles
the largest effect of kx is found in the 2D plane strain case. This is however due to the signiﬁcant difference in xðrÞ as dis-
cussed above. A higher strain at ﬁnal failure is found for the 3D specimens than for the 2D specimens, mainly due to the
lower stress triaxiality level in the 3D case. Thus, also at kx ¼ 0 damage development in the 2D case evolves more rapidly
than in the 3D case due to the dependence of the stress triaxiality in the Gurson model.
Both in Figs. 10 and 11 and in Figs. 13 and 14 it is seen that the change in xðrÞ is directly reﬂected in the additional dam-
age development in the weld region. Combined with the nucleation of voids in the regions of localized plastic deformation, a
local increase in xðrÞ is seen to cause a considerable increase in the additional damage development. The largest contribu-
tion from the applied modiﬁcation is obtained in the case of a wide tensile specimen, Figs. 11d and 14d. Especially in the case
of a shear band-like failure were a high value of xðrÞ is seen to build up in the TMAZ, Fig. 13b. Thereby additional damage
development occurs in the shear band-like region.
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Fig. 7. Curves of constant (a) total damage f, (b) damage contribution from the modiﬁcation term fModification, at plane strain tension.
ðrðNGÞy =rðbÞy ¼ 0:8; kx ¼ 3; e ¼ 0:0831Þ.
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Fig. 9. Load vs. average axial strain curves. ðrðNGÞy =rðbÞy ¼ 0:8Þ.
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Fig. 10. Contours of xðrÞ in 3D test specimens, (a) w0 ¼ b0=2 at e ¼ 0:1173, (b) w0 ¼ 2b0 at e ¼ 0:1358. (rðNGÞy =rðbÞy ¼ 0:8 and kx ¼ 3).
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5.1. Increasing specimen width
The effect of the constraint on localized plastic deformation in the 3D uni-axial stress state is expected to increase when
the specimen width is increased, which will also increase the change in xðrÞ. Therefore larger widths, up to w0=b0 ¼ 6, have
been analyzed. It was here found that, for the yield stress proﬁle with rðNGÞy =rðbÞy ¼ 1 and rðTMAZÞy =rðbÞy ¼ 0:8, a change in the
damage development occurred. As shown in Fig. 15a damage development initiates in the TMAZ and is localized in a band
inclined to the tensile direction. However, as the specimen is stretched damage also develops in a region of the NG, which
eventually merges into the damaged zone in the TMAZ. Thereby, signiﬁcant localization of plastic ﬂow occurs in a band form-
ing from the middle of the NG to the outer surface in the TMAZ, across different regions of the weld. This type of failure mode
has not been observed in published experimental work for the range of tensile specimen dimensions studied here. For a ten-
sile specimen with a FS-weld running transverse to the tensile direction, failure normally occurs in a single zone of the weld,
corresponding to a critical region of the microstructure (neglecting welding defects). Typically this region is experimentally
found to coincide with the region of minimum yield stress. However, localization in a band inclined to the tensile direction is
known from uni-axial tensile tests in a thin strip of homogeneous material. As discussed by Tvergaard (1993) the Considére
neck that occurs ﬁrst in a tensile specimen with rectangular cross-section may subsequently localize in a narrow groove in-
clined to the tensile direction, depending on the width to height ratio, w0=b0. Thus, it is the combined effect of the mechan-
ical properties of the weld and the increased aspect ratio w0=b0 of the cross-section that leads to the localization seen in
Fig. 15.
As discussed by Nielsen (2008) localization of the damage development in the TMAZ is signiﬁcantly inﬂuenced by
changes in both the yields stress proﬁle and the distribution of second phase particles transverse to the weldline. To promote
localized damage inside the weld a larger drop of the yield stress in the TMAZ is introduced in the following,
rðTMAZÞy =rðbÞy ¼ 0:5. This larger drop of the yield stress in the TMAZ acts as a stronger imperfection in the tensile test specimen.
The effect of changing the yield stress proﬁles is shown in Fig. 16, for two width of tensile specimens. The results are only
shown for kx ¼ 3, but as in the previous study an increased localization were obtained for increasing kx. By comparing
Fig. 16a with Fig. 15 it is seen that a stronger localization of damage occurs in the region of low yield stress, while the
NG of the weld is less damaged. Thus, localization of plastic ﬂow and damage development mainly take place in a shear
band-like mode in the TMAZ. However, still relatively large damage development is observed in the NG, which is partly
due to the assumed uniform distribution of second phase particles.
To analyze the effect of the additional softening term both the contours of xðrÞ and the damage contribution from
fModification are shown in Fig. 17. It is seen that the additional damage development due to the applied modiﬁcation does occur
in the shear band-like region in the TMAZ. Thereby, the modiﬁcation contributes to the overall damage development in the
expected regions. Furthermore, a large portion of the TMAZ region experiences xðrÞ > 0:4 near the center of the specimen,
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which indicates that the stress state has grown very different from uni-axial tension. Thus, the additional softening term
does play a stronger role when the specimen width is increased.
6. Discussion
Application of the Gurson model to predict failure in friction stir welded AA2024 joints has been investigated by Nielsen
(2008), making use of a number of published experimental results for this particular material joint. In particular the variation
of the initial yield stress and of the rate of hardening across the weld were found to play an important role. Also the damage
parameters, controlling the nucleation and growth of micro-voids in the Gurson model, were chosen based on the experi-
mental results. The analyses of Nielsen (2008) were carried out for tensile test specimens cut out transverse to the weldline,
using either planar analyses by assuming plane strain conditions or full 3D analyses. It was found that this material model
gives a reasonable description of the observed ductile fracture of the test specimens, but failure occurred in a range of rather
low stress triaxiality where the Gurson model does not perform optimally.
Recently, Nahshon and Hutchinson (2008) have proposed a modiﬁcation of the Gurson model to be able to also describe
fracture in shear. It is well known that the Gursonmodel does not predict any void growth when the mean stress is zero, as in
pure shear, and that void nucleation does not change this, since nucleated voids do not grow any further. Therefore, Nahshon
and Hutchinson (2008) suggested adding an extra term to the expression for the void growth rate. This extra term allows for
the prediction of fracture in pure shear, but means that the parameter f in the model is not only a void volume fraction but
more generally a damage parameter.
Even though the tensile tests for the friction stir welded plates do not have zero mean stress, the stress triaxialities are
sufﬁciently low so that it is natural to apply the model of Nahshon and Hutchinson (2008), which is modiﬁed to predict frac-
Fig. 12. Load vs. average axial strain curves. ðrðNGÞy =rðbÞy ¼ 1Þ.
0
.2
0
.4
0
.05 0
.05
0.4
0.
05
0
.2
0.05
x¹
x²
x³
0
.05
0
.2
0
.05
0
.2
0
.4
0.05
0.4
0
.2
0.4
0.20.05
x¹
x²
x³
Fig. 13. Contours of xðrÞ in 3D test specimens, (a) w0 ¼ b0=2 at e ¼ 0:1253, (b) w0 ¼ 2b0 at e ¼ 0:1648. (rðNGÞy =rðbÞy ¼ 1 and kx ¼ 3).
598 K.L. Nielsen, V. Tvergaard / International Journal of Solids and Structures 46 (2009) 587–601
ture at a mean stress that can be low, zero or even slightly negative. The analyses carried out here include results for the
Gurson model ðkx ¼ 0Þ, corresponding to the results previously obtained by Nielsen (2008), and these results are compared
with predictions obtained by incorporating the effect of the additional damage term ðkx > 0Þ. In all the cases analyzed it is
found that the modiﬁed model gives more rapid damage evolution and thus earlier fracture of the test specimens cut out
0
.075
0
.005
0.02
0.05
0.04
0
.06
0.
00
5
0
.02
x¹
x²
x³
0.04
0.05
0.05
0.06
0.0
05
0.02
0
.075
0.04 0.02
0.04
x¹
x²
x³
x¹
x²
x³
0.002
0.004
0.0005
0
.002
0
.004 0.0005
x¹
x²
x³
Fig. 14. Damage development in 3D test specimens, (a) contours of f forw0 ¼ b0=2 at e ¼ 0:1253, (b) contours of f forw0 ¼ 2b0 at e ¼ 0:1648, (c) contours of
fModification for w0 ¼ b0=2 at e ¼ 0:1253 and (d) Contours of fModification for w0 ¼ 2b0 at e ¼ 0:1648. (rðNGÞy =rðbÞy ¼ 1 and kx ¼ 3).
0.01 0.02 0.04
0.
07 0.
06
0.
020
.0
3
0.
04
0.
05
0.005
0.03 0.05
x¹ x²
x³
0.005 0.01 0.020.015.0
1
0.00
5
0.
01
0.0
15
x¹
x²
x³
Fig. 15. Damage development, f, in a wide test specimen, w0 ¼ 4b0, for yield stress proﬁle rðTMAZÞy =rðbÞy ¼ 0:8 and rðNGÞy =rðbÞy ¼ 1, (a) e ¼ 0:1648, (b)
e ¼ 0:2139ððkx ¼ 3ÞÞ.
0.
05 0.
04
0.
03 0.
02 0.
01
0.0
05
0.06 0.05
x¹
x²
x³0.0050.01
0.02
0.03
0.04 0.05
0.
00
5
0.
01
0.
02
0.
03
0.
04
0.06
0.06
0.005 0.01
x¹ x²
x³
0.02
0.03
0.04
0.05
Fig. 16. Damage development, f, in wide 3D test specimens, (a) w0 ¼ 4b0, (b) w0 ¼ 6b0. (e ¼ 0:1703;rðTMAZÞy =rðbÞy ¼ 0:5;rðNGÞy =rðbÞy ¼ 1 and kx ¼ 3).
K.L. Nielsen, V. Tvergaard / International Journal of Solids and Structures 46 (2009) 587–601 599
transverse to the weldline. This is found both for plane strain conditions and for the full 3D analyses, so it may be concluded
that adding the extra damage term in the Gurson model has the expected effect of promoting fracture at the moderate levels
of stress triaxiality found in these test specimens.
The analyses have shown signiﬁcant differences in how the additional damage term performs in the 2D or 3D studies. In
plane strain uni-axial tension the coefﬁcientxðrÞ of the additional term has its maximum value ðxðrÞ  1Þ, while in the uni-
axial tension modeled by the 3D analyses the value is at its minimum ðxðrÞ ¼ 0Þ. This means that in plane strain the addi-
tional damage term has maximum effect as soon as the value of f exceeds zero, and therefore in the present analyses the
strong effect of this term is only delayed by the fact that the initial value assumed is f ¼ 0 and that f only grows slowly
due to the assumed strain controlled nucleation. On the other hand, in the 3D analyses for uni-axial tension the additional
term has no inﬂuence at all whatever the value of f, as long as f is uniformly distributed, even though the stress triaxiality
rkk=ð3reÞ ¼ 1=3 is low. The 3D analyses show that here the inﬂuence of the additional damage term is due to the deviations
from the uni-axial stress state that develop due to the strong imperfection represented by the different material properties in
the weld. When localized plastic yielding occurs in the weld region the different stress state develops due to the constraints
of the remaining part of the specimen on the localized plastic ﬂow. This constraint increases with the specimen width and
therefore the 3D analyses show an increasing effect of the additional damage term as the value of w0=b0 is increased, Figs. 9–
17.
The additional damage term proposed by Nahshon and Hutchinson (2008) has the important effect of being able to pre-
dict the fracture that occurs in pure shear, and also failures at other states of low stress triaxiality, where the usual ductile
fracture models do not perform well. However, at high stress triaxiality there is no reason to add to the void based ductile
fracture models, which have been studied extensively by micromechanical models. A further improvement in the model of
Nahshon and Hutchinson (2008) could involve an additional stress-dependent factor on the extra damage term, which
should interpolate between the value unity at zero stress triaxiality and the value zero at a stress triaxiality well below one.
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Abstract Ductile plug failure of resistance spot
welded shear-lab specimens is studied by full 3D ﬁnite
element analysis, using an elastic-viscoplastic constitu-
tive relation that accounts for nucleation and growth of
microvoids to coalescence (The Gurson model). Ten-
sile properties and damage parameters are based on
uni-axial tensile testing of the basis material, while the
modelled tensile response of the shear-lab specimens
is compared to experimental results for the case of a
ductile failure near the heat affected zone (HAZ). A
parametric study for a range of weld diameters is car-
ried out, which makes it possible to numerically relate
the weld diameter to the tensile shear force (TSF) and
the associated displacement, uT SF , respectively. Main
focus in the paper is on modelling the localization of
plastic ﬂow and the corresponding damage develop-
ment in the vicinity of the spot weld, near the HAZ.
For decreasing weld diameter, localization of plastic
ﬂow may be observed to occur in the weld nugget,
introducing significant shearing. Due to these compet-
ing mechanisms a critical transition radius of the weld
may be found. However, due to the limitation of the
Gurson model in describing ductile failure at very low
stress triaxiality, further analysis of the shear failure is
omitted.
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Technical University of Denmark, 2800 Kgs. Lyngby,
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1 Introduction
Resistance spot welding (RSW) is a well-known
method for joining a variety of thin sheet metals. The
welding process utilizes the heating effect due to the
electrical resistance at the contact surfaces between
the metal sheets to be welded, in order to melt the metal
and thereby create a joint. By applying a suitable weld
current and axial load a sufﬁcient weld nugget size
and shape may be created within milliseconds. The
simplicity and speed of the process makes it favour-
able in e.g. the automotive industry where it is widely
used for joining both similar and dissimilar materi-
als (Zhang et al. 1997; Hasanbas¸ogˇlu and Kaçar 2006;
Marashi et al. 2008). The ever rising demand for fuel
efﬁcient cars forces the car manufactures to reduce
weight. To increase the weight-to-strength ratio, new
materials such as high strength aluminum alloys and the
so-called Advanced High Strength Steels (AHSS) are
considered. Among the AHSS, the Dual Phase DP600
steel is found useful due its mechanical properties and
formability (Sawhill and Furr 1981; Hoon et al. 2008).
Furthermore, the DP600 steel has shown a good welda-
bility for resistance spot welding (Ferrasse et al. 1998;
Marya and Gayden 2005; Pedersen and Harthøj 2008).
As for other conventional fusion welding techniques,
the resistance spot welding method produces a large
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variation of the microstructure in the weld region. It
is well-known that a RSW may be divided into three
regions; the base material (BM) to be welded; a heat
affected zone (HAZ) experiencing a significant increase
in temperature; and a region denoted the fusion zone or
nugget (FZ/NG) of the weld where the materials have
been melted. This change of the microstructure in the
weld region results in a non-homogeneous variation of
the mechanical properties. Especially the hardness and
thereby the yield stress has been shown to increase sig-
nificantly in the weld nugget when applying RSW to
the DP600 steel (Tong et al. 2005; Song et al. 2005;
Marya et al. 2006; Long and Khanna 2007).
The change in mechanical properties transverse to
a welded joint is known to inﬂuence the performance
and failure mode, as e.g. found for friction stir weld-
ing (Nielsen 2008). For resistance spot welded joints, a
similar inﬂuence of the geometry may be found when
considering a single spot welded shear-lab test speci-
men. As discussed by Uijl and Smith (2006), the mid-
section of a sufﬁciently large spot weld only has a
minor contribution to the overall strength of the weld
in the case of a shear-lab tensile test. The effect of the
mechanical properties in the mid-section of the weld
nugget may thereby be of minor importance for suf-
ﬁciently large welds. This indicates that the geometry
of the weld, such as the ratio of the weld diameter and
the thickness or the width of the metal sheets, has a
great inﬂuence on the overall tensile response. This is
also reﬂected in a number of empirical relations pro-
posed in the literature, to estimate the tensile shear force
(TSF) of a spot weld. Based on experimental observa-
tions these relations typically relate the weld diame-
ter to the TSF and the associated displacement, uT SF
(Marya et al. 2006). Neglecting interfacial failure, a
strong connection at the weld interface is here nor-
mally assumed. The failure mode of a RSW is thereby
assumed to be governed by significant plastic defor-
mation as a static load is applied. However, as shown
experimentally by Marya et al. (2006) and Pouranvari
et al. (2007) failure occurs either as a so-called nugget-
pull-out (plug failure), where the weld nugget is torn out
of the welded sheets, or as an interfacial failure along
the weld interface. Pouranvari et al. (2007) found evi-
dence of ductile shearing in the case of an interfacial
failure. However, in most industries, the plug failure is
considered the only acceptable failure mode for a RSW
under tensile shear-lab testing (AWS 2000). In particu-
lar, this is true in the automotive industry, since the plug
failure absorbs the largest amount of energy during
impact (Sun et al. 2008).
Even though the RSW process is relatively simple,
an ongoing effort in simulating the process and the per-
formance of the ﬁnal weld can be found in the litera-
ture. The present work aims to model the performance
and failure of resistance spot welds in DP600-steel,
loaded in a static shear-lab test. Especially, the dam-
age development in the weld region and thereby the
failure mode of the shear-lab test specimen is consid-
ered. For the present study, both the material proper-
ties and the damage parameters for the Gurson model
(Gurson 1977; Tvergaard and Needleman 1984) is
based on experimental data from tensile testing of the
basis material. Furthermore, is the yield stress approxi-
mated from hardness measurements and taken to be the
main variation of the mechanical properties in the weld
region. A parametric study of the effect of changing the
weld size is carried out to gain a general understand-
ing of the effect of this parameter, since the appear-
ance of the weld may be altered by control of the weld
time, current and axial load (Marya and Gayden 2005;
Kahraman 2007; Pouranvari et al. 2007).
2 Flow rules and damage model
The applied ﬁnite element model is based on a total
Lagrangian formulation of the ﬁeld equations (Budian-
sky 1964; Hutchinson 1973). Hence the dynamic prin-
ciple of virtual work can be written in the reference
state, in terms of the Lagrangian strain, ηi j , and the
work conjugate Kirchhoff stress, τ i j , as Eq. 1, by inte-
grating over the volume, V , and the surface, S, in the
reference conﬁguration.∫
V
τ i jδηi j dV =
∫
S
T iδui dS −
∫
V
ρ
∂2ui
∂t2
δui dV (1)
with,
ηi j = 12
(
ui, j + u j,i + uk,i uk, j
)
(2)
The contravariant components of the Kirchhoff stress
tensor, τ i j , are here given on the convected base
vectors, while the surface tractions, T i , and the dis-
placements, ui , are related to the reference coordinates.
Furthermore, ( ),i denotes covariant differentiation in
the reference frame. The Lagrangian strain increment
is here taken to be the sum of the elastic and plastic
contributions, η˙i j = η˙Ei j + η˙pi j .
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To model the ductile damage development the
Gurson model (Gurson 1977; Tvergaard and Needleman
1984), is applied. The potential surface is here assumed
to take the form in Eq. 3, where σM is the microscopic
reference stress in the matrix material surrounding the
voids, while σ i j are the contravariant components of
the macroscopic Cauchy stresses, describing the aver-
age stress ﬁeld over the material in the convected coor-
dinate system (Tvergaard 1990)
 = σ
2
e
σ 2M
+2q1 f ∗ cosh
(
q2
2
σ kk
σM
)
−[1+(q1 f ∗)2] = 0
(3)
Here,
f ∗( f ) =
{ f for f ≤ fc
fc + f
∗
U− fc
f f − fc ( f − fc) for f > fc
(4)
The correction in Eq. 4 introduced by Tvergaard and
Needleman (1984) accounts for the onset of coales-
cence of microvoids at some critical value, fc, while
ﬁnal fracture occurs at f ∗( f f ) = f ∗U = 1/q1. It is
seen that Eq. 3 reduces to the original Gurson model
for q1 = q2 = 1 and f ∗ = f , and further to the
standard Mises surface for f = 0. The void volume
fraction, f , is taken to be updated through the damage
growth rate, f˙ , which may be written as
f˙ = (1 − f )Gi j η˙pi j +Dε˙ pM (5)
with,
D = fN
sN
√
2π
exp
⎡
⎣−1
2
(
ε
p
M − εN
sN
)2⎤⎦ (6)
Here, the ﬁrst term in Eq. 5, representing growth
of existing voids, follows from plastic incompressibil-
ity, while the second term describes nucleation of new
voids. Void nucleation is assumed to be governed by the
plastic straining,D, as suggested by Chu and Needleman
(1980). Here, fN is the volume fraction of second phase
particles, from which new voids can nucleate, sN is the
standard deviation and εN is the mean nucleation strain.
To couple the microscopic and macroscopic values
it is assumed that the rates of plastic work on each level
are equal
σ i j η˙pi j = (1 − f )σM ε˙ pM (7)
where the macroscopic plastic strain rate η˙pi j can be
derived from the current potential surface, while the
effective microscopic plastic strain rate is assumed to
be governed by the potential law in Eq. 8. Thus, the
material is represented as elastic-viscoplastic
ε˙
p
M = ε˙0
[
σM
g(ε pM )
]1/m
, g(ε pM ) = σy
(
1+ Eε
p
M
σy
)N
(8)
Here, m and ε˙0 are the strain rate hardening exponent
and the reference strain rate, respectively. Furthermore,
the strain hardening function g(ε pM ) is taken to be given
as a power law, where N and σy are the strain hardening
exponent and initial yield stress, respectively.
3 Numerical analysis
Using the ﬁnite element method, the dynamic form
of the principle of virtual work in Eq. 1 is discret-
ized by 20 node isoparametric solid 3D elements and
evaluated by reduced Gauss integration. Furthermore,
by introducing a lumped mass matrix the system of
equations is decoupled and solved using a standard
explicit Newmark β-method. This dynamic approach
has the advantage over a quasi static analysis that no
stiffness matrix is needed. The computation time in
each increment is thereby significantly reduced. Under
slow loading the dynamic method accounting for iner-
tia gives a very good approximation to the static solu-
tion. By use of the explicit dynamic method the time
increment size is limited to fulﬁll the Courant con-
dition, t ≤ tc. As a consequence of the strong
non-linearity in the elastic-viscoplastic material model,
Eq. 8, smaller time increments t are normally
required. By using the forward gradient method, sug-
gested by Peirce et al. (1984), for estimating the micro-
scopic plastic strain rate in the following time
increment the critical size may be increased. With this
procedure incorporated the time increments applied are
typically of the order t ≈ 0.1tc.
As the potential surface shrinks due to an increase
in the void volume fraction, f , one may experience
numerical difﬁculties since the stress carrying capacity
of an element is reduced for f → f f . To deal with this
the element vanishing technique is applied (Tvergaard
1982a). Damage development in a given Gauss point
reaching f = 0.9 f f is here turned off, while a given
element is killed when three of eight Gauss points have
been turned off (Tvergaard and Needleman 2004).
When killing an element the remaining forces on the
123
128 K. L. Nielsen
neighbouring elements are stepped down in the
following 50 increments.
4 Experimental procedure and data ﬁtting
The experiments carried out are tensile testing of the
basis material (DP600-steel) and shear-lab tensile test-
ing of single spot welded DP600-steel, respectively.
Also, hardness measurements transverse to the weld
nugget have been carried out by Pedersen and Harthøj
(2008). For spot welding of the shear-lab specimens,
two electrodes with contact diameters of 6 mm and 8
mm, respectively, were used. Here, a weld current and
axial load of 6.5 kA/2.7 kN and 9.8 kA/6 kN were used
for the 6 mm and 8 mm electrode, respectively. Both
over a weld period of 340 ms.
4.1 Basis material
Uni-axial tensile testing of the basis material were car-
ried out using the test specimen shown in Fig. 1b. To
ensure consistency in the experimental data, the tensile
test specimens were cut out from similar 100 × 25 × 1.5
mm plates, used in the shear-lab tensile tests. The uni-
axial test specimens were loaded by a prescribed veloc-
ity of 1/120 mm/s, while the elongation was measured
using an extensometer with an initial gauge length of
50 mm. The measured force-displacement curves were
used for ﬁtting the mechanical properties and damage
parameters in the numerical model, Fig. 1a. Here, the
uni-axial tensile test specimen were modelled using a
ﬁne discretization in the neck region, while symmetry
conditions along the three mid-sections of the speci-
men were applied. Only one eighth of the specimen
was thereby modelled. As for the experimental study
the failure was found to localize in a band inclined to
the tensile direction (Tvergaard 1993; Okazawa et al.
2002). The approximated mechanical properties and
damage parameters are shown in Table 1. Here, the
mechanical properties (E, ν, σ (b)y , N ,m, ε˙0) of the
basis material are ﬁtted to the stress–strain curve and
the Considère condition, Fig. 1a. Also, letting q1 and q2
take the values proposed by Tvergaard and Needleman
(1981); Tvergaard (1982b), only the nucleation param-
eters ( fn, εn, sn), and the coalescence parameters fc
and f f , associated with the Gurson model has to be
ﬁtted. Such values would also have to be ﬁtted for the
models that account for void shape effects (Gologanu
et al. 1997; Pardoen and Hutchinson 2000). In any case
a single tensile test curve is not sufﬁcient to ﬁt these
parameter values, so the values shown in Table 1 are
considered a reasonable choice. The estimated dam-
age parameters for the Gurson model should be seen as
Fig. 1 Uni-axial tensile
testing of basis material.
a True stress vs. average
strain for experiment and
model; b Test specimen,
dimension in mm
(a) (b)
Table 1 Mechanical properties and damage parameters for the basis material (DP600-steel)
E (MPa) ν ρ (kg/m3) σ (b)y (MPa) ε˙0 N m q1 q2 fc f f fn εn sn
210000 0.3 7800 370 0.0002 0.15 0.005 1.5 1 0.08 0.15 0.02 0.35 0.11
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effective values. Especially the nucleation parameters,
since void nucleation in DP-steels is known to occur as
decohesion of the martensite particles or intergranular
and transgranular cracks, depending on the martensite
percentage (Sarwar and Priestner 1996; Ahmad et al.
2000). The martensite percentage in DP-steels is typ-
ically far higher than 2% ( fN = 0.02), as speciﬁed
in Table 1. However, not all martensite will nucleate
as voids and an effective value is therefore introduced.
Similar approximations may be found in Lassance et al.
(2007) where the total volume fraction of nucleated
penny shaped voids in aluminum alloys are estimated
based on the particle volume fraction and the nucleated
void shape. Furthermore, is it known that the model
have a mesh dependency beyond localization of plastic
ﬂow, which has an inﬂuence on the estimated nucle-
ation parameters.
Also, it is well-known that the void shape evolves
at low stress triaxiality. This may affect the damage
development, hence the localization, as well as the crit-
ical void volume fraction, fc, where coalescence takes
place. To account for void shape changes, extended
models like that of Gologanu et al. (1997); Pardoen
and Hutchinson (2000) should be considered. Using the
Gurson model at moderate stress triaxiality is therefore
an approximative approach and one should interpret f
as an effective void volume fraction.
4.2 Shear-lab test
The shear-lab test specimen considered in the exper-
imental study consists of two 100 × 25 × 1.5 mm
plates, which are welded together with a single spot
weld in the mid-point of the 25 mm overlap, Fig. 2, in
agreement with AWS (2000). The tensile shear-lab tests
were carried out using a prescribed velocity of 1/120
mm/s and with an initial distance of 100 mm (Gauge
length) between the grips of the tensile machine. Dur-
ing testing, the displacement was measured from the
crossheads, since large displacement out of the plane
complicated the use of an extensometer. The measured
tensile curves are shown in Fig. 7 for comparison with
the numerical model.
4.3 Hardness measurement
To verify the change of the microstructure in the weld
region a Vickers micro-indentation hardness measure-
ment was carried out by Pedersen and Harthøj (2008),
for the welds made using an electrode with 8 mm con-
tact diameter. An indentation load of 100 g was applied.
The measurements were made according to Fig. 3b
along two straight lines (L1, L2), across the weld nug-
get. The measured hardness is shown in Fig. 3a and
is normalized by the hardness of the basis material
(HV (b) = 225).
Figure 3a directly indicates the variation of the yield
stress, when assuming a linear relation between the
Vickers hardness and the yield stress. It is seen from
Fig. 3a, that a significant increase of the hardness is
found in the nugget of the weld. This agrees well with
the observations by Tong et al. (2005); Marya et al.
(2006) and Long and Khanna (2007). The measure-
ments along the two straight lines, shown in Fig. 3a,
are furthermore normalized by the dimensions of the
weld. Here, a and b represent the weld nugget dimen-
sions along the x1- and x2-direction, respectively. For
the weld settings used for the 8 mm electrode, the
dimensions were estimated to; a = L(NG)
x2=0 = 4 mm,
L(H AZ)
x2=0 /a = 1.2 and b = 1.25 mm, where subscript
x2 = 0 indicates the dimension in the x1x3-plane.
To account for the relatively hard weld nugget in the
numerical model, a mapping of the yield stress proﬁles
shown in Fig. 3a is introduced. The weld nugget shape
Fig. 2 Shear-lab specimen
for test of single spot
welded DP600-Steel.
Dimensions in mm
1.5
25
100
Spot Weld
25
Gauge Length = 100
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(a)
(b)
Fig. 3 a Normalized Vickers hardness measurement and
approximated yield stress proﬁle (Symmetric at [x1, x2] = 0);
b Illustration of cross-section in x1x2-plane showing the position
of the lines L1 and L2
in the x1x2-plane is here approximated by a general
elipsoide with the ﬁrst axis along the radius of the spot
weld and the second axis in the x2-direction, Fig. 4a,
while the spot weld is assumed circular in the
x1x3-plane, Fig. 4b. For a given point, (x1, x2, x3),
in the undeformed shear-lab specimen it may be shown
that the corresponding yield stress is given by Eq. 9, for
the current nugget dimensions. By use of Eq. 9 a study
of the effect of the spot weld diameter is easily carried
out, since the introduced yield stress proﬁle may be
scaled by a single parameter.
σy =
⎧⎪⎪⎨
⎪⎪⎩
σ
(NG)
y
5
(
σ
(b)
y − σ (NG)y
) (
r∗
r∗0
− 1
)
+ σ (NG)y
σ
(b)
y
⎫⎪⎪⎬
⎪⎪⎭
for
⎧⎨
⎩
r∗/r∗0 < 1
1 < r∗/r∗0 < 1.2
r∗/r∗0 > 1.2
(9)
with,
r∗ =
√
(x1)2 + (x3)2 (10)
r∗0 =
(
1
D
)1/n
, D =
(
1
a
)n
+
( |x2|
br∗
)n
(11)
(a)
(b)
Fig. 4 Approximated weld dimension for yield stress variation
and definition of parameters, n = 5. a In x1x3-plane; b In x1x2-
plane
5 Modelling of the shear-lab test specimen
For modelling the welded shear-lab specimen in Fig. 2,
some simpliﬁcation in the geometry of the weld region
is made. Especially near the nugget of the spot weld,
where a smooth rounding, R, is introduced to avoid
numerical difﬁculties, Fig. 5. Furthermore, the inden-
tation of the electrode is accounted for as a circular
indent with the width of the weld diameter and a depth
corresponding to the introduced rounding, R, Fig. 5.
A typical mesh of the experimentally studied shear-
lab specimen, with 8 mm weld diameter, is shown in
Fig. 5. A ﬁne discretization is here introduced in the
regions experiencing significant plastic straining. The
number of elements is thereby limited in the middle of
the weld, since only minor deformation was observed
in this region. However, as the deformation of the weld
nugget increase in some of the following parametric
studies, a ﬁne discretization is introduced throughout
the weld region.
To reduce the computation time, symmetry condi-
tions are applied at x3 = 0, while the specimen is
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Fig. 5 a 3D shear-lab
specimen with typical mesh
(d.o. f = 200643,
a = 4 mm); b Discretization
and yield stress variation in
x1x2-plane at x3 = 0 (yield
stress in MPa,
R = 0.25 mm)
x¹
x²
x³
L1
t
w
L2
(a)
x²
x¹ R 2a
400
500
600
(b)
considered clamped at the ends (x1 = L1), due to the
grips of the tensile machine. The boundary conditions
for the shear-lab specimen thereby take the form
u1 = U˙t, u2 = 0, u3 = 0 at x1 = L1 (12)
u3 = 0, T 1 = 0, T 2 = 0 at x3 = 0 (13)
while, T i = 0 on the remaining surfaces except the
weld interface. At the weld interface, anti-symmetry
around the centerline of the spot weld (here along the
x3-axis), is assumed. Hence, only one quarter of the
shear-lab specimen is modelled, Fig. 5.
The anti-symmetry conditions at the weld interface
(all nodes at x2 = 0) are accounted for by a dynamic
approach and are introduced through the internal forces
in the specimen. Consider two nodes “a” and ”b” at the
weld interface (x2 = 0), with the coordinates x1(a) =
−x1(b) and x3(a) = x3(b), Fig. 6. For anti-symmetry to
occur node “a” should experience the same displace-
ment, hence velocity and acceleration, as “b”, however
with opposite sign in the x1- and x2-directions. Using
Newton’s second law of motion, anti-symmetry in the
acceleration ﬁeld may be obtain from the residual of the
internal forces between node “a” and “b”. The resid-
ual may here be found by adding the internal forces
from node “b” to node “a” with opposite sign in the
x1- and x2-directions and vice versa, Fig. 6. The nodes
“a” and “b” then experience forces similar to that of the
full anti-symmetric mesh. In order to fulﬁll the equa-
tion of motion, the masses of node “a” and “b” should
therefore be corrected to hold the masses of a full anti-
symmetric mesh. Since anti-symmetry occurs, the
masses of “a” and “b” should be equal and may there-
fore be written as m∗(a) = m∗(b) = m(a)+m(b), with ( )∗
referring to the full anti-symmetric mesh. By account-
ing for the mass from both nodes, anti-symmetry in the
acceleration, velocity and displacement ﬁeld is ensured
when using the explicit time integration. For two nodes
at the weld interface (x2 = 0) with xi(a) = ψ i x i(b) and
ψ i = [−1,−1, 1], this may be written in a compact
form as
u¨i(a) = Pi∗(a)/m∗(a) = Pi∗(b)/m∗(b) = ψ i u¨i(b) (14)
with,
Pi∗(a) = Pi(a) + ψ i Pi(b), Pi∗(b) = Pi(b) + ψ i Pi(a) (15)
where, Pi∗(a) and P
i∗
(b) is the resulting forces on node
“a” and “b” in the three directions, i = 1, 2, 3; m∗(a)
and m∗(b) are the corrected masses; u¨
i
(a) and u¨
i
(b) are
the associated accelerations, from which the velocity
and displacement ﬁelds are derived in the Newmark
β-scheme. Applying the anti-symmetric conditions at
the weld interface will thereby be identical to solving
the full anti-symmetric problem, in terms of the results.
As for the experimental procedure, all specimens
are loaded by prescribing a velocity in the x1-direction
at the specimen end (x1 = L1 mm). To avoid effects
of the material inertia, due to a sudden prescribed dis-
placement, a ramping of the velocity, U˙ , is applied,
(Needleman and Tvergaard 1999), where tr is the ramp-
ing time and U˙0 is the prescribed velocity.
U˙ (t) = U˙0t/tr for t ≤ tr (16)
U˙ (t) = U˙0 for t > tr (17)
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Fig. 6 Illustration of the
internal forces acting on
node “a” and “b” at the weld
interface. Node position is
given by xi(a) = ψ i x i(b) with
ψ i = [−1,−1, 1]
In the following study only the yield stress
variation in the weld region is accounted for in the
numerical model. All other mechanical properties and
damage parameters are thereby assumed constant
throughout the specimen. Furthermore, all residual
stresses are neglected for the present analyses. The
shear-lab test specimen is thereby considered stress free
at time t = 0. But it is known that thermal and mechan-
ical effects from the welding process introduce residual
stresses near the welded joint (Anastassiou et al. 1990;
Ranjbar et al. 2008).
6 Results
6.1 Tensile response of shear-lab test specimens
A comparison of the experimental and modelled ten-
sile responses of the various shear-lab specimens are
shown in Fig. 7. The numerical analysis is carried out
for a range of weld diameters, 2a ∈ [4, 9] mm, where
the mapping in Eq. 9 of the measured hardness proﬁle
is applied together with the material data in Table 1.
As seen from Fig. 7 a significant deviation from the
experimental tensile curves occurs as the displacement
uT SF is exceeded for the modelled response of the
welds with 6 mm and 8 mm in diameter, respectively.
This is partly due to the discretization of the speci-
men and partly due to the element vanishing technique
applied. As elements are killed in the damaged region
a less accurate prediction of the mechanical behaviour
should be expected form the numerical model. This is
due to the complete loss of stress carrying capacity of
the killed element, which again may lead to an exag-
gerated drop in the tensile curve, Fig. 7. However, apart
from the post-failure response an almost perfect ﬁt is
found when comparing the experimental tensile curve
for the 8 mm electrode weld, to the modelled weld with
a diameter of 8 mm (a = 4mm), Fig. 7. The good agree-
ment is here found for the overall tensile response, as
Fig. 7 Numerical and experimental tensile curves for single spot
welded shear-lab test specimen with; a = L(NG)
x2=0 ∈ [2, 4.5] mm,
L(H AZ)
x2=0 /a = 1.2, a/b = 3.2 for b > 0.8 mm else b = 0.8 mm,
t = 1.5 mm, 2w = 25 mm
well as for the TSF and the displacement at failure. A
somewhat larger deviation from the experimental ten-
sile curves is observed for the 6 mm weld. Here, the
tensile curve of the 6 mm electrode weld seems to be
in better agreement with the modelled response of the
7 mm weld. This indicates that experimental the 6 mm
electrode weld probably turned out larger than 6 mm
due to the applied axial load and weld current. How-
ever, the model is seen to capture the overall tendency
of the tensile curves.
Based on the numerical analysis, the relation between
the calculated TSF, uT SF and the weld diameter, is
shown in Fig. 8. As discussed by Marya et al. (2006)
the relation between the TSF and the weld diameter is
typically reported as TSF ∝ (2a)n with n ∈ [1, 2], in
the literature. This is seen to be in reasonable agreement
with the observation in Fig. 8, where a nearly linear
dependence is found for the TSF. However, Marya et al.
(2006) found that; TSF = 975(2a)1.63 and uT SF =
0.01T SF0.668 = 0.992(2a)1.089, with a and uT SF in
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Fig. 8 Relation between numerical TSF, uT SF and the weld
diameter for the single spot welded shear-lab test specimen with;
a = L(NG)
x2=0 ∈ [2, 4.5] mm, L
(H AZ)
x2=0 /a = 1.2, a/b = 3.2 for
b > 0.8 mm else b = 0.8 mm, t = 1.5 mm, 2w = 25 mm
millimeters and TSF in newton, for three different
DP-steels, including DP600, for a sheet thickness range
of t = 1.0–2.2 mm. These empirical relation seems how-
ever to overestimate both the TSF and uT SF for this
study. Instead a somewhat opposite dependence was
observed for the present study, with n ≈ 1 for the TSF
and n ≈ 1.5 for the uT SF , Fig. 8. This also agrees with
the observations from the tensile response in Fig. 7.
The apparent difference in the dependency of the
weld diameter observed here and in the study of Marya
et al. (2006) is due to the differences in the speci-
men dimensions (The specimen width used by Marya
et al. (2006) was 2w = 38 mm, while 2w = 25 mm is
used for the present study). As the shear-lab specimen
becomes wider, less bending of the overall specimen
will occur, for a given weld diameter, resulting in a
more localized deformation near the weld. The welded
specimen may thereby appear less ductile, resulting in
an artiﬁcially stiff response (lower n for uT SF ∝ (2a)n
and higher n for T SF ∝ (2a)n). This may explain the
difference between the present prediction of the TSF
and that in Marya et al. (2006). The limited bending of
a wide specimen prior to failure results in a higher TSF
(Wung et al. 2001). This effect may also be seen from
Fig. 9, where the tensile response of the 8 mm diameter
weld is shown for two specimen widths, while all other
dimensions are kept constant.
Some deviation from the tendency of the TSF and
uT SF in Fig. 8, were found for the two extremity point
of the weld diameter interval analyzed. This was partly
Fig. 9 Numerical tensile curves for single spot welded shear-
lab test specimen with; a = L(NG)
x2=0 = 4 mm, L
(H AZ)
x2=0 /a = 1.2,
a/b = 3.2 mm, t = 1.5 mm, 2w = [25, 50] mm
due to the significant deformation of the shear-lab spec-
imen as the weld diameter is increased, as pointed out
above, and partly due to the shift in failure mode from
a plug failure in the HAZ to an interfacial failure as the
weld diameter is lowered sufﬁciently. Interfacial fail-
ure occurs under significant shearing, were the stress
triaxiality is low. Hence this type of failure mode may
not be modelled by the Gurson model used for the
present study. The tensile response for this weld size
is therefore associated with some error. However, an
indication of interfaciel failure mode were observed as
significant plastic localization in the weld nugget, for
2a = 3 mm (Sect. 6.3).
6.2 Ductile plug failure
In the present study, indications of two different fail-
ure modes were observed. For 2a ∈ [4, 9] mm plug
failure occurred, while for 2a ≤ 3 mm evidence of
an interfacial failure was found, for a specimen width
of 2w = 25 mm (Sect. 6.3). As discussed by Van-
den Bossche (1977) this change in failure mode occurs
due to two competing mechanisms. At some critical
weld diameter the load needed for an interfacial failure
drops below the load for ductile plug failure in the HAZ.
Applying a too small weld diameter may thereby result
in an unwanted interfacial failure, even for a defect free
spot weld (Pouranvari et al. 2007).
Considering the plug failure mode, the geometry at
failure of the modelled shear-lab specimen with
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Fig. 10 Deformed
geometry at failure for a
single spot welded shear-lab
specimen. a Experimental
observed geometry;
b Cross-section of modelled
specimen at failure
(a)
(b)
Zoom area for plotsP
P
2a = 8 mm is shown in Fig. 10b for comparison with
the experimental results, Fig. 10a. An advanced state
for the deformed geometry is here shown for the exper-
imentally studied specimen. It is clearly seen that fail-
ure occurs in the vicinity of the spot weld in the legs
stretched by the prescribed load, making the weld nug-
get rotate. For the experimental study all specimens
were observed to fail in a plug failure, in an
anti-symmetric manner, as is also seen in Fig. 10a. A
similar failure mode of single spot welded shear-lab
specimens are reported by Markiewicz et al. (2001)
and Marya et al. (2006). By comparing the experimen-
tal results with the modelled specimen, Fig. 10b, a rea-
sonable agreement is seen. A less advanced state of
the deformed specimen is here shown, since numerical
difﬁculties were encountered, due to severely stretched
elements. However, the tendency towards a plug fail-
ure is clearly observed, since the material near the weld
region is seen to undergo significant plastic deforma-
tions. This may also be seen from Figs. 10b, 11, 12 and
13, where local thinning near the weld occurs. A similar
thin region near the HAZ was observed experimentally.
For a further analysis of the plug failure of the shear-
lab specimen with 2a = 8 mm, contour curves of the;
void volume fraction, f , stress triaxiality, σ kk /(3σe),
and the localization of the microscopic plastic strain,
ε
p
M , are shown in Figs. 11, 12 and 13, respectively,
for two stages of the deformation. Since the damage
development and significant stretching of the material
is localized near the weld, only the region marked in
Fig. 10b is enlarged.
It is seen, from Fig. 11a, that damage development
initiates in the top of the rounding near the weld nugget,
where also the largest microscopic plastic strain and
stress triaxiality level is observed at this early stage,
Figs. 12a and 13a. However, upon further stretching
of the specimen this initially high level of damage is
overtaken by the damage developing just outside the
HAZ. The development of the initial damage in the
rounding near the nugget is thereby limited even though
high levels of the stress triaxiality is present in this
region, Figs. 11 and 13. Instead, plastic ﬂow localizes
just outside the HAZ in the mid-section of the specimen
(x3 = 0), where a significant thinning occurs. Damage
then develops in this region due to the applied plastic
strain controlled nucleation law, and evolves along the
circumference of the weld, Fig. 11b, c. The ﬁnal failure
thereby develops in the thin region in the mid-section
of the specimen and evolves along the path outlined by
the initial damage along the circumference of the weld,
Fig. 11c, resulting in a plug failure.
Following the path outlined by the initial damage,
the modelled plug failure occurs as a failure propa-
gating close to the spot weld, for all weld diameters
analyzed, Fig. 11c. A similar propagating of the failure
was observed experimentally for the 6 mm electrode
welds. However, for the 8 mm electrode weld, tearing
of the metal sheets started some distance along the cir-
cumference of the weld. The failure of the largest weld
was thereby found to spread out to the boundaries at
x3 = w of the shear-lab specimen (Markiewicz et al.
2001). This mechanism may be associated with the
significant overall deformation of the shear-lab spec-
imen as the weld diameter is increased. However, the
effect were not captured in the current model, which
partly was due to numerical difﬁculties due to severely
stretch elements and partly due to the applied mesh. As
seen from Fig. 5 a ﬁne discretization is only introduced
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Fig. 11 Curves of constant
void volume fraction for a
single spot welded shear-lab
test specimen with
a = L(NG)
x2=0 = 4 mm,
L(H AZ)
x2=0 /a = 1.2, b = 1.25
mm, t = 1.5 mm, 2w = 25
mm. a L = 0.593 mm;
b L = 3.836 mm;
c Specimen see from the top
and bottom, respectively,
L = 3.836 mm
(a)
(b)
(c)
in the part of the specimen closest to the weld. The
coarser mesh near the boundaries may thereby limit
the damage development.
6.3 Interfacial failure under shearing
By lowering the weld diameter sufﬁciently a change
from a ductile plug failure in the HAZ to an interfa-
cial failure in the nugget, may be observed (Vanden
Bossche 1977; Smith 1980; Pouranvari et al. 2007).
As discussed, the interfacial failure mode is dominated
by shearing, Fig. 14a, so that failure prediction by void
growth to coalescence according to the Gurson model is
not possible. However, an indication of initiated inter-
facial failure could be observed as localization of plas-
tic ﬂow in the weld nugget. For the present study this
occurs in the case of 2a ≤ 3 mm for 2w = 25mm,
Fig. 14b. Plastic ﬂow here localizes near the weld inter-
face, forming a band of intense shearing across the
weld nugget. However, despite the significant plastic
straining of the material, only void nucleation occurs,
Fig. 14c, as void growth requires an elevated stress
triaxiality. Hence the level of the void volume fraction,
f , only slightly exceeds fN . This clearly indicates that
very limited void growth occurred and that the material
experiences a state of shear.
Since the interfacial failure mode is governed by
significant deformation of the weld nugget, both the
mechanical properties and the estimated geometry of
this region may inﬂuence the response. The assumed
constant damage properties across the weld nugget, as
well as the introduced rounding near the weld nugget
may therefore inﬂuence the results. However, a detailed
analysis of these effects has not been carried out in the
present study.
7 Concluding remarks
Tensile response and ductile plug failure of resistance
spot welded shear-lab specimens has been modelled in
3D, and compared with experimental results. As shown
in Fig. 7, a reasonable agreement was found for the ten-
sile curves until the displacement uT SF was exceeded.
Afterwards larger deviations appeared due to numerical
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Fig. 12 Curves of constant
microscopic plastic strain
ε
p
M for a single spot welded
shear-lab test specimen with
a = L(NG)
x2=0 = 4 mm,
L(H AZ)
x2=0 /a = 1.2, b = 1.25
mm, t = 1.5 mm, 2w = 25
mm. a L = 0.593 mm;
b L = 3.836 mm
0
.2
0
.4
0
.6
0.2
1.0 0.4
Weld
inter
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Fig. 13 Curves of constant
stress triaxiality σ kk /(3σe)
for a single spot welded
shear-lab test specimen with
a = L(NG)
x2=0 = 4 mm,
L(H AZ)
x2=0 /a = 1.2, b = 1.25
mm, t = 1.5 mm, 2w = 25
mm. a L = 0.593 mm;
b L = 3.836 mm
(a)
(b)
approximations. The deviation from the experimental
measurement, before uT SF is reached, were concluded
to be due to the limited accuracy of the damage param-
eters and the estimated weld size. Therefore an anal-
ysis of the effect of the weld diameter and specimen
dimensions was carried out. As in numerous experi-
mental studies in the literature, it is here shown numer-
ically that the weld diameter has a significant inﬂuence
on both the TSF and uT SF for a single spot welded
shear-lab specimen, Fig. 8. Also, in the present study
a large inﬂuence was found for the specimen width,
Fig. 9, which agrees well with the experimental obser-
vation by Wung et al. (2001). For increasing speci-
men width more localized deformation occurs near the
weld, resulting in a stiffer response of the overall shear-
lab specimen. The TSF thereby increases for increas-
ing specimen width, while the displacement at failure
decreases, Fig. 9. An improved empirical relation for
estimating the TSF and uT SF , should therefore include
the effect of the shear-lab specimen dimensions.
For the experimental shear-lab specimens consid-
ered in the present study and the related numerical
simulations, a ductile plug failure was observed. Rea-
sonable agreement was here found for the tensile
response curves, Fig. 7, and it is thereby possible to
present the evolution of ductile damage in the vicinity
of the spot weld, and under which conditions this occurs
(stress triaxiality and plastic straining). As discussed,
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Fig. 14 A single spot
welded shear-lab specimen
with a = L(NG)
x2=0 = 1.5 mm,
L(H AZ)
x2=0 /a = 1.2, b = 0.8
mm, t = 1.5 mm, 2w = 25
mm. a Deformed shear-lab
specimen, and curves of
constant; b Stress triaxiality
σ kk /(3σe); c Microscopic
plastic strain ε pM ; d Void
volume fraction, f
(a)
(b)
(c)
(d)
damage development is shown to initiate in the round-
ing near the HAZ, while the ﬁnal failure developed
just outside the HAZ, due to significant localization of
plastic ﬂow. Here, damage development in the case of
ductile plug failure is found to be widely affected by
the specimen geometry.
Also, in the present study an indication of failure in
the weld interface was found in the case of 2a ≤ 3
mm for a specimen width of 2w = 25mm, Fig. 14.
As discussed in Sect. 6.3, this kind of failure occurs
under significant shearing in the weld nugget at low
stress triaxiality, which is not well modelled by the
Gurson model. To cope with damage modelling in a
low stress triaxiality regime, Nahshon and Hutchinson
(2008) have recently modiﬁed the Gurson model by
adding an extra term to the damage growth rate in Eq. 5,
which is formulated to be consistent with softening due
to void deformation and rotation. This modiﬁcation is
however purely phenomenological, so that the damage
parameter, f , can no longer be considered as a measure
of the void volume fraction. The modiﬁcation makes it
possible for damage to develop at zero or even negative
stress triaxiality. However, in some cases this modiﬁ-
cation gives a significant contribution to the damage
growth rate even at a non-shear condition, as discussed
by Nielsen and Tvergaard (2008).
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Abstract 
 
Ductile plug failure of resistance spot welded shear-lab specimens is studied by 
full 3D finite element analysis, using an elastic-viscoplastic constitutive relation 
that accounts for nucleation and growth of microvoids to coalescence (the Gurson 
model). A parametric study for a range of weld diameters and specimen widths is 
carried out, making it possible to relate these parameters to the tensile shear force, 
, and the associated displacement, , respectively. Here, a reasonable 
agreement was found with already published experimental work in the literature. 
Main focus in the present study is on modelling the localization of plastic flow 
and the corresponding damage development in the vicinity of the spot weld, near 
the heat affected zone (HAZ). However, for decreasing weld diameter, plastic 
flow was found to localize in the weld nugget, introducing significant shearing.  
TSF TSFu
 
1. Introduction 
 
Resistance spot welding (RSW) is a well-known method for joining a variety of 
thin sheet metals. The welding process utilizes the heating effect due to the 
electrical resistance at the contact surfaces between the metal sheets to be welded, 
in order to melt the metal and thereby create a joint. By applying a suitable weld 
current and axial load a sufficient nugget size and shape may be created within 
milliseconds. The simplicity and speed of the process makes it favorable in e.g. 
the automotive industry where it is widely used for joining both similar and 
dissimilar materials [1,2]. As for conventional fusion welding techniques, the 
resistance spot welding method produces a large variation of the microstructure in 
the weld region. Hence, a non-homogeneous variation of the mechanical 
properties occurs. Especially the hardness and thereby the yield stress has been 
shown to increase significantly in the weld nugget when applying RSW to the 
DP600-steel, [3]. The change in mechanical properties transverse to the weld is 
known to greatly influence the performance and failure mode. For resistance spot 
welded joints a similar influence of the specimen geometry may be found when 
considering single spot welded shear-lab specimens.  
 
As an extension to the study presented in [4], the present study aims to model the 
performance and failure of resistance spot welds in DP600-steel, loaded in a static 
shear-lab test. Especially, the effect of the weld diameter and specimen width, on 
the ultimate tensile shear force, TSF , and the associated displacement, TSFu , is of 
 1
interest. A parametric study of the effect of changing the weld size for different 
specimen widths is here carried out to gain a general understanding of the effect 
of these parameter. The numerical results are then related to already published 
experimental work and trends for empirical relations to estimate the TSF  and 
. Furthermore, the damage development in the weld region and thereby the 
failure mode of the shear-lab specimen is considered.  
TSFu
 
2. Material model and method of analysis 
 
In the present study, a finite element model based on a total Lagrangian 
formulation of the field equations is applied. Hence, the dynamic principle of 
virtual work may be written in the reference state, in terms of the Lagrangian 
strain, ij , and the work conjugated Kirchhoff stress, , by integrating over the 
volume, V, and surface, S, in the reference configuration. The contravariant 
components of Kirchhoff stress tensor, , are here given on the convected base 
vectors, while the Lagrangian strain increment is taken to be the sum of the elastic 
and plastic contributions, . Here, 
ij
ij
p
ij
E
ijij     ij  and  ij  denote the covariant 
and contravariant components of a general tensor. A dynamic approach is used in 
the present FE-model, since this has the advantage over a quasi static analysis that 
no stiffness matrix is needed. By lumping the mass matrix and solving the system 
of equations by an explicit Newmark  -method, the computation time in each 
increment is significantly reduced. Under slow loading this dynamic method gives 
a very good approximation to the static solution. In the FE-model, 20 node 
isoparametric solid 3D elements are used for discretization, while the field 
equations are evaluated by reduced Gauss integration.   
 
To model the ductile damage development the Gurson-Tvergaard-Needleman-
model [5,6], is applied. The potential surface here takes the form in Eq. (1), where 
M	  is the microscopic effective stress in the matrix material surrounding the 
voids, while  are the contravariant components of the macroscopic Cauchy 
stresses, describing the average stress field over the material in the convected 
coordinate system  
ij	
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The correction in Eq. (2) introduced by [6] accounts for the onset of coalescence 
of microvoids at some critical value, , while final failure occurs at cf
  1** /1 qfff Uf  . It is seen that Eq. (1) reduces to the original Gurson model 
for  and , and further to the standard Mises surface for . 
The void volume fraction, , is taken to be updated through the damage growth 
rate, , which may be written as  
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Here, the first term in Eq. (3a), representing growth of existing voids, follows 
from plastic incompressibility, while the second term describes nucleation of new 
voids. Void nucleation is here assumed to be governed by the plastic straining, D, 
as suggested by [7]. Here,  is the volume fraction of second phase particles, 
from which new voids can nucleate,  is the standard deviation and 
Nf
Ns N  is the 
mean nucleation strain. The macroscopic plastic strain rate, , may here be 
derived from the current potential surface, Eq. (1), while the effective microscopic 
plastic strain rate is assumed to be governed by the potential law in Eq. (4). Thus, 
the material is represented as elastic-viscoplastic 
p
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Here,  and m 0 are the strain rate hardening exponent and the reference strain 
rate, respectively, while the strain hardening function  pMg   is a power law, with 
 and N y	  being the strain hardening exponent and yield stress, respectively. 
  
3. Modelling shear-lab specimen 
 
The shear-lab specimen considered, consists of two overlapping 1.5 mm DP600-
steel plates, which are welded together with a single spot weld in the mid-point of 
the overlap, in agreement with [8]. The change in hardness, hence the change of 
the yield stress in the weld region is estimated from Vickers micro-indentation 
hardness measurements, [9], while the mechanical properties and damage 
parameters for the basis material are based on tensile testing, [4]. Using the finite 
element method the shear-lab specimen was discretized as shown in Fig. 1, where 
a fine mesh is introduced in the regions experiencing significant plastic straining. 
In the case of plastic localization in the weld nugget a fine discretization is 
introduced throughout the weld region.  
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Fig. 1: a) 3D Shear-lab specimen with typical mesh, b) Discretization and yield stress variation in 
-plane (yield stress in MPa, 21xx 25.0R mm)  
 
To reduce the computation time, symmetry conditions are applied at , 
while the specimen is considered clamped at the ends ( ), due to the grips 
of the tensile machine. Furthermore, the deformation of the specimen is assumed 
anti-symmetric along the -axis, which is accounted for in a dynamic approach 
described in [4]. 
03 x
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4. Results 
 
In the following, the effect of both the weld diameter, , and the specimen 
width, , on the tensile response and damage development in the vicinity of the 
spot weld, are studied. Full 3D FE simulations are carried out for a variety of 
weld diameters and specimen widths, making it possible to numerically relate 
these parameters to the ultimate tensile shear force, TSF , and the associated 
displacement, . Also, the agreement with published experimental work and 
empirical relations for the TSF  and  is discussed. 
a2
w2
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4.1 Tensile response of shear-lab specimens 
 
Considering two shear-lab specimens with 252 w mm and 502 w mm, respec-
tively, the tensile response curves for a range of weld diameters mm are 
shown in Fig. 2. Similar tensile curves for the case of 
]9,4[2 "a
252 w mm may also be 
found in [4], where a comparison with experimental measurements is made. The 
model was here found to capture the tendency of the tensile curves until  is 
reached and a good agreement was found for some of the experimental curves.  
TSFu
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Fig. 2: Modelled tensile response for single spot welded shear-lab specimens with mm 
and mm, respectively, and 
252 w
502 w ]9,4[2 "a mm. 
 
For the specimen widths considered in Fig. 2, similar tendencies for both the TSF  
and the  are observed. As the weld diameter decreases, the specimen appears 
to be less ductile, e.i.  decreases. This agrees well with the experimental 
studies found in the literature. However, it is seen from Fig. 2 that this 
dependency on the weld size is clearly affected by the width of the specimen, 
since a slower decrease of the  is observed for wider specimens. By applying 
a thin shear-lab specimen, one may thereby increase the overall ductility for a 
given weld size. Also, the TSF  is seen from Fig. 2, to be greatly influenced by the 
weld diameter. As for the , it is seen that the TSF  decreases significantly for 
decreasing weld diameter. However, the dependency here seems to be lower than 
for the . Also, the dependency of TSF  on the weld diameter is seen to be 
rather similar for both 
TSFu
TSFu
TSFu
TSFu
TSFu
252 w mm and 502 w mm, indicating a rather low 
dependency on the specimen width. 
 
The change in dependency on the weld diameter, for a change in specimen width 
may also be seen from Fig. 3, for both the  and TSF . The relation between 
the numerical TSF ,  and the weld diameter is here shown for the specimens 
considered in Fig. 2. As discussed by [3] the TSF  is typically related to the weld 
diameter as  with 
TSFu
TSFu
 naTSF # 2 ]2,1["n , in the literature. This is seen to be in 
reasonable agreement with the observations in the Fig. 3. However, [3] found 
that;  and   63.12975 aTSF $   089.1668 .0.0 299201.0 aTSFTSF $$u , with  and  
in millimeters and TSF  in Newton. These empirical relations were based on 
experimental testing of single spot welded shear-lab specimens, for three different 
DP-steels, including DP600. A sheet thickness range of 
a2 TSFu
2.20.1 t mm and a 
specimen width of mm was here considered.  382 w
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Fig. 3: Numerical relation between the weld diameter and a) the TSF , b) the , for the single 
spot welded shear-lab specimen with 
TSFu
252 w mm and 502 w mm, respectively, and 
]9,4[2 "a mm. 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4: a) Modelled tensile response, b) Numerical relation between specimen width, TSF  and 
, for single spot welded shear-lab specimens with TSFu 82 a mm and ]50,25[2 "w mm. 
 
For the specimen widths considered here, these relations are however found to 
largely overestimate , while the TSF  is found to only be overestimated for 
the largest weld diameters. Fitting the proposed relation , to the 
numerically modelled data in Fig. 3, we obtain an almost linear dependency on 
the weld diameter, for both specimen widths, e.i. 
TSFu
 naTSF 2#
1$n . However, the level of the 
 is influenced by the specimen width. TSF
 
Considering Fig 3b, a much larger dependency of both the weld diameter and the 
specimen width is observed for the , than for the TSF . In the case of 
mm, one finds a significant increase in the displacement at failure as the 
weld diameter increases, while a much more moderate increase is seen for the 
case of mm. This is partly due to the overall bending of the specimen, as 
the load is applied. For wide specimens, a larger bending moment must be applied 
in order to bend the plates elastically. Large stresses build up quickly around the 
weld, hence more localized plastic deformation occurs. The overall response of 
TSFu
252 w
502 w
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the wider shear-lab specimen thereby appears stiffer and less ductile. This effect 
is also clearly seen from Fig. 4a, where the tensile response is shown for multiple 
shear-lab specimen with varying width and constant weld diameter, mm. 
The specimen width is here clearly seen to affect both TSF  and , and it is 
seen that the largest dependency is observed for the , Fig. 3. 
82 a
TSFu
TSFu
 
4.2 Modelled failure mode 
 
As discussed in [4], indications of two different failure modes were observed for 
the shear-lab specimens analyzed. For sufficiently large weld diameters final 
failure occurred as a ductile plug failure, where the weld nugget is torn out of the 
welded plates. Here, void nucleation and growth occurred in the vicinity of the 
spot weld near the HAZ, due to significant plastic localization in the region of the 
local thinning, Fig. 5a. Damage then develops in this region and evolves along the 
circumference of the weld, leading to the plug failure mode. A similar failure 
mode of single spot welded shear-lab specimens is reported by [2,3]. However, 
for decreasing weld diameters a change in failure mode was observed in the 
numerical study. As discussed by [10],  this change in failure mode occurs due to 
two competing mechanisms. At some critical weld diameter the load needed for 
an interfacial failure drops below the load for ductile plug failure. Applying a too 
small weld diameter may thereby result in an unwanted interfacial shear failure, 
even for a defect free spot weld, [11]. This interfacial failure mode is known to be 
dominated by shearing, and failure prediction by void growth to coalescence 
according to the Gurson model is therefore not possible. However, an indication 
of initiated interfacial failure could be observed as localization of plastic flow 
forming as a band of intense shearing across the weld nugget, Fig. 5b. Despite this 
significant plastic straining of the material, only void nucleation is predicted, as 
void growth requires an elevated stress triaxiality.  
 
The transition from plug failure in the HAZ to an interfacial shear failure was in 
the present study observed, to not only be influenced by the weld diameter, but 
also by the specimen width. Since the  increases with the specimen width, a 
larger weld diameter should be present in order to carry the applied load. For 
increasing specimen width, the critical transition diameter for the shift in failure 
mode thereby increases. This is also indicated in Fig. 2b and 3b, since a slight 
increase in the  is observed in the case of 2
TSF
TSFu 50w mm with mm, 
compared with that of mm. This non-physical increase in the  is due to 
some shearing of the weld nugget. However, due to the limitation in the Gurson 
model for describing damage growth at low stress triaxiality, the failure is finally 
predicted as a plug failure. 
42 a
52 a TSFu
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b) 
 
Fig. 5. Modelled failure mode for shear-lab specimens with 252 w mm showing curves of 
constant void volume fraction, a) Plug failure for 4a mm, b) Indication of interfacial failure for 
5.1a mm 
 
5. Concluding remarks 
 
As in numerous experimental studies in the literature, it is here shown numerical-
ly that the weld diameter has a significant influence on both the TSF  and  for 
a single spot welded shear-lab specimen, Fig. 2-3. Also, in the present study a 
similar influence was found for the specimen width, Fig. 4, which agrees well 
with the  experimental observation by [12]. An improved  empirical relation for 
estimating the TSF  and , should therefore include the effect of the shear-lab 
specimen dimensions. The specimen width is furthermore found to affect the 
critical transition diameter, for where the shift in failure mode occurs. However, a 
further analysis of the transition is omitted. But, a clear indication of two failure 
modes are shown in the present study, Fig. 5. For sufficiently large weld diameter 
a ductile plug failure was found, while a too small weld diameter showed 
significant plastic localization in the weld nugget, indicating an interfacial shear 
failure. As discussed, this kind of failure occurs under significant shearing at low 
stress triaxiality, which is not well modelled by the Gurson model.  
TSFu
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Abstract
For resistance spot welded shear-lab specimens, interfacial failure under ductile
shearing or ductile plug failure are analyzed numerically, using a shear modi-
ﬁed Gurson model. The interfacial shear failure occurs under very low stress
triaxiality, where the original Gurson model would predict void nucleation and
very limited void growth. Void coalescence would therefore be largely postponed.
However, using the shear modiﬁcation of the Gurson model, recently introduced
by Nahshon and Hutchinson [1], failure prediction is possible at zero or even
negative mean stress. Since, this shear modiﬁcation has too large eﬀect in some
cases where the stress triaxiality is rather high, an extension is proposed in the
present study to better represent the damage development at moderate to high
stress triaxiality, which is known to be well described by the Gurson model. Fail-
ure prediction and tensile response curves for an interfacial shear failure or a
ductile plug failure, are here compared when using either the original Gurson
model, the shear modiﬁed model, or the extension to the shear modiﬁed model.
The suggested extension makes it possible to use the shear modiﬁed model as a
simple way of accounting for damage development under low triaxiality shearing,
without further increasing the damage rate in regions of moderate to high stress
triaxiality.
Key words: Damage, Shear modiﬁed Gurson, Shear-lab test, Resistance spot
weld
Nomenclature
2a, 2b Spot weld diameter and height
E Youngs modulus
f , f˙ Void volume fraction and void volume growth rate
fc, ff Void volume fraction at coalescence and at failure
f ∗, f ∗U Corrected void volume fraction, ultimate volume fraction
fN , sN , εN Damage to be nucleated, standard deviation, mean strain
gij, Gij Metric tensors for reference and current state
∗Tel: +45 4525-4258, Fax: +45 4593-1475
Email addresses: kin@mek.dtu.dk (Kim Lau Nielsen)
Preprint submitted to Elsevier
J3 Third invariant of stress deviator
kω Ampliﬁcation factor for shear modiﬁcation
L1 Length of test specimen
m Strain rate hardening exponent
N Strain hardening exponent
q1, q2 Damage parameters for Gurson model
R Transition radius at weld nugget
sij Stress deviator of the Cauchy stress tensor
S, V Surface and Volume
t, Δt, Δtc Time, time increment and critical time increment
tr Ramping time
T i Surface tractions
T Stress triaxiality
T1, T2 Stress triaxialities deﬁning ramping of shear term
ui Displacements
U˙0 Prescribed velocity
w Width of test specimen
xi Coordinates
ε˙0 Reference strain rate
εpM , ε˙
p
M Microscopic plastic strain and strain rate
ηij, η˙ij Lagrangian strain and strain rate
η˙Eij , η˙
p
ij Elastic and plastic parts of Lagrangian strain rate
ν Poisson ratio
ρ Density
σe Von Mises reference stress
σM Microscopic reference stress
σ
(b)
y , σ
(NG)
y Yield stress of base material and nugget
σij Cauchy stress tensor
σm =
1
3
σkk Mean Cauchy stress
σI , σII , σIII Principal stresses
τ ij, τ˙ ij Kirchhoﬀ stress and stress rate
Φ Potential surface
D Coeﬃcient for void nucleation rate
g(εpM) Strain hardening function
ω(σ) or ω0 Model parameter for shear term
Ω(T ) Ramping function for shear term
BM, HAZ, NG Base material, heat aﬀected zone and weld nugget
1. Introduction
Resistance spot welding (RSW) is a well-known method for joining thin sheet
metals. The welding process utilizes the heating eﬀect due to the electrical resis-
tance at the contact surfaces between the metal sheets to be welded, in order to
melt the metal and thereby create a joint. By applying a suitable welding time,
the current and the axial load a suﬃcient nugget size and shape may be created
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within milliseconds. The simplicity and speed of the process makes it favorable
in e.g. the automotive industry where it is widely used for joining both similar
and dissimilar materials (Zhang et al. [2], Hasanbas¸ogˇlu and Kac¸ar [3], Marashi
et al. [4]).
In order to obtain proper welding parameters, such as the welding time, the
current and the axial load, and thereby to ensure a good quality of the spot
welds, testing for the mechanical properties is essential. For this, a number of
techniques has been developed, including both destructive and non-destructive
methods (AWS [5]). Among the most commonly used destructive (mechanical)
tests are the cross-tension test, the peel test and the shear-lab test. In the follow-
ing we will consider the shear-lab testing technique for a single spot weld. The
test specimen here consist of two overlapping metal sheets, which are welded to-
gether by a single spot weld in the mid-point of the overlap. A tensile load is then
applied to stretch the specimen and damage develops in regions of plastic ﬂow by
void nucleation, void growth and coalescences until failure occurs. As indicated
in the experimental studies presented by Pouranvari et al. [6], two failure modes
may be observed for a single spot welded shear-lab specimen. For suﬃciently
large weld diameter a so-called nugget-pull-out (plug failure) occurs, while a too
small weld diameter leads to an interfacial failure in the weld nugget. Scanning
electron microscopy (SEM) observations indicated that both failure mechanisms
are ductile and fractographies showed the plug failure to be governed by tensile
stresses, while the interfacial failure occurs under signiﬁcant shearing (Pouranvari
et al. [6], Nielsen [7, 8]). In most industries, the plug failure is considered the only
acceptable failure mode for a RSW under tensile shear-lab testing (AWS [5]). In
particular, this is true in the automotive industry, since the plug failure absorbs
the largest amount of energy during impact (Sun et al. [9]).
The aim for the present study is to model both the ductile plug failure and
interfacial shear failure, using the same set of damage parameters for the shear
modiﬁed Gurson model (Nahshon and Hutchinson [1]). This implies that also the
same value of the model parameter, introduced in Nahshon and Hutchinson [1],
must be used in both types of simulations. However, as discussed by Nielsen and
Tvergaard [10] the additional damage contribution due to the shear modiﬁcation
may have a too strong eﬀect in some cases where the stress triaxiality is rather
high. Since damage development at moderate to high stress triaxiality is known
to be well described by the original Gurson model, any additional contribution
due to the shear modiﬁcation should be limited. To include this in the shear
modiﬁed version of the Gurson model, it is proposed here to let the extra shear
contribution depend on the level of the stress triaxiality so that it disappears at
higher stress triaxiality. The eﬀect of this extension is illustrated for diﬀerent
stress states. Also, a comparison of results for the original Gurson model as well
as the diﬀerent shear modiﬁcations is presented for both failure modes.
3
2. Flow rules and Damage model
The ductile damage development is modelled using a modiﬁed version of the Gur-
son model (Gurson [11], Tvergaard and Needleman [12]), suggested by Nahshon
and Hutchinson [1]. As for the original Gurson model, the potential surface is
here assumed to take the form (1), with the correction for void coalescence intro-
duced by Tvergaard and Needleman [12]. Here, σM is the microscopic reference
stress in the matrix material surrounding the voids, while σij are the contravari-
ant components of the macroscopic Cauchy stresses, describing the average stress
ﬁeld over the material in the convected coordinate system (Tvergaard [13])
Φ =
σ2e
σ2M
+ 2q1f
∗ cosh
(
q2
2
σkk
σM
)
− [1 + (q1f ∗)2] = 0 (1)
With,
f ∗(f) =
{
f for f ≤ fc
fc +
f∗U−fc
ff−fc
(f − fc) for f > fc (2)
The potential surface (1), is based on an assumption of spherical voids in
an axi-symmetric stress state (Gurson [11]). However, it is known that non-
spherical voids develop at low stress triaxiality (Tvergaard [14]). In such cases,
the Gurson model may only be used to approximately describe the evolution of
the void volume fraction, f . The evolution of the void shape and its eﬀect on the
mechanical behaviour has been considered by Gologanu et al. [15] and Pardoen
and Hutchinson [16].
For zero or negative stress triaxiality the Gurson model predicts no increase
in damage, if void nucleation is neglected. However, continued softening and
fracture is known to occur at low triaxiality shearing (Barsoum and Faleskog
[17]). To account for this Nahshon and Hutchinson [1] introduced a modiﬁcation
to the damage growth rate, f˙ , which may be written as
f˙ =(1− f)Gij η˙pij +Dε˙pM + kωfω0
sij η˙pij
σe
(3)
with,
ω0 = ω(σ) = 1−
(
27J3
2σ3e
)2
, J3 =
1
3
Gijskjsils
lk (4)
and η˙pij being the plastic part of the Lagrangian strain rate, η˙ij = η˙
E
ij + η˙
p
ij. In (3),
representing growth of existing voids, follows from plastic incompressibility, the
second term describes nucleation of new voids, while the last term, introduced
by Nahshon and Hutchinson [1], is formulated to be consistent with the mecha-
nism of void softening in shear. Void nucleation is here taken to be plastic strain
controlled as suggested by Chu and Needleman [18], so that the coeﬃcient D
in (3) takes the form
D = fN
sN
√
2π
exp
[
−1
2
(
εpM − εN
sN
)2]
(5)
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where, fN is the volume fraction of damage to be nucleated, sN is the standard
deviation and εN is the mean nucleation strain (see table 1).
Applying the additional shear contribution to the damage growth rate in
Eqs. (3)-(4) does not aﬀect the normality of the plastic ﬂow rule, as has been
shown by Nahshon and Hutchinson [1] for the time independent version of the
model. If stress controlled nucleation had been included (f˙nucl ∝ (σ˙M + ˙(σkk)/3)
(Tvergaard [13]), it is well known that this would have resulted in non-normality.
Since the shear term is governed by the plastic strain increments, η˙pij, and other-
wise depends only on the current stress values, e.g. through the third invariant
of the stress deviator, J3, normality is obeyed. But, the modiﬁcation introduced
by Nahshon and Hutchinson [1] is purely phenomenological, hence f may be con-
sidered either as an eﬀective void volume fraction or simply a damage parameter.
The parameter kω in (3), is deﬁned by Nahshon and Hutchinson [1] as the magni-
tude of the damage growth rate in pure shear, while ω(σ) is formulated to vanish
at an axi-symmetric stress state, so that the modiﬁed model coincides with the
original Gurson model. Also, it may be shown that ω(σ) lies in the interval
ω(σ) ∈ [0, 1], with ω(σ) = 0 for an axi-symmetric stress state and ω(σ) = 1 for
all states combined by pure shear and hydrostatic pressure. However, the modi-
ﬁcation will not only contribute to damage development in shear, which may be
seen by considering a bi-axial stress state. For plane strain uni-axial tension, well
into the plastic range, one ﬁnds that σIII/σI = 0, σII/σI ≈ 0.5, hence T ≈ 0.577,
with σI , σII and σIII being the principal stresses (σI ≥ σII ≥ σIII). This im-
plies that J3 = 0 and ω(σ) = 1, which is also seen from Fig. 1, where ω(σ) is
shown as a function of σII/σI and corresponding stress triaxiality at plane stress
σIII/σI = 0. The modiﬁcation gives maximum contribution to the damage de-
velopment at plane strain uni-axial tension, even though the stress triaxiality is
far from zero.
It should be emphasized here that the purpose of Nahshon and Hutchinson
[1] was not to develop a damage theory from general principles of thermodynam-
ics. They proposed a model that describes the experimentally observed failures
in shear combined with the well known properties of the Gurson model under
tension. The model in Nahshon and Hutchinson [1] has recently been applied
by Xue et al. [19] to calibrate all the material parameters for a DH36 steel with
results from three diﬀerent experiments. The experiments most crucial to the
shear modiﬁcation in Nahshon and Hutchinson [1] are the shear-oﬀ tests showing
shear localization and mode II cracking under low stress triaxiality, and it was
shown that the model can predict the observed shear failures.
Here, the authors propose a further modiﬁcation to the model of Nahshon
and Hutchinson [1] by introducing an additional stress dependent factor, Ω(T ),
on the damage term. This factor is introduced to interpolate between the value
unity at low stress triaxiality, T1, and the value zero at a higher stress triaxiality,
T2, well below one. A linear interpolation function is used, so that instead of (4a)
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we propose
ω0 = ω(σ)Ω(T ) , with Ω(T ) =
⎧⎨
⎩
1 for T < T1
(T − T2)/(T1 − T2) for T1 ≤ T ≤ T2
0 for T > T2
(6)
where, T1 < T2, while ω(σ) is given by (4a). The interpolation means that the
model of Nahshon and Hutchinson [1] is used for T ≤ T1, while the original
Gurson model is used for T ≥ T2. The extension (6) is proposed because the
shear modiﬁcation by Nahshon and Hutchinson [1] aﬀects the damage evolution
rather strongly even at high stress triaxiality, e.g. if the stress state is plane
strain. With the extension (6) the well known features of the Gurson model are
maintained at higher stress triaxialities, while the possibility of also predicting
shear failure at low stress triaxiality is included. It is noted that also with the
additional factor Ω(T ) in ω0 the plastic ﬂow rule satisﬁes normality.
An attractive feature of the Gurson model is that it is directly based on
micro-mechanical studies of void growth in ductile metals. Improved models
have been developed, e.g. Gologanu et al. [15], which account for the eﬀect of
void shape changes. At high stress triaxiality these models are in rather good
agreement. However, neither of the models are able to predict the experimentally
observed failure in shear, by void growth to coalescence. To reach failure, the
additional contribution from the shear modiﬁcation is here needed in order to
artiﬁcially increase the void volume fraction so that the coalescence criterion
(f = fc) is reached. However in reality, no increase in the void volume fraction
should be expected during intense shearing, since no void growth occurs at zero
mean stress. Micro-mechanical studies of voids in shear ﬁeld have recently been
carried out (Tvergaard [20, 21]), which show that the failure mechanism is quite
diﬀerent from that in tension. In shear the voids are ﬂattened out to micro-cracks,
which rotate and elongate until interaction with neighbouring micro-cracks gives
coalescence. An important observation is that this shear failure is strongly delayed
by a superposed hydrostatic pressure.
To study the eﬀect of the additional interpolation function, Ω(T ), predictions
of four diﬀerent material models are compared. These models are speciﬁed as
(A) kω = 3, ω0 = ω(σ), (Nahshon-Hutchinson model)
(B) kω = 3, ω0 = ω(σ)Ω(T ), [T1, T2] = [0.2, 0.7]
(C) kω = 3, ω0 = ω(σ)Ω(T ), [T1, T2] = [0, 0.5]
(D) kω = 0, (Gurson model)
(7)
The eﬀect of Ω(T ) on ω0 may be seen from Fig. 1a, for plane stress tension
in the direction along the principal stress σI . It is seen that the interpolation
function, Ω(T ), is introduced so that the strong eﬀect from ω0 in model (A) is
much reduced at plane strain (σII/σI ≈ 0.5). However, model (B) still shows an
eﬀect larger than that in the original Gurson model. In Fig. 1b, the eﬀect of Ω(T )
on ω0 is shown for a shear state (σIII/σI = −1) combined with a transverse stress
component (−1 ≤ σII/σI ≤ 1). Here, the additional interpolation function, Ω(T ),
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has only little eﬀect on the modiﬁcation suggested by Nahshon and Hutchinson
[1]. Thus, the interpolation function Ω(T ) introduced in (6) maintains the ability
of model (A) to predict failure evolution in shear at zero or even negative stress
triaxiality, while it strongly reduces the ampliﬁcation of failure evolution in plane
strain at higher stress triaxiality.
Analogous to a Fig. in Nahshon and Hutchinson [1] the variation of ω0 in the
principal stress space is shown in Fig. 2, for model (C). Here, ω0 = 1 for a state
of pure shear stress plus a hydrostatic pressure (σm ≤ T1σe, σm = σkk/3), while for
σm ≥ T1σe, the ω0 parameter is ramped down as the stress triaxiality increases.
For model (C) there is no additional contribution to the damage development
in plane strain tension (at σIII/σI = 0, σII/σI = 0.5). In the case for the shear
modiﬁcation of Nahshon and Hutchinson [1] (model (A)), the contour lines of
constant ω(σ) remain straight in the principal stress space shown in Fig. 2, as
indicated by the dotted line marking the state of pure shear plus hydrostatic
stress. The same eﬀect of the shear modiﬁcation term is thereby present for
model (A), independent of the level of stress triaxiality. Furthermore, it is seen
from Fig. 2, that the modiﬁcation term still vanishes (ω0 = 0) in an axi-symmetric
stress state, as intended by Nahshon and Hutchinson [1].
Using the Gurson model, the microscopic and macroscopic values are coupled
through the assumption of equal plastic work on each level
σij η˙pij = (1− f)σM ε˙pM (8)
Here, the macroscopic plastic strain rate, η˙pij, can be derived from the current
potential surface (1), while the eﬀective microscopic plastic strain rate is assumed
to be governed by a potential law (9). Thus, the material is represented as elastic-
viscoplastic
ε˙pM = ε˙0
[
σM
g(εpM)
]1/m
, g(εpM) = σy
(
1 +
EεpM
σy
)N
(9)
where, m and ε˙0 are the strain rate hardening exponent and the reference strain
rate, respectively. Furthermore, the strain hardening function g(εpM) is taken to
be given as a power law, where N and σy are the strain hardening exponent and
the initial yield stress, respectively.
3. Weld assumptions
For the weld region, only the yield stress variation is accounted for in the numer-
ical model. All other mechanical properties and damage parameters are assumed
constant throughout the specimen. Increased porosity or discrete defects in the
nugget due to e.g. shrinkage are not accounted for. Furthermore, all residual
stresses are neglected in the present analyses, so that the shear-lab test speci-
mens are considered stress-free at time t = 0. However, thermal and mechanical
eﬀects from the welding process are known to introduce residual stresses near the
welded joint (Anastassiou et al. [22], Ranjbar et al. [23]).
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Table 1: Mechanical properties and damage parameters for the base material (DP600-steel).
Parameters Signiﬁcance Value
E Youngs modulus 210000 [MPa]
ν Poison ratio 0.3
ρ Mass density 7800 [kg/m3]
σ
(b)
y Yield stress of base material 370 [MPa]
ε˙0 Reference strain rate 0.0002 [s
−1]
N Strain hardening exponent 0.15
m Strain rate hardening exponent 0.005
q1 Gurson constant 1.5
q2 Gurson constant 1
fN Void volume fraction to be nucleated 2 %
εN Mean nucleation strain 0.35
sN Standard deviation on void nucleation 0.11
fc Critical void volume fraction at coalescence 8 %
ff Final void volume fraction at failure 15 %
3.1. Material properties and damage parameters
The material properties and damage parameters are here based on the uni-axial
tensile tests of DP600-steel, found in Nielsen [7]. The mechanical properties
(E, ν, σ
(b)
y , N,m, ε˙0) of the base material, table 1, where here ﬁtted to the mea-
sured stress-strain curve and the Conside`re condition, while q1 and q2 in the
Gurson model takes the values proposed by Tvergaard [24, 25]. Also, the nu-
cleation (fN , εN , sN), and coalescence parameters (fc, ff ), associated with the
Gurson model need to be ﬁtted, but a single tensile test curve is not suﬃcient
to ﬁt these parameter values correctly and the values in table 1 are therefore
considered a reasonable choice.
Also, the estimated damage parameters for the Gurson model should be seen
as eﬀective values. Especially the nucleation parameters, since void nucleation in
DP-steels occurs either as decohesion of the martensite particles or as intergran-
ular and transgranular cracks, depending on the martensite percentage (Sarwar
and Priestner [26], Ahmad et al. [27]). The martensite percentage in DP-steels is
typically far higher than 2%. However, not all martensite will nucleate as voids
during the deformation and an eﬀective value is therefore introduced (fN = 0.02,
as speciﬁed in tabel 1). Similar approximations may be found in Lassance et al.
[28], where the total volume fraction of nucleated penny shaped voids in aluminum
alloys are estimated based on the particle volume fraction and the nucleated void
shape.
3.2. Yield stress variation
The variation of the material hardness, hence the yield stress, has been estimated
in Nielsen [7]. The variation is here based on a Vickers micro-indentation hardness
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measurements carried out by Pedersen and Harthøj [29]. Applying an indentation
load of 100 g, the measurements were made along two straight lines (L1, L2)
across the weld nugget, Fig. 3. The measured hardness was here normalized by
the hardness of the base material (HV (b) = 225). Thus, an indication of the yield
stress variation is obtained, when assuming a linear relation between the Vickers
hardness and the yields stress. A mapping of the measured hardness proﬁle across
the weld region was introduced by Nielsen [7] and may be written as (10)-(11).
The shape of the weld nugget in the x1x2-plane is here approximated by a general
ellipsoid (n = 5), Fig. 3, with the ﬁrst axis along the radius of the spot weld and
the second axis in the x2-direction, while the spot weld is assumed circular in
the x1x3-plane. The yield stress for a given point, (x1, x2, x3), in the undeformed
shear-lab specimen is thus given as
σy =
⎧⎪⎨
⎪⎩
σ
(NG)
y
5
(
σ
(b)
y − σ(NG)y
)(
r∗
r∗
0
− 1
)
+ σ
(NG)
y
σ
(b)
y
for
⎧⎨
⎩
r∗/r∗0 < 1
1 ≤ r∗/r∗0 ≤ 1.2
r∗/r∗0 > 1.2
(10)
with,
r∗ =
√
(x1)2 + (x3)2, r∗0 =
(
1
D
)1/n
, D =
(
1
a
)n
+
( |x2|
br∗
)n
(11)
Here, a and b represent the weld nugget dimensions along the x1- and x2-directions,
respectively. For the 8 mm weld considered, the dimensions are; a = L
(NG)
x2=0 = 4
mm and b = 1.25 mm, while for the 3 mm weld the dimensions are; a = L
(NG)
x2=0 =
1.5 mm and b = 0.8 mm. In both cases it is assumed that L
(HAZ)
x2=0 /a = 1.2, with
subscript x2 = 0 indicating the dimension in the x1x3-plane.
4. Numerical procedure
The model is based on a total Lagrangian formulation of the ﬁeld equations (Bu-
diansky [30], Hutchinson [31]). Hence, the dynamic principle of virtual work can
be written in the reference state, in terms of the Lagrangian strain, ηij, and the
work conjugate Kirchhoﬀ stress, τ ij, as (12), by integrating over the volume, V ,
and surface, S, in the reference conﬁguration∫
V
τ ijδηij dV =
∫
S
T iδui dS −
∫
V
ρ
∂2ui
∂t2
δui dV (12)
Here,
ηij =
1
2
(
ui,j + uj,i + u
k
,iuk,j
)
(13)
and the contravariant components of the Kirchhoﬀ stress tensor, τ ij, are given
on the convected base vectors, while the surface tractions, T i, and displacements,
ui, are related to the reference coordinates. Furthermore, ( ),i denotes covariant
diﬀerentiation in the reference frame.
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Using the ﬁnite element method, the dynamic form of the principle of virtual
work (12) is discretized by 20 node isoparametric solid 3D elements and evaluated
by reduced Gauss integration. By lumping the mass matrix the system of equa-
tions is here decoupled and solved using a standard explicit Newmark β-method.
This dynamic approach has the advantage over a quasi static analysis that no
stiﬀness matrix is needed. The computation time in each increment is thereby
reduced. Under slow loading, the dynamic method accounting for inertia gives a
very good approximation to the static solution. However, using the explicit dy-
namic method, the time increment size is limited to fulﬁll the Courant condition,
Δt ≤ Δtc. A high number of iterations is therefore often needed. Also, as a con-
sequence of the strong non-linearity in the elastic-viscoplastic material model (9),
even smaller time increments, Δt, are often required. By using the forward gradi-
ent method, suggested by Peirce et al. [32], for estimating the microscopic plastic
strain rate the time increment size may be increased. With this procedure incor-
porated the time increments are typically of the order Δt ≈ 0.1Δtc.
As the potential surface shrinks due to an increase in the damage parameter, f ,
one may experience numerical diﬃculties since the stress carrying capacity of an
element is reduced for f → ff . To deal with this the element vanishing technique
is applied (Tvergaard [33]). Damage development in a given Gauss point reaching
f = 0.9ff is here turned oﬀ, while a given element is killed when three of eight
Gauss points have been turned oﬀ (Tvergaard and Needleman [34]). Hence, the
material follows the Gurson model, including the coalescence model (2), up to
an almost complete loss of stress carrying capacity, at f = 0.9ff . The remaining
forces on the neighbouring elements are at this point so small that they may be
stepped down in the following 50 increments without inﬂuencing the response.
This procedure is widely used in the literature, but also other procedures have
been suggested (Benzerga [35], Pardoen and Hutchinson [36], Scheyvaerts [37]).
For modelling the welded shear-lab specimen, some simpliﬁcation in the geom-
etry of the weld region is made, as in Nielsen [7]. Especially near the nugget of
the spot weld, where a smooth rounding (notch radius), R, is introduced to avoid
numerical diﬃculties, Fig. 4. Furthermore, the indentation of the electrode is
accounted for as a circular indent with the width of the weld diameter, while the
dept of this indent is chosen equal to the introduced notch radius, R, Fig. 4. A
typical mesh of the shear-lab specimen, with 3 mm and 8 mm weld diameter, is
shown in Fig. 4. Here a ﬁne discretization is introduced in the regions experi-
encing signiﬁcant plastic straining. I.e. for the 3 mm weld a ﬁne discretization
is introduced in the nugget region in order to model the interfacial failure, while
only a ﬁne discretization of the HAZ is used for the 8 mm weld in order to model
the plug failure mode. For the 8 mm weld only a limited number of elements is
introduced in the nugget, since only minor deformations were predicted in this
region.
To reduce the computation time, symmetry boundary conditions are applied
at x3 = 0, while the specimens are considered clamped at the ends (x1 = L1), due
to the grips of the tensile machine. The boundary conditions for the shear-lab
10
specimen thereby takes the form
u1 = U˙Δt, u2 = 0, u3 = 0 at x1 = L1 (14)
u3 = 0, T 1 = 0, T 2 = 0 at x3 = 0 (15)
T i = 0, on remaining surfaces except the weld interface (16)
At the weld interface, anti-symmetry around the centerline of the spot weld (here
along the x3-axis), is assumed. Hence, only one quarter of the shear-lab specimen
is modelled, Fig. 4. The anti-symmetry conditions at the weld interface (all
nodes at x2 = 0) are here accounted for by a dynamic approach and introduced
through the internal forces in the specimen, as discussed in Nielsen [7]. The
results obtained by applying the anti-symmetry conditions at the weld interface
are identical to those obtained by solving the full anti-symmetric problem.
All specimens are loaded by prescribing a velocity in the x1-direction at the
specimen end (x1 = L1 mm). To avoid eﬀects of the material inertia, due to a
sudden prescribed displacement, a ramping of the velocity, U˙ , is applied, (Needle-
man and Tvergaard [38]), where tr is the ramping time and U˙0 is the prescribed
velocity.
U˙(t) = U˙0t/tr for t ≤ tr (17)
U˙(t) = U˙0 for t > tr (18)
5. Results
In the following, a comparison of the tensile response curves for the four material
models (A −D) is presented for both the plug failure and the interfacial failure
mode. The change in the tensile response is here linked to the evolution of
the ω0 parameter, hence the contribution to the total damage coming from the
shear modiﬁcation term (3). The total damage is divided into three diﬀerent
contributions, given by
fTotal = fGrowth + fNucleation + fModification (19)
where,
fGrowth =
∫
(1− f)Gij η˙pij dt (20)
fNucleation =
∫
Dε˙pM dt (21)
fModification =
∫
kωfω0
sij η˙pij
σe
dt (22)
Fig. 5 shows the zoom areas to be enlarged in the following illustrations. For plug
failure, the results are shown in the intersection plane at the symmetry condition
(x3 = 0), since this is where most plastic straining and damage development
occurs, Fig. 5a. For the interfacial failure, the largest eﬀect of the modiﬁcation
term is found near the outer surface of the weld nugget and the point of view is
therefore mainly from the side of the specimen, Fig. 5b.
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5.1. Ductile plug failure
As discussed in Nielsen [7] two types of failure modes may be observed for at
single spot weld under shear-lab testing. Depending on the specimen geometry, a
critical weld diameter may be found, where the failure mode changes from a plug
failure to an interfacial failure. Hence, for a suﬃciently large weld diameter plug
failure is observed. This is also seen in Fig. 6, showing a clear tendency towards
plug failure, since the material near the weld region undergoes signiﬁcant plastic
straining due to local thinning, Fig. 6c. Damage develops in this region due to
the applied plastic strain controlled nucleation law and the moderate level of the
stress triaxiality allowing void growth to occur, Fig. 6b. Damage then evolves
along the circumference of the weld, while ﬁnal failure begins in the thin region
in the mid-section of the specimen and evolves along the path outlined by the
initial damage, resulting in a plug failure. For the model (D) (original Gurson
model), in Fig. 6, a reasonable agreement with experimental observations may be
found in Nielsen [7].
As discussed by Pouranvari et al. [6] based on experimental observations, the
plug failure mode is govern by tensile stresses. Hence, only a limited eﬀect of
the shear modiﬁcation term should be present for this failure mode. However,
by applying the shear modiﬁcation of Nahshon and Hutchinson [1] and letting
kω take the maximum value suggested (model (A)), a signiﬁcant inﬂuence on the
tensile response is found in Fig. 7. This large eﬀect on the tensile response is due
to the localization of plastic ﬂow and the evolution of ω(σ). As the weld rotates
due to the stretching of the specimen, localization develops near the weld, leading
to void nucleation. The localization enhances the constraint on the plastic ﬂow
and a stress state corresponding to high values of ω(σ) builds up, Fig. 8. Values
in the range of ω(σ) ≈ 0.7−0.9 are observed in the region of localization, Fig. 8c,
which combined with the nucleation of voids, leads to a large contribution from
the modiﬁcation term, on the order of 40-50% of the total damage at coalescence,
Fig. 8b. By comparing Fig. 6a and 8a it is seen that this naturally leads to more
localized damage development in the thin-region. The coalescence condition is
thereby reached much earlier, leading to the early loss in load carrying capacity
seen in the tensile curve, Fig. 7.
However, considering Fig. 6b the stress triaxiality in the thin-region is seen
to be moderately high (T ≈ 0.6) and the material is therefore not under pure
shearing. Only a limited contribution from a shear modiﬁcation should therefore
be expected. Applying the suggested extension (6) (model (B) or (C)) to the
problem of modelling the plug failure mode, one ﬁnds that the eﬀect of the shear
modiﬁcation is limited to occur only in regions of very low stress triaxiality. Us-
ing model (B) and (C), respectively, the ω0 parameter may be altered as seen
by comparing Fig. 8c and Figs. 9a and 10a. Letting the function Ω(T ) interpo-
late between [T1, T2] = [0, 0.5] (model (C)) one ﬁnds that almost no contribution
from the modiﬁcation term is present in the thin-region, since ω0 remains close
to zero, Fig. 10a. This may also be seen from the tensile response curve in Fig. 7,
where the prediction of model (C) almost coincides with the results of the orig-
12
inal Gurson model, (model (D)). A somewhat larger eﬀect of the modiﬁcation
term is seen to occur when interpolating between [T1, T2] = [0.2, 0.7] (model (B)),
since larger values of the ω0 parameter are present in the thin-region. However,
the additional damage development is relatively limited, Fig. 9b, which is also
reﬂected in the tensile response curve, Fig. 7. By introducing the dependence
of the stress triaxiality in the ω0 parameter, one may thereby model the ductile
plug failure, using the same material properties found to be in reasonable agree-
ment with experimental results in Nielsen [7]. The proposed simple extension to
the shear modiﬁcation of Nahshon and Hutchinson [1] is thus found to eﬃciently
counteract the too large eﬀect predicted at the moderate stress triaxiality levels
occurring during the plug failure mode. Furthermore, using the suggested exten-
sion, evolutions similar to those of the original Gurson model were found for the
total damage, f , the stress triaxiality, T = σkk/(3σe), and the plastic straining,
εpM , Fig. 6.
5.2. Interfacial shear failure
In most industries, the plug failure mode is considered to be the only acceptable
failure mode of a RSW under shear-lab testing. However, interfacial failure under
shearing of the weld nugget may occur (VandenBossche [39], Smith [40], Pouran-
vari et al. [6]). As discussed by VandenBossche [39] the change in failure mode
occurs due to two competing mechanisms. At some critical weld diameter the
load needed for an interfacial failure drops below the load for ductile plug failure
in the HAZ. Applying a too small weld diameter for a given shear-lab specimen
may thereby lead to an unwanted interfacial failure, even for a defect free spot
weld (Pouranvari et al. [6]). However, a range of geometric parameters may have
an inﬂuence on the critical transition radius, where the failure mode changes from
a plug failure to an interfacial shear failure. As e.g. discussed in Nielsen [8], the
specimen width may be shown to have a large eﬀect on both the ultimate tensile
shear force, TSF , and the associated displacement, uTSF . For increasing speci-
men width, a drop in uTSF was observed, while the TSF was found to increase,
leading to a decrease of overall ductility for the shear-lab specimen. Keeping the
specimen dimensions constant and lowering the weld diameter, a switch to the
interfacial failure mode is observed. For the specimen analyzed, this was observed
to be the case for a weld diameter of 2a = 3 mm.
As discussed, the interfacial failure mode is dominated by shearing where the
Gurson model is not able to predict failure by void growth to coalescence. This
is also seen from Figs. 11-12, where the tensile response curves; the total damage,
f , the stress triaxiality, T = σkk/(3σe) and the microscopic plastic strain, ε
p
M , are
shown for model (D) in the case of 2a = 3 mm. The level of stress triaxiality is
here seen to be low, on the order of T = 0.1−0.2, Fig. 12b, so the stress and strain
states in the weld nugget are dominated by shearing. This may also be seen from
Fig. 12a, where the total damage only slightly exceeds the volume fraction of the
damage to be nucleated, fN , indicating that limited void growth occurred. This
is reﬂected in the tensile response curve, Fig. 11, where a complete loss of load
carrying capacity is never reached. However, signiﬁcant localization of plastic
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ﬂow occurs. At an advanced state of the deformation numerical diﬃculties were
encountered due to the squeezing of elements in the region encircled in Fig. 12
and the simulation was stopped.
Introducing the shear modiﬁcation (model (A)) to the problem of modelling
the interfacial failure, one ﬁnds that void nucleation is followed by an increase
in the damage parameter, leading to a complete loss of load carrying capacity,
Fig. 11. This is due to ω0 > 0 in the regions of plastic localization, Fig. 13c. As
plastic localization occurs, large values of the ω(σ) parameter build up in the weld
nugget, with values close to the maximum level in the region of intense shearing,
while lower values are found outside this region, Fig. 13c. This may also be seen
form Fig. 13b, where the contribution to the total damage development is shown
for model (A). Comparing Figs. 13a and 13b, the shear modiﬁcation term is
here seen to be the main contribution to the total damage and furthermore to be
localized in the band of intense shearing. However, some damage development
occurs in the notch to the right in the specimen. This is due to some nucleation
of voids, which are allowed to develop due to the high values of ω(σ) and the
moderate level of stress triaxiality.
From the 3D images in Fig. 13, damage development is seen to be concentrated
near the outer surface of the nugget (near x1 ≈ 1 and x3 ≈ a, in Fig. 4). This
is due to the loading condition on the weld coming from the stretched shear-
lab specimen. As the tensile force on the specimen increases, the weld interface
slightly rotates and large plastic straining starts to build up on the outer surface
of the nugget. Hence, due to the plastic strain controlled nucleation the shear
modiﬁcation term becomes active, as f becomes non-zero. Also, it is seen from
Figs. 13a-b that both the total damage and the contribution from the shear
modiﬁcation spread some distance into the weld nugget, again due to the void
nucleation. However, only very little void nucleation takes place in the center of
the weld and limited contribution from the shear modiﬁcation term is therefore
present. In the case of a material with an existing initial void volume fraction and
no nucleation, a change in the damage development might therefore be observed.
Due to the high values of ω(σ) found in large regions of the weld interface, Fig. 13c,
the modiﬁcation will give rise to damage when f 	= 0.
When the extension (6) is applied to model the interfacial failure mode, rather
little eﬀect is seen in the tensile response curves, Fig. 11, as intented for a state
of low stress triaxiality. Especially this is true for model (B), where the ten-
sile response almost coincides with the response of the model by Nahshon and
Hutchinson [1] (model (A)). Comparing Figs. 13c and 14a, it is seen that this
agrees well with the evolution of ω0 = ω(σ)Ω(T ), since similar bands of high
values are found on the outer surface of the weld nugget. Close to identical levels
of the additional damage from the shear term thereby occurs, Figs. 13b and 14b.
It is seen from Fig. 14a (model (B)) that only a limited level of ω0 is present
outside the band of shearing, which is due to the elevated stress triaxiality levels
in these regions. This eﬀect is even more pronounced for model (C), Fig. 15a,
since the interpolation function Ω(T ) here starts at a lower value (T1 = 0). Only
14
limited levels of ω0 is thereby found outside the shear band, while the band of
high values is seen to be only slightly aﬀected. This is reﬂected in the damage
contribution from the shear modiﬁcation, Fig. 15b, and thus in the tensile re-
sponse curve, Fig. 11. Since a slightly lower level of ω0 occurs for model (C), a
slower development of the damage due to the shear term appears. A higher load
carrying capacity of the specimen should therefore be expected for the model (C),
which also agrees well with Fig. 11.
Comparing Figs. 7 and 11, showing the tensile curves of the plug failure and
shear failure mode, respectively, the intended eﬀect of the proposed extension
is seen to be obtained. As ductile plug failure occurs under moderate levels of
stress triaxiality, the low values of [T1, T2] in the interpolation function delay
the evolution of the shear term, leading to later void coalescence. The uTSF is
thereby increased to the level predicted by the original Gurson model. On the
other hand, interfacial shear failure occurs under very low stress triaxiality, hence
maximum eﬀect from the shear term is needed in order to model this failure mode.
Therefore, rather little eﬀect from the extension should be present. However, the
choice of [T1, T2] for the interpolation function is seen to shift the tensile curve a
little. The models (B) and (C) here represent two choices of the parameters T1
and T2, where (C) nearly coincides with the prediction of the Gurson model for
plug failure, but not for the interfacial failure, while (B) nearly coincides with
the prediction of the Nahshon and Hutchinson [1] modiﬁcation for shear failure,
but not for the plug failure.
The ﬁrst reason to reconsider the Gurson model analyses of Nielsen [7] by
now using the model by Nahshon and Hutchinson [1] is that the model used in
[7] could not predict the transition to interface shear failure as the spot weld
radius was reduced. But this transition is essential to analyzing the strength of
the weld. The expected eﬀect is clearly illustrated in Fig. 11. But the specimen
is a complex geometry with large rotations during the failure process, and Fig. 7
shows the somewhat unexpected result that also for plug failure much earlier
fracture is predicted when using the model of [1]. But, with the small extensions
(6) the predictions are again very close to those of the Gurson model. These
ﬁndings, together with the detailed explanations on page 7 of the reasons for the
extensions, give a much improved understanding of the mechanisms controlling
plug failure of a spot weld.
5.3. Eﬀect of the notch radius near the nugget
Applying the suggested extension of the shear modiﬁed Gurson model, the eﬀect
of the introduced notch radius, R, near the nugget in Fig. 4, is studied for both
the plug failure and the interfacial failure mode. To limit the mesh dependency
of the FE-model, the element size is ﬁxed in the regions of plastic localization
for both specimen geometries. Using model (B) for this parametric study, a
good agreement with the tensile response should be obtained for the plug failure
predicted by the original Gurson model (D), Fig. 7, and the interfacial failure
predicted by the Nahshon-Hutchinson model (A), Fig. 11. Fig. 16 presents the
results for both failure modes, which clearly show the diﬀerence in tensile response
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for the two weld dimensions considered. By applying the smaller notch radius
(R = 0.125mm), the overall specimen stiﬀness is found to increase for both weld
dimensions. This is due to the lowered eccentricity of the applied tensile force as
R is lowered, which lowers the moment that makes the weld rotate. As is seen in
Fig. 4, the numerical model applied here assumes a distance 2R between the two
plates bonded by the spot weld. No signiﬁcant increase of the ultimate tensile
shear force, TSF , is found for any of the failure modes.
As seen from Fig. 16, the displacement at failure, uTSF , is found to decrease
for the smaller notch radius (R = 0.125mm) in the case of a = 1.5mm where
interfacial failure occurs. This is partly due to more localized shearing in the
weld nugget, since the total height of the region where plastic localization occurs
is lowered, but the smaller value of R also gives a increased stress concentration
at the edge of the nugget, which promote earlier damage. If the material expe-
riences approximately the same shear strain at failure for both radii, a smaller
transverse displacement should naturally be the result when lowering the total
height. However, for the plug failure mode (a = 4mm) an increase of the dis-
placement at failure, uTSF , is observed for smaller R. This may partly be linked
to the lowered eccentricity of the tensile force and the slightly delayed rotation
of the spot weld, which again delays the plastic localization and increased stress
triaxiality in region of thinning. For the plug failure mode a conservative predic-
tion of the displacement at failure is thereby obtained if the notch radius, R, is
chosen too large.
6. Discussion
It is well known that the Gurson model (Gurson [11], Tvergaard [13]) cannot
describe ductile failure evolution in ranges where the stress triaxiality is near
zero or even negative. Therefore, Nahshon and Hutchinson [1] suggested adding
an extra term to the expression for the void growth rate, which allows for the
prediction of fracture in pure shear, but which is not directly based on micro-
mechanisms of void deformations. The micro-mechanisms for void failure in a
shear ﬁeld have recently been analysed in Tvergaard [20]. In a numerical study
of tensile test specimens cut out across friction stir welded aluminium, Nielsen
and Tvergaard [10] have found that the extra damage term added by Nahshon and
Hutchinson [1] has the expected eﬀect of promoting fracture at the moderate levels
of stress triaxiality that occur in these test specimens. The further modiﬁcation
of the material model proposed in the present paper, to only use the extra damage
term in a range of low stress triaxialities, is due to the fact that the void based
ductile fracture models are known to function well at higher stress triaxialities.
In the case of spot welded shear-lab specimens it has been found by Nielsen
[7] that the plug failure for suﬃciently large spot weld diameter is rather well
described by the Gurson model, whereas the interface failure at smaller weld
diameter cannot be described. Therefore, the interface failure mode is well suited
for a test of the modiﬁed material models, and the tensile curves in Fig. 11
show clearly the diﬀerence in predictions. The modiﬁed models do predict the
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expected shear failure evolution. Here, nearly all failure occurs in material regions
completely dominated by shear deformations at low stress triaxilities, so that the
modiﬁed material model from Nahshon and Hutchinson [1] and the additional
modiﬁcations (models (B) and (C)) proposed in the present paper lead to nearly
the same predictions of failure.
Although the plug failure for larger spot weld diameter was well described
in the 3D numerical analyses using the Gurson model (Nielsen [7]), the tensile
curves in Fig. 7 show that much earlier failure is predicted when the extra damage
term from Nahshon and Hutchinson [1] is included in the material model. The
reason for this diﬀerence is that the additional damage term becomes important
even though the stress triaxiality is moderately high in the region where the
fracture zone develops. With the additional modiﬁcations to this extra damage
term (models (B) and (C)) the predictions in Fig. 7 diﬀer only little from that
of the Gurson model. Thus, the additional modiﬁcation introduced in (6) has
the desired eﬀect that in a region of low stress triaxiality it allows for the full
inﬂuence of the extra damage term from Nahshon and Hutchinson [1], while in a
region of higher stress triaxiality it limits the inﬂuence of the extra damage term
so that the Gurson model dominates.
The value of the notch radius, R, introduced in the model for numerical con-
venience (Fig. 4) has some inﬂuence on the predicted failure response, as shown in
Fig. 16. For the interface failure mode the eﬀect of R on the stress concentrations
at the notch plays a role. For both failure modes there is a noticeable eﬀect of
the distance 2R introduced between the bonded plates.
7. Acknowledgement
The work is ﬁnancially supported by the Danish Technical Research Council in a
project entitled ”INNOJoint - Innovative Joining Processes Applying Integrated
Modelling”.
References
[1] K. Nahshon and J.W. Hutchinson. Modiﬁcation of the Gurson model for
shear failure. European J. Mech., 27:1–17, 2008.
[2] W. Zhang, H.H. Jensen, and N. Bay. Finite element modeling of spot weld-
ing similar and dissimilar metals. 7th International conference on computer
technology in welding, pages 364–373, 1997.
[3] A. Hasanbas¸ogˇlu and R Kac¸ar. Microstructure and Property Relationships in
Resistance Spot Weld between 7114 Interstitial Free Steel and 304 Austenitic
Stainless Steel. J. Mater. Sci. Techn., 22:375–381, 2006.
[4] P. Marashi, M. Pouranvari, S. Amirabdollahian, A. Abedi, and M. Goodarzi.
Microstructure and failure behavior of dissimilar resistance spot welds be-
tween low carbon galvanized and austenitic stainless steels. Mater. Sci. Eng.
A, 480:175–180, 2008.
17
[5] AWS. Recommended Practices for Resistance Welding. AWS - American
Welding Society, C1.1M/C1.1:2000, 2000.
[6] M. Pouranvari, H.R. Asgari, M. Mosavizadch, P.H Marashi, and
M. Goodarzi. Eﬀect of weld nugget size on overload failure mode of re-
sistance spot welds. Sci. Techn. Weld. Join., 12:217–225, 2007.
[7] K.L. Nielsen. 3D Modelling of Plug Failure in Resistance Spot Welded Shear-
lab Specimens (DP600-Steel). Int. J. Fracture, 153:125–139, 2008.
[8] K.L. Nielsen. 3D Modelling of Plug Failure in Resistance Spot Welded Shear-
lab Specimens (DP600-Steel). Proceedings of the 12th International Confer-
ence of Fracture, ICF12, 2009.
[9] X. Sun, E.V. Stephens, and M.A. Khaleel. Eﬀects of fusion zone size and
failure mode on peak load and energy absorption of advanced high strength
steel spot welds under lap shear loading conditions. Eng. Failure Analysis,
15:356–367, 2008.
[10] K.L. Nielsen and V. Tvergaard. Eﬀect of a shear modiﬁed Gurson model on
damage development in a FSW tensile specimen. Int. J. Solids Structures,
46:587–601, 2009.
[11] A.L. Gurson. Continuum theory of ductile rupture by void nucleation and
growth. I. Yield criteria and ﬂow rules for porous ductile media. J. Eng.
Mater. Techn., 99:2–15, 1977.
[12] V Tvergaard and A. Needleman. Analysis of the cup-cone fracture in a round
tensile bar. Acta Mater., 32:157–169, 1984.
[13] V. Tvergaard. Material Failure by Void Growth to Coalescence. Adv. App.
Mech., 27:83–151, 1990.
[14] V. Tvergaard. Numerical study of localization in a void-sheet. Int. J. Solids
Structures, 25:1143–1156, 1988.
[15] M. Gologanu, J.B Leblond, G. Perrin, and J Devaux. Recent extensions of
Gurson’s model for porous ductile metals. In Continuum Micromechanics.,
Springer-Verlag, Berlin, pages 61–106, 1997.
[16] T. Pardoen and J.W. Hutchinson. An extended model for void growth and
coalescence. J. Mech. Phys. Solids., 48:2467–2512, 2000.
[17] I. Barsoum and J. Faleskog. Rupture mechanisms in combined tension and
shear - Experiments. Int. J. Solids Structures., 44:1768–1786, 2007.
[18] C.C. Chu and A. Needleman. Void nucleation eﬀects in biaxially stretched
sheets. J. Eng. Mater. Techn., 102:249–256, 1980.
18
[19] Z. Xue, M.A. Pontin, F.W. Zok, and J.W. Hutchinson. Calibration Proce-
dures for a Computational Model of Ductile Fracture. Eng. Frac. Mech. (To
appear), 2009.
[20] V. Tvergaard. Shear deformation of voids with contact modelled by internal
pressure. Int. J. Mech. Sci., 50:1459–1465, 2008.
[21] V. Tvergaard. Behaviour of voids in a shear ﬁeld. Int. J. Frac., 158:41–49,
2009.
[22] M. Anastassiou, M. Babbit, and J.L. Lebrun. Residual Stresses and Mi-
crostructure Distribution in Spot-welded Steel Sheets: Relation with Fatigue
Behaviour. Mater. Sci. Eng., A125:141–156, 1990.
[23] I.N. Ranjbar, S. Serajzadeh, and A.H. Kokabi. Simulation of welding residual
stresses in resistance spot welding, FE modeling and X-ray veriﬁcation. J.
Mater. Process. Techn., 205:60–69, 2008.
[24] V. Tvergaard. Inﬂuence of voids on shear band instabilities under plane
strain conditions. Int. J. Fracture, 17:389–407, 1981.
[25] V. Tvergaard. On localization in ductile materials containing spherical voids.
Int. J. Fracture, 18:237–252, 1982.
[26] M. Sarwar and R. Priestner. Inﬂuence of ferrite-martensite microstructural
morphology on tensile properties of dual-phase steel. J. Mater. Sci., 31:
2091–2095, 1996.
[27] E. Ahmad, M. Tanvir, A. Kanwar Liaqat, and J.I Akhter. Eﬀect of microvoid
formation on the tensile properties of dual-phase steel. J. Mater. Eng. Perf.,
9:306–310, 2000.
[28] D. Lassance, Fabrgue D., F. Delannay, and T. Pardoen. Micromechanics of
room and high temperature fracture in 6xxx Al alloys. Prog. in Mater. Sci.,
52:62–129, 2007.
[29] K.R. Pedersen and A. Harthøj. Analysis and modelling of microstructure
and hardness in resistance welded steel (In danish). Bachelor project at IPL
- DTU, Supervised by Prof. N. Bay., Prof. M.A.J. Somers, Ph.D. W. Zhang
and M.Sc. K.L. Fris., No.MM08.02, 2008.
[30] B. Budiansky. Remarks on Theories of solid and structural Mechanics. Har-
vard University, SIAM, pages 77–83, 1964.
[31] J. Hutchinson. Finite Strain analysis of Elastic-Plastic solids and structures.
Harvard University, AMD, 6:17–29, 1973.
[32] D. Peirce, C.F Shih, and A. Needleman. A tangent modulus method for rate
dependent solids. Comp. and Struc., 118:875–887, 1984.
19
[33] V. Tvergaard. Inﬂuence of void nucleation on ductile shear fracture at a free
surface. J. Mech. Phys. Solids., 30:399–425, 1982.
[34] V. Tvergaard and A. Needleman. 3D analyses of the eﬀect of weld orientation
in Charpy specimens. Eng. Frac. Mech., 71:2179–2195, 2004.
[35] A. Benzerga. Micromechanics of coalescence in ductile fracture. J. Mech.
Phys. Solids., 50:1331–1362, 2002.
[36] T. Pardoen and J. Hutchinson. Micromechanics-based model for trends in
toughness of ductile metals. Acta Materialia, 51:133–148, 2003.
[37] F. Scheyvaerts. Multiscale modelling of ductile fracture in heterogeneous
metallic alloys. PhD Thesis, Universite´ catholique de Louvain, 2009.
[38] A. Needleman and V. Tvergaard. A micromechanical analysis of ductile-
brittle transition at a weld. Eng. Frac. Mech., 62:317–338, 1999.
[39] D.J VandenBossche. Ultimate Strength and Failure Mode of Spot Welds in
High Strength Steels. Society of Automotive Engineers, Inc., 770214, pages
1–12, 1977.
[40] R.A. Smith. Sizing of spot welds by elastic/plastic analysis. Proceedings of
the 3rd Colloquium of fracture, ECF 3, pages 49–56, 1980.
20
8. Figures and captions
0 0.166 0.333 0.5 0.666 0.833 1
0
0.2
0.4
0.6
0.8
1
(A)
(B)
(C)
σIII/σI = 0
σII/σI
ω
0
T = σkk/(3σe)
0.333 0.419 0.504 0.577 0.629 0.659 0.666
(a)
−1 −0.666 −0.333 0 0.333 0.666 1
0
0.2
0.4
0.6
0.8
1
(A), (B)
(C)
σIII/σI = −1
σII/σI
ω
0
T = σkk/(3σe)
−0.166 −0.120 −0.063 0 0.063 0.120 0.166
(b)
Figure 1: For the three models involving ω0, the eﬀect of the interpolation function Ω(T )
is shown as function of σII/σI and corresponding stress triaxiality for, (a) plane stress ten-
sion (σIII/σI = 0, σI > 0), (b) a shear state combined with a transverse stress component
(σIII/σI = −1, σI > 0).
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Figure 2: Variation of ω0 in principal stress space for model (C), (σI > 0).
Figure 3: Cross-section in x1x2-plane showing the approximated yield stress proﬁle and the
positions of lines L1 and L2.
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Figure 4: Typical mesh for 3D shear-lab specimen with 2W = 25mm, t = 1.5mm, R = 0.25mm,
a) Total mesh for 8mm diameter spot weld. Discretization and yield stress variation (in MPa)
for a b) 8mm diameter weld (element size in region of failure is 80 − 90μm, d.o.f. = 200643),
c) 3mm diameter weld (element size in region of failure is 50− 60μm, d.o.f. = 368805).
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Figure 5: Examples of modelled shear-lab specimens for a) the plug failure mode and b) the
interfacial failure mode, showing the zoom areas for the following illustrations.
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Figure 7: Modelled tensile curves for single spot welded shear-lab specimen with a = L
(NG)
x2=0 =
4mm, L
(HAZ)
x2=0 /a = 1.2, b = 1.25mm, t = 1.5mm and 2w = 25mm, using the four models for ω0
(see Eq. (7)). In all cases ductile plug failure was predicted.
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Figure 9: Plug failure of single spot welded shear-lab specimen with a = L
(NG)
x2=0 = 4mm,
L
(HAZ)
x2=0 /a = 1.2, b = 1.25mm, t = 1.5mm and 2w = 25mm, for model (B) (kω = 3, [T1, T2] =
[0.2, 0.7]), showing curves of constant, a) Parameter ω0 = ω(σ)Ω(T ), b) Contribution to damage
from the modiﬁcation, fModification.
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Figure 10: Plug failure of single spot welded shear-lab specimen with a = L
(NG)
x2=0 = 4mm,
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(HAZ)
x2=0 /a = 1.2, b = 1.25mm, t = 1.5mm and 2w = 25mm, for model (C) (kω = 3, [T1, T2] =
[0, 0.5]), showing curves of constant, a) Parameter ω0 = ω(σ)Ω(T ), b) Contribution to damage
from the modiﬁcation, fModification.
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Figure 11: Modelled tensile curves for single spot welded shear-lab specimen with a = L
(NG)
x2=0 =
1.5mm, L
(HAZ)
x2=0 /a = 1.2, b = 0.8mm, t = 1.5mm and 2w = 25mm, using the four diﬀerent
models for ω0 (see Eq. (7)). Indication of interfacial failure was observed in all cases.
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Figure 13: Shear failure of single spot welded shear-lab specimen with a = L
(NG)
x2=0 = 1.5mm,
L
(HAZ)
x2=0 /a = 1.2, b = 0.8mm, t = 1.5mm and 2w = 25mm, for model (A) (kω = 3), showing
curves of constant a) Total damage, f , b) Damage contribution from the modiﬁcation term
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Figure 15: Shear failure of single spot welded shear-lab specimen with a = L
(NG)
x2=0 = 1.5mm,
L
(HAZ)
x2=0 /a = 1.2, b = 0.8mm, t = 1.5mm and 2w = 25mm, for model (C) (kω = 3, [T1, T2] =
[0, 0.5]), showing curves of constant, a) Parameter ω0 = ω(σ)Ω(T ), b) Damage contribution
from the modiﬁcation term fModification.
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The plug failure modes of resistance spot welded shear-lab and cross-tension test specimens are studied,
using recent extensions to the Gurson model. A comparison of the predicted mechanical response is pre-
sented when using either: (i) the Gurson–Tvergaard–Needleman model (GTN-model), (ii) the shear-mod-
iﬁed GTN-model by Nahshon and Hutchinson that also describes damage development at low triaxiality
(NH-model) or (iii) the Gologanu–Leblond–Devaux model (GLD-model) accounting for non-spherical
void growth. The failure responses predicted by the various models are discussed in relation to their
approximate description of the nucleation, growth and coalescence of microvoids. Using the void shape
factor of the GLD-model, a simple approach for approximating void nucleation by either particle fracture
or particle–matrix decohesion is applied and a study of the subsequent void shape evolution is presented.
The models are applied to predict failure of specimens containing a fully intact weld nugget as well as a
partly removed weld nugget to address the problems of shrinkage voids or larger weld defects. All anal-
ysis are carried out by full 3D ﬁnite element modelling.
 2009 Elsevier B.V. All rights reserved.
1. Introduction
To model the complex mechanisms leading to ductile failure, a
family of micro-mechanical damage models, relying on the work
initiated by Gurson [1], has been developed (see e.g. Tvergaard
and Needleman [2], Tvergaard [3], Gologanu et al. [4], Pardoen
and Hutchinson [5], Benzerga et al. [6], Nahshon and Hutchinson
[7], Nielsen and Tvergaard [8], Scheyvaerts et al. [9]). Based on
an upper-bound solution for voids on the micro-level Gurson [1],
formulated a macroscopic yield surface for porous materials, using
only the void volume fraction, f, to approximately account for dam-
age development. Adjustments to this approximated yield surface
were later suggested by Tvergaard [10,11], to better represent
the material response predicted by numerical cell model studies.
The original Gurson model largely overestimates the critical strain
for the loss in stress carrying capacity due to coalescence of neigh-
bouring voids in real materials (or cell model studies). To approx-
imately account for this mechanism, Tvergaard and Needleman [2]
modiﬁed the Gurson model, making the model attractive for the
scientiﬁc community as well as for industrial applications (see also
Tvergaard [3]). Their rather simple modiﬁcations are probably the
most important in relation to engineering applications and the
model has become widely known as the Gurson–Tvergaard–
Needleman model (the GTN-model). The Gurson model was then
reformulated by Gologanu et al. [4], to account for the shape evo-
lution of spheroidal voids in a perfectly plastic material, while
extensions to strain hardening materials were introduced heuristi-
cally by Pardoen and Hutchinson [5]. Due to the higher level of
physics build into these later models, micro-mechanics based coa-
lescence models have been used here (Thomason [12], Pardoen and
Hutchinson [5], Scheyvaerts et al. [9]). These combined models
may be referred to as complete Gurson models (Zhang et al. [13]).
For zero mean stress (e.g. pure shear), no material failure is pre-
dicted by the Gurson model and its above extensions, even though
continued softening and fracture is known to occur (Barsoum and
Faleskog [14], Jodlowski [15]). To account for this, a phenomeno-
logical shear modiﬁcation has recently been introduced by
Nahshon and Hutchinson [7], and slightly modiﬁed in Nielsen
and Tvergaard [8] to better represent damage growth at elevated
stress triaxiality.
In the present study, failure evolution and tensile response
curves during destructive testing of resistance spot welded joints
are predicted by using four different Gurson type models: (i) the
Gurson–Tvergaard-Needleman model (GTN-model Gurson [1],
Tvergaard and Needleman [2], Tvergaard [3]), (ii) the shear-modi-
ﬁed GTN-model by Nahshon and Hutchinson [7], (iii) the extended
Nahshon–Hutchinson model suggested in Nielsen and Tvergaard
[8], or (iv) the Gologanu–Leblond–Devaux model accounting for
void shape evolution (Gologanu et al. [4], Pardoen and Hutchinson
[5]). Here, the commonly used shear-lab and cross-tension testing
techniques for single spot welded joints are considered. Both test
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specimens consist of two overlapping metal sheets, which are
welded together by a single spot weld in the mid-point of the over-
lap (AWS [16]). The load is then applied to stretch the specimens so
that plastic ﬂow localizes near the welded joint, which leads to
damage development and eventually failure. By applying the
Gologanu–Leblond–Devaux model, the predicted damage develop-
ment and void shape evolution is compared with earlier studies in
Nielsen [17], and Nielsen and Tvergaard [8], in which the three
other material models were used. Two different nucleation mech-
anisms are considered. Furthermore, the effect of a hole in the weld
nugget center is studied, since problems of shrinkage voids or lar-
ger defects may be encountered during the resistance spot welding
process. This was inspired by an experimental observation pre-
sented by Uijl and Smith [18], who drilled away part of the weld
nugget center to show that the outer circumference of a spot
welded joint carries the majority of the applied load. Hence, the
additional numerical studies are carried out by introducing a cylin-
drical hole through the center of the spot welded joint.
The paper is structured as follows. The constitutive models are
presented in Section 2, while their approximate description of
damage evolution is illustrate in Section 3 for homogeneous load-
ing conditions. Section 4 describes the numerical analysis and the
approximated material properties in the weld region. Section 5
presents the numerical results for the shear-lab and cross-tension
tests, as well as a parametric study on the effect of weld nugget de-
fects. The concluding remarks are given in Section 6.
2. Constitutive models
2.1. Gurson modelling
The damage models are here based on a total Lagrangian formu-
lationand implemented inanexplicit dynamicﬁnite element frame-
work (see Section 4). Hence, the dynamic principle of virtual work
can be written in the reference state, in terms of the Lagrangian
strain gij and the work conjugate Kirchhoff stress sij (Budiansky
[19], Hutchinson [20]), asZ
V
sijdgij dV ¼
Z
S
Tidui dS
Z
V
q
@2ui
@t2
dui dV ð1Þ
with,
gij ¼
1
2
ui;j þ uj;i þ uk;iuk;j
 
ð2Þ
Here, ðÞij and ðÞij denote the covariant and contravariant compo-
nents of a general tensor, respectively, and ðÞ;i denotes covariant
differentiation in the reference frame.
The Lagrangian strain rate is taken to be the sum of the elastic
and plastic contributions, _gij ¼ _gEij þ _gpij. In the elastic–viscoplastic
formulation, the plastic strain rate can be derived from the current
potential surface as
_gpij ¼ K
@U
@rij ; K ¼ ð1 f ÞrM _e
p
M r
ij @U
@rij
 1
ð3Þ
by applying the assumption of equal plastic work rates on the mac-
roscopic and microscopic level of the material (see Eq. (4))
rij _gpij ¼ ð1 f ÞrM _epM ð4Þ
Here, f is the void volume fraction, rM is the microscopic refer-
ence stress in the matrix material surrounding the voids, epM is the
corresponding microscopic plastic strain and rij are the contravari-
ant components of the macroscopic Cauchy stresses, describing the
average stress ﬁeld over the material. The microscopic plastic
strain rate is assumed governed by the power law in Eq. (5). Thus,
the material is represented as elastic–viscoplastic, following a
power hardening law:
_epM ¼ _e0
rM
gðepMÞ
 1=m
; gðepMÞ ¼ ry 1þ
EepM
ry
 N
ð5Þ
The elastic–viscoplastic formulation is used for the convenience
of the implementation, hence the strain rate hardening exponent,
m, is chosen small in order to limit the viscous material behaviour.
2.1.1. Gologanu–Leblond–Devaux model (non-spherical void growth)
The extended Gurson model, accounting for the shape evolution
of ellipsoidal voids, introduced by Gologanu et al. [4], may be writ-
ten as Eqs. (6)–(9), using the total Lagrangian formulation. Here, f
and S denote the void volume fraction and void shape factor,
respectively, with S ¼ lnðWÞ ¼ lnðR1=R2Þ, where, R1 is the ‘‘radius”
along the main cavity axis of the void and R2 ¼ R3 is the length
of the second axis. Thus, S > 0 corresponds to a prolate void, while
S < 0 is an oblate void.
The potential surface takes the form
U ¼ C B
2
0
r2M
þ 2qðg þ 1Þðg þ f Þ cosh j rh
rM
 
 ðg þ 1Þ2  q2ðg þ f Þ2 ¼ 0 ð6Þ
with
f ðf Þ ¼ f for f 6 fc
fc þ Kðf  fcÞ for f > fc

ð7Þ
where B20 ¼ 3s^ijs^ij=2 is the squared Mises reference stress of the cor-
rected stress deviators, s^ij ¼ sij þ grhXij, with sij being the deviatoric
part of the Cauchy stress tensor, rij, on the convected base vectors
and rh ¼ rijJij is the generalized hydrostatic stress. The yield surface
parameters (C; g; g; j; a1 and a2) depend on the void shape, S, as
well as the void volume fraction, f, and may be found in Gologanu
et al. [4], and Pardoen and Hutchinson [5], while q is given in
Appendix A. The rate of the void shape factor, _S, and the void vol-
ume growth rate, _f , may be written as
_f ¼ ð1 f ÞGij _gpij þD _epM ð8Þ
_S ¼ 3
2
ð1þ h1Þ _gpij 
1
3
GijG
kl _gpkl
 
Pijd þ h2Gij _gpij ð9Þ
where Gij is the metric tensor for the convecting frame, while the
parameter D in Eq. (8) is the coefﬁcient for the rate of nucleation
(see Section 2.2). The parameters h1 and h2, which are related to
the void shape evolution in Eq. (9), are given by
h1 ¼ 92
a1  aG1
1 3a1 ð1
ﬃﬃ
f
p
Þ2hT and h2 ¼ 1 3a1f þ 3a2  1 ð10Þ
Here, hT ¼ 1 0:555T2  0:045T4 þ 0:00200T6 which has been
adjusted by Pardoen and Hutchinson [5] for a power hardening
material with n ¼ 0:1 (and T ¼ rkk=ð3reÞ < 4).
The second order direction tensors J, X and Pd for the ellipsoidal
void are deﬁned by Gologanu et al. [4] as
Pd ¼ n1  n1 ð11Þ
J ¼ ð1 2a2Þn1  n1 þ a2ðn2  n2 þ n3  n3Þ ð12Þ
X ¼ 1
3
ð2n1  n1  n2  n2  n3  n3Þ ð13Þ
where ðn1;n2;n3Þ is the orthogonal basis specifying the orientation
of the void axes with respect to the reference frame, while  de-
notes the tensor product. In this study, the main cavity axis of the
voids is chosen to be in the direction of the ﬁrst covariant base vec-
tor, ~e1, of the convecting coordinate system, with respect to Fig. 3
(see Appendix B). Thus, the voids follow the ﬁrst axis of the convect-
ing coordinate system, hence the rotation and deformation of the
material, but remain axi-symmetric. The second order tensors (J,
X and Pd) referring to the reference frame may be transformed to
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the convected frame as Jij ¼ ~ei 	 J 	 ~ej; Xij ¼ ~ei 	 X 	 ~ej and
Pij ¼ ~ei 	 Pd 	 ~ej. Here, ~ei and ~ei are the covariant and contravariant
base vectors, respectively, for the convecting coordinate system.
2.1.2. Gurson–Tvergaard–Needleman model (spherical void growth)
The Gologanu–Leblond–Devaux model (in Section 2.1.1) re-
duces to the Gurson–Tvergaard–Needleman model (Gurson [1],
Tvergaard and Needleman [2]) for spherical voids ðS ¼ 0Þ, but with
q1 ¼ q and q2 ¼ 1. Hence, the yield surface parameters for Eq. (6)
write; C ¼ 1; g ¼ 0; g ¼ 0; j ¼ 3q2=2 and rh ¼ rkk=3, so that the
potential surface reduces to
U ¼ r
2
e
r2M
þ 2q1f  cosh
q2
2
rkk
rM
 
 1þ q21f 
	 
2h i ¼ 0 ð14Þ
where f  is given by Eq. (7) to account for the accelerated loss in
stress carrying capacity as void coalescence occurs. Keeping the
void aspect ratio constant ðS ¼ 0Þ, the void volume growth rate is gi-
ven by Eq. (8). All material parameters used in the current study are
presented in Table 1.
2.1.3. Extended Nahshon–Hutchinson model (shear contribution)
For zero or negative stress triaxiality the models developed by
Gurson [1], Tvergaard and Needleman [2], Tvergaard [3], and
Gologanu et al. [4] cannot predict failure by void growth to coa-
lescence. However, continued softening and fracture is known to
occur at low triaxiality shearing (Barsoum and Faleskog [14], Jod-
lowski [15]). In a recent study, Tvergaard [21,22] clearly illus-
trates this numerically as being due to the collapse, rotation
and coalescence of microvoids in a shear-ﬁeld. To mimic this soft-
ening mechanism, Nahshon and Hutchinson [7] recently intro-
duced a phenomenological modiﬁcation of the damage growth
rate, _f , to the Gurson–Tvergaard–Needleman model, which may
be written as
_f ¼ ð1 f ÞGij _gpij þD _epM þ kxfx0
sij _gpij
re
ð15Þ
with,
x0 ¼ xðrÞ ¼ 1 27J32r3e
 2
; J3 ¼
1
3
Gijskjsilslk ð16Þ
Hence, a continued increase of the last term in Eq. (15) takes
place, even at zero mean stress. However, since the model is purely
phenomenological, f should be considered either as an effective
void volume fraction or simply a damage parameter.
As discussed in Nielsen and Tvergaard [23], the shear modiﬁca-
tion in Eqs. (15) and (16) has a too large effect in some cases where
the stress triaxiality is rather high, since it is here reasonable to ex-
pect the micro-mechanically based growth model to give a sufﬁ-
ciently accurate description. A simple extension has therefore
been introduced in Nielsen and Tvergaard [8] to better represent
the damage development at moderate to high stress triaxiality.
The extension was introduced by letting the parameter x0 depend
on the level of the stress triaxiality, T ¼ rkk=ð3reÞ, so that
x0 ¼ xðrÞXðTÞ; with XðTÞ ¼
1 T < T1
ðT  T2Þ=ðT1  T2Þ T1 6 T 6 T2
0 T > T2
8><
>:
ð17Þ
where T1 < T2, while xðrÞ is given by Eq. (16). The interpolation
means that the model of Nahshon and Hutchinson [7] is used for
T 6 T1, while the Gurson–Tvergaard–Needleman model is used for
T P T2. Based on the study in Nielsen and Tvergaard [8], we here
use ½T1; T2 ¼ ½0; 0:5. (No attempt to introduce the shear modiﬁca-
tion in the model by Gologanu et al. [4] has been made.)
2.2. Void nucleation
Void nucleation is assumed to be plastic strain controlled, as
suggested by Chu and Needleman [24]. Hence, the nucleation rate
coefﬁcient in Eqs. (8) and (15) is give by
D ¼ f
ðeff Þ
N
sN
ﬃﬃﬃﬃﬃﬃ
2p
p exp 1
2
epM  eN
sN
 2" #
ð18Þ
For constant parameters, this nucleation law follows a normal
distribution with f ðeff ÞN being the effective void volume fraction to
be nucleated, sN is the standard deviation and eN is the mean nucle-
ation strain. In the GLD-model, however, since the nucleation pro-
cess takes place during an interval of plastic straining, a correction
for the evolving void shape may be introduced. Two approximate
nucleation mechanisms are considered, which are: (i) void nucle-
ation governed by particle–matrix decohesion with f ðeff ÞN ¼ fN and
W0 ¼ 1 (initially spherical voids, which is also the case for the
models with constant void shape) and (ii) void nucleation gov-
erned by fracture of particles in their equatorial planes with
f ðeff ÞN ¼ fNW=Wp and W0 ¼ 0:01 (Lassance et al. [25]). Here, Wp is
the shape of the particles which are take to be spherical ðWp ¼ 1Þ.
2.3. Void coalescence
For distinct differences in the void volume fraction, void shape
and stress/strain state, a noticeable difference in the critical state
at which void coalescence occurs, should be expected in reality.
Hence, efforts in developing a reliable coalescence criterion
depending on such state variables can be found in the literature
Thomason [12], Pardoen and Hutchinson [5], Scheyvaerts et al.
[9]. However, a constant critical void volume fraction, fc , is adopted
in the present study (see Table 1), to better illustrate the behaviour
of the various damage models. Also, the coalescence constant K in
Eq. (7), is assumed equal for all damage models (see Eq. (19),
Tvergaard and Needleman [2]).
K ¼ KðGTNÞ ¼ 1=q1  fc
f ðGTNÞf  fc
ð19Þ
Here, it can be shown that ff ¼ ðfU  fcÞ=K þ fc with fU ¼
ðg þ 1Þ=q g for the GLD-model (Jinkook et al. [26]), which follows
Table 1
Mechanical properties and damage parameters for the base material (DP600-steel),
based on ﬁtting the GTN-model to experimental uni-axial tensile test measurement
(Nielsen [17]).
Parameters Signiﬁcance Value
E Youngs modulus 210,000 (MPa)
m Poison ratio 0.3
q Mass density 7800 (kg/m3)
rðbÞy Yield stress of base material 370 (MPa)
_e0 Reference strain rate 0.0002 (s1)
N Strain hardening exponent 0.15
m Strain rate hardening exponent 0.005
qðGTNÞ1
GTN constant 1.5
qðGTNÞ2
GTN constant 1
fc Critical void volume fraction at
coalescence
8%
f ðGTNÞf
Final void volume fraction at failure 15%
f0 Initial void volume fraction 0
fn Void volume fraction to be nucleated 2%
en Mean nucleation strain 0.35
sn Standard deviation on void nucleation 0.11
W0 Initial void aspect ratio 0.01 (Particle
fracture)
1.0 (Decohesion)
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from the yield surface shrinking to a point in stress-space for f ! ff
B0
rM
¼ 0 for f ¼ ff
 
.
3. Approximated damage evolution at homogeneous loading
In the following, a comparison of the predicted damage evolu-
tion is presented for the different damage models. The evolution
of the void volume fraction, the void shape and orientation, is here
compared when subjecting the material to either (i) uni-axial plane
strain tension or (ii) plane strain simple shear. All mechanical
properties and damage parameters are here chosen to be constant
(see Table 1), while the initial void orientation is indicated in Figs.
1 and 2.
Fig. 1 shows the damage evolution during uni-axial plane strain
tension where the model by Nahshon and Hutchinson [7] gives
maximum contribution to damage, as discussed in Nielsen and
Tvergaard [23], even though the stress triaxiality is reasonable
high. Compared to the GTN-model, the NH-model thereby reaches
the coalescence criterion ðf ¼ fcÞmuch earlier (Fig. 1a), which leads
to failure at smaller strains. This is in contrast to the predictions by
the more complex micro-mechanics based GLD-model where later
failure is predicted for both void nucleation by particle fracture and
particle–matrix decohesion. The late failure for void nucleation by
particle fracture is, however, partly due to the lower void volume
fraction that nucleates. Hence, a larger dependence on void growth
is observed in this case. The associated void shape evolution pre-
dicted by the GLD-model is shown in Fig. 1b. Nucleated voids are
here stretched to a prolate shape without rotating, since the main
cavity axes of the voids are in the loading direction.
Fig. 2 shows the damage evolution at plane strain simple shear.
Only the model by Nahshon and Hutchinson [7] (including the
extension in Eq. (17)) predicts failure for this loading condition,
while none of the other models can predict failure by void growth
to coalescence. The failure predicted by the NH-model is, however,
purely phenomenological and is obtained by artiﬁcially increasing
the void volume fraction so that the coalescence criterion ðf ¼ fcÞ is
reached. However in reality, no increase in the void volume frac-
tion should be expected during intense shearing. This has recently
been shown by Tvergaard [21,22] in a cell model study, where the
softening mechanism in shear was found to be governed by the
Fig. 1. Damage evolution vs. average strain in uni-axial plane strain tension,
showing (a) the evolution of damage, f, predicted by the different models up to
coalescence ðfc ¼ 0:08Þ and (b) the evolution of the void aspect ratio, W, predicted
by the GLD-model.
Fig. 2. Damage evolution vs. average strain in plane strain simple shear, showing
(a) the evolution of damage, f, predicted by the different models up to coalescence
ðfc ¼ 0:08Þ and (b) the evolution of the void aspect ratio, W, predicted by the GLD-
model.
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interaction between neighbouring micro-cracks formed by the ﬂat-
tening and rotation of voids subject to shearing. As seen from Fig. 2,
only void nucleation occurs for the GTN-model ðfmax ¼ 0:02Þ, while
no growth was predicted since Gij _gpij ¼ 0. When, using the GLD-
model, the void shape continuously evolves during shearing (see
Fig. 2), which does affect the yield surface. Hence, assuming the
initial void orientation shown in Fig. 2a, slight void growth was
predicted initially for oblate voids ðW < 1Þ, when letting the void
follow the material rotation ðn1 ¼ ~e1Þ, even though the stress triax-
iality is zero. However, the void volume fraction was found to de-
crease as the voids became prolate ðW > 1Þ (Fig. 2b, Siruguet and
Leblond [27]). Hence, the coalescence criterion ðf ¼ fcÞ was never
reached for this model (Fig. 2a), where the voids develops towards
needle shapes.
4. Numerical analysis of spot welded test specimens
Based on the investigation in Nielsen [17], the cross-tension and
shear-lab specimens for this study consist of two 25 1:5 mm
plates, which are joined together with a single 8 mm diameter spot
weld, while a total length of 100 mm between the grips of the ten-
sile machine is used (L1 ¼ 50 mm in Fig. 1). The cross-tension spec-
imen is here loaded transverse to the specimen plates in the x2-
direction, while the shear-lab specimen is loaded along the plates
in the x1-direction (see Figs. 1 and 3).
4.1. Modelling approach
All studies are carried out in full 3D, using a ﬁnite element
implementation of the various damage models. Hence, for spatial
discretization 20 node isoparametric solid elements are applied
and evaluated by reduced Gaussian quadrature, while the time
integration is performed by a standard explicit Newmark b-proce-
dure. Very small time increments are used, due to the constraint
from the Courant condition ðDtcÞ or the strong non-linearity in
Eq. (5a). However, the critical time increment size is increased,
using the forward gradient method suggested by Peirce et al.
[28] (typically Dt  0:1Dtc), while a lumped mass matrix ensures
a low calculation time in each increment. Furthermore all models
are implemented to run in parallel by use of OpenMP (Sun Micro-
systems [29]) in order to lower the calculation time.
As discussed in Tvergaard [3], the potential surface of the
Gurson–Tvergaard–Needleman model shown in Eq. (14), shrinks
to a point in stress-space as f ! ff (see Fig. 2 forW ¼ 1). This is also
the case for the Gologanu–Leblond–Devaux model (see Fig. 2).
Hence, to limit numerical difﬁculties an element vanishing tech-
nique is applied as the limit f ¼ 0:9f f is reached (Tvergaard [11]).
4.1.1. Cross-tension test
For the cross-tension test specimen, symmetry conditions are
applied at x3 ¼ 0 and x1 ¼ 0 in Fig. 1a, while the specimens are con-
sidered clamped at the ends (x1 ¼ L1). The boundary conditions
thereby take the form
u1 ¼ 0; u2 ¼ _UDt; u3 ¼ 0 at x1 ¼ L1 ð20Þ
u3 ¼ 0; T1 ¼ 0; T2 ¼ 0 at x3 ¼ 0 ð21Þ
u1 ¼ 0; T2 ¼ 0; T3 ¼ 0 at x1 ¼ 0 ð22Þ
while Ti ¼ 0 on the remaining surfaces, except at the weld interface
where a rotational and anti-symmetric boundary condition is
Fig. 3. (a) Cross-tension specimen and (b) shear-lab specimen, for test of single spot welded joint (L1 ¼ 50 mm, w ¼ 12:5 mm, t ¼ 1:5 mm, a ¼ 4 mm), while a notch radius at
the weld nugget of R ¼ 0:25 mm is applied (Nielsen [17]). Mesh size in the region of failure is 
85—90 lm.
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applied. Following the dynamic approach described in Nielsen
[17],1 these boundary conditions can be introduced as; for two nodes
‘‘a” and ‘‘b” at the weld interface ðx2 ¼ 0Þ with positions xiðaÞ ¼ wijxjðbÞ,
we write
€uiðaÞ ¼ PiðaÞ=mðaÞ ¼ wijPjðbÞ=mðbÞ ¼ wij€ujðbÞ ð23Þ
where
PiðaÞ ¼ PiðaÞ þ wijPjðbÞ; PiðbÞ ¼ PiðbÞ þ wijPjðaÞ; with wij ¼
0 0 1
0 1 0
1 0 0
2
64
3
75
ð24Þ
Here, ðÞ refers to the full anti-symmetric mesh. Hence, in order
to fulﬁll the equation of motion, the masses of node ‘‘a” and ‘‘b”
should furthermore be corrected to hold the masses of the full
anti-symmetric mesh ðmðaÞ ¼ mðbÞ ¼ mðaÞ þmðbÞÞ. Using this ap-
proach only 1/8 of the cross-tension specimen is modelled (see
Fig. 1a).
4.1.2. Shear-lab test
As for the cross-tension test, symmetry conditions at x3 ¼ 0 and
clamping at x1 ¼ L1 is applied for the shear-lab specimens (see
Fig. 1b). The boundary conditions are
u1 ¼ _UDt; u2 ¼ 0; u3 ¼ 0 at x1 ¼ L1 ð25Þ
u3 ¼ 0; T1 ¼ 0; T2 ¼ 0 at x3 ¼ 0 ð26Þ
again with Ti ¼ 0 at the remaining surfaces, except at the weld
interface where anti-symmetry around the centerline of the spot
weld (along the x3-axis), is assumed. Hence, wii ¼ ½1;1;1 while
wij ¼ 0 for i – j in Eq. (24) (Nielsen [17]). Only one quarter of the
shear-lab specimen is thereby modelled (see Fig. 1b).
4.1.3. Prescribed load
All specimens are loaded by prescribing a velocity _U0. To limit
effects of the material inertia, due to a sudden prescribed displace-
ment, a ramping of the velocity in Eqs. (27) and (28) is applied
(Needleman and Tvergaard [30]).
_UðtÞ ¼ _U0t=tr for t 6 tr ð27Þ
_UðtÞ ¼ _U0 for t > tr ð28Þ
where tr is the ramping time.
4.2. Mapping of material properties
The yield stress variation in the weld region is accounted for by
use of the mapping in Nielsen [17], which is based on hardness
measurements. The nugget shape is here approximated by a gen-
eral ellipsoid in the x1x2-plane, with the ﬁrst axis along the radius
of the spot weld and the second axis in the x2-direction, while the
spot weld is assumed circular in the x1x3-plane. All other mechan-
ical properties and damage parameters are chosen to be constant
throughout the specimens (see Table 1). These are based on ﬁtting
the GTN-model to experimental tensile measurements of the base
material. By letting q1 and q2 for the GTN-model (in Eq. (14)) take
the values proposed by Tvergaard [10,11], only the nucleation
ðfn; en; snÞ and the coalescence ðfc; ff Þ parameters had to be approx-
imated. In the following, the estimated parameters remain ﬁxed for
all models and should be seen as effective values (see Table 1).
5. Results for spot welded test specimens
In the following, a comparison of the predicted failure and ten-
sile response curves are presented for the different damage mod-
els. The change in the tensile response is linked to the predicted
evolution of damage as well as the void shape. Fig. 5 shows one
half of the shear-lab specimen and the cross-tension specimen,
respectively, in a deformed state, with indication of the zoom areas
to be enlarged in the following. For both the shear-lab and the
cross-tension specimens, the results are shown in the intersection
plane ðx3 ¼ 0Þ, at the thin region close to the heat affected zone.
The tensile response is presented as the total load carried by the
weld vs. the total displacement of the specimen.
Based on the similarities between the two testing techniques,
the tensile response for the GTN-model is here used as reference,
since this has been found in a good agreements with experimental
observations during shear-lab testing in Nielsen [17]. However, it
should be clariﬁed that deviations from the GTN-model do not
make the various damage models less predictive, since this is
strongly coupled to the effective damage parameters estimated
for the GTN-model. Hence, all models can be corrected to ﬁt the
GTN-model predictions by re-identifying the damage parameters.
But, what is discussed is the difference in the predictions in rela-
tion to the damage model assumptions for ﬁxed parameters.
5.1. Shear-lab specimen with intact weld
During plug failure of single spot welded shear-lab specimens,
local thinning of the metal sheets occurs as plastic ﬂow localizes
near the heat affected zone (HAZ) at x3 ¼ 0, in the specimen legs
stretched by the applied load (see Figs. 7 and 8). Damage then
develops in this thin-region and evolves along the circumference
Fig. 4. Potential surface dependence on the generalized hydrostatic tension, rgh=rM , based on the Gologanu–Leblond–Devaux model (GLD-model) for various values of f ðf Þ
(Tvergaard [3]). For the GLD-model it can be shown that; ff ¼ ðfU  fcÞ=K þ fc and fU ¼ ðg þ 1Þ=q g. (Here keeping q ¼ 1.)
1 Erratum: in Nielsen [17] a wi is missing in Eq. (14), corresponding here to wij in Eq.
(23).
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of the weld, which eventually leads to failure/crack initiation near
the HAZ at x3 ¼ 0. This initial failure mode is of a tensile nature
(close to mode I crack opening), while the subsequent crack growth
gradually shifts to occur in mixed mode II/III loading as the crack
tip reached x3  a and x1  0, according to Fig. 3a. During this fail-
ure mode signiﬁcant rotation of the spot weld is observed, which
eventually leads to the tearing of the metal sheets (Nielsen [17]).
The predicted tensile response for the shear-lab specimen con-
taining a fully intact weld nugget is shown in Fig. 6 for the various
damage models. As discussed in Nielsen and Tvergaard [8], a signif-
icant inﬂuence on the tensile response is found for the NH-model
during the plug failure mode (see Fig. 6). This is due to an altered
stress state in the region of localization, which leads to an increase
of the xðrÞ-parameter, in Eq. (16), as well as a moderate level of
stress triaxiality (Nielsen and Tvergaard [8]). Combined with sig-
niﬁcant void nucleation in the thin-region, this leads to a rather
large contribution from the shear-term and thereby to more local-
ized damage development. The critical fc is thereby reached much
earlier, which gives the early loss in load carrying capacity seen in
Fig. 6. See also Fig. 1a, where similar results are found during
homogeneous loading at uni-axial plane strain tension.
Due to the tensile nature of the plug failure mode any effect
from a shear modiﬁcation should be limited. Hence, as described
in Section 2.1.3, a simple extension to the NH-model has been sug-
gested in Nielsen and Tvergaard [8] (the NH(e)-model), which was
found to effectively limit the shear-contribution during the plug
failure mode (see Figs. 6 and 1a).
Using the GLD-model, with approximated particle fracture
ðW0 ¼ 0:01Þ or particle–matrix decohesion ðW0 ¼ 1Þ, it is seen that
the nucleation clearly affects the damage development in the re-
gion of localization (see Fig. 7). For void nucleation governed by
particle fracture ðW0 ¼ 0:01Þ, a relatively low volume fraction of
voids will be nucleated, while the nucleated volume fraction is
much larger in the case of particle–matrix decohesion (keeping fN
constant). Hence, in the case of particle fracture, the damage devel-
opment more strongly depends on the void growth, before coales-
cence is reached (when fc is constant, see Fig. 7). This is also
reﬂected in the tensile curves where the assumption of particle
fracture leads to a later loss of load carrying capacity (see Figs. 6
and 1a).
In the case of particle fracture, the void shape was initially cho-
sen as W0 ¼ 0:01, corresponding to very oblate voids. As localiza-
tion, thus signiﬁcant plastic straining occurs, these voids start to
open (W increases) and eventually reach a spherical or even
slightly prolate shape in the region where coalescence ﬁrst takes
place. Outside this region only very limited damage development
is observed and the voids only slightly deviate from their initial
shape, W0. A somewhat similar observation is made in the case
of void nucleation by particle–matrix decohesion ðW0 ¼ 1Þ. How-
ever, the voids here remain spherical outside the thin-region, while
very prolate voids form in the region ﬁrst reaching coalescence.
Furthermore, it is clearly seen from Fig. 8 that the main cavity axis
of the voids rotates with the material, as intended.
5.2. Shear-lab specimen with partially removed weld nugget
Considering a shear-lab specimen containing a cylindrical hole
of radius r through the weld nugget center, the tensile responses
are found to be nearly identical up to r  2 mm, here corre-
sponding to r=a ¼ 0:5 (see Fig. 9a). Hence, as discussed by Uijl
and Smith [18], only a very limited effect of the weld nugget
a
b
Fig. 5. Modelled (a) shear-lab specimen and (b) cross-tension specimen, showing the zoom areas for the following illustrations.
Fig. 6. Predicted tensile response for single spot weld shear-lab specimen. Here,
using the Gurson–Tvergaard–Needleman model (GTN-model), the Nahshon–
Hutchinson model (NH-model), the extended Nahshon–Hutchinson model
(NH(e)-model) and the Gologanu–Leblond–Devaux model (GLD-model).
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center is observed. This is due to the localization and damage
development occurring along the circumference of the spot weld
during loading, which closely matches that of the plug failure for
a fully intact weld (see Fig. 9b and c). However, by further
increasing the hole radius, large deformations of the weld region
occur, which leads to a softer overall tensile response. As the
weld region deforms, intense shearing takes place in the weld
interface (especially near x3 ¼ a), while the continued loading
makes the spot weld rotate. This again alters the stress state to
combined shearing and tension (see Fig. 9c). Hence, failure can
be modelled using the GTN-model, but the predicted failure is
signiﬁcantly delayed compared to that of the NH(e)-model,
depending on the ampliﬁcation factor kx for the shear-term in
Eq. (15) (see Fig. 9a). For the NH(e)-model earlier failure is seen
to occur for increasing kx, which is due to the shearing of the
material during the ﬁrst stage of the deformation that leads to
additional damage development and thus earlier coalescence.
Similar observations were made in Nielsen and Tvergaard [8]
when lowering the spot weld diameter, making the plastic ﬂow
localize in the weld interface.
Simulations for the GLD-model are here omitted, since a similar
behaviour to that of the GTN-model should be expected.
a
b
Fig. 7. Curves of constant void volume fraction, f, for a single spot welded shear-lab specimen. Here, using the GLD-model with approximated void nucleation by (a) particle
fracture ðW0 ¼ 0:01; DL ¼ 4:65 mmÞ and (b) particle–matrix decohesion ðW0 ¼ 1; DL ¼ 4:65 mmÞ.
a
b
Fig. 8. Curves of constant void aspect ratio, W ¼ expðSÞ, for a single spot welded shear-lab specimen. Here, using the GLD-model with approximated void nucleation by (a)
particle fracture ðW0 ¼ 0:01; DL ¼ 4:65 mmÞ and (b) particle–matrix decohesion ðW0 ¼ 1; DL ¼ 4:65 mmÞ. Overlaying vector-ﬁeld indicate the modelled void orientation, n1,
as well as the relative aspect ratio, W=Wmax .
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5.3. Cross-tension specimen with intact weld
As for the shear-lab specimen, the plug failure mode during
cross-tension testing is of a tensile nature. Hence, damage develops
during a moderate level of stress triaxiality as plastic ﬂow localizes
near the spot weld, which is well described by the Gurson model
(see Fig. 10). Figs. 11 shows the contour curves for the void volume
fraction, f, the microscopic plastic strain, epM , the stress triaxiality,
rkk=ð3reÞ and the void shape, W ¼ lnðSÞ, respectively, according to
the GLD-model with assumed nucleation by particle fracture. It
was found that, as the welded sheets bend due to the applied load-
ing, damage development initiates in the rounding near the weld
nugget (see Fig. 11a). However, compared to the early stage of
the plug failure during shear-lab testing (Nielsen [17]), only a
rather limited volume fraction of voids nucleate and grow in this
region. Instead, void nucleation and growth quickly shifts to the re-
gion of localized plastic ﬂow (see Fig. 11a and b). As the cross-ten-
sion specimen is stretched, plastic localization initiates in the
region just outside the HAZ, in the mid-section of the specimen
ðx3 ¼ 0Þ, where local thinning ﬁrst occurs (see Fig. 11a). However,
compared to the plug failure during shear-lab testing, this thin-re-
gion covers a larger part of the weld circumference, depending on
the advanced state of deformation before coalescence (and crack
initiation as elements are killed). Hence, a fundamental difference
from the plug failure of shear-lab specimens is observed, since the
damage development is less localized and the loading more closely
resembles a mode I crack opening up to complete failure. Using the
Gurson modelling approach, this makes the numerical analysis
more stable, thus an initiated crack is rather easily propagated in
the model.
Prior to void coalescence, signiﬁcant void shape evolution was
observed in the thin-region. As severe plastic straining of the mate-
rial takes place, the nucleated voids with an initial aspect ratio of
W0 ¼ 0:01, starts to open (W increases) and rotate with the mate-
rial (see Fig. 11c).
A similar line of events, leading to failure, is observed for all
models considered and a comparison of the predicted tensile re-
sponse curves for the cross-tension specimen is shown in Fig. 10.
Compared to the response curves for the shear-lab specimens, a
lower ultimate tension force (peak load) is observed for the
cross-tension test, while the corresponding displacement is much
larger. This agrees well with similar experimental studies found
in the literature (Mukhopadhyay et al. [31]). The large displace-
ment found for the cross-tension specimen as the load is applied
is due to the signiﬁcant bending of the welded sheets (see Fig. 5).
As for the shear-lab specimens, the shear-modiﬁed Gurson
model (NH-model) is again found to underestimates the ultimate
tensile force and the corresponding displacement at failure (see
Fig. 10), even though failure occurs at a moderate level of stress tri-
axiality (see Fig. 11c). However, this large shear-contribution to
failure is signiﬁcantly lowered when applying the simple extension
to the Nahshon–Hutchinson model (the NH(e)-model). Then the
tensile response nearly coincides with that of the GTN-model,
which is solely due to the high level of the stress triaxiality. Similar
observations is found for the homogeneous loading at uni-axial
plane strain tension in Fig. 1.
Considering the GLD-model with nucleation governed by par-
ticle fracture ðW0 ¼ 0:01Þ and particle–matrix decohesion
ðW0 ¼ 1Þ, respectively, similar trends as for the shear-lab speci-
men are observed (see Figs. 6 and 10). Due to the relatively low
Fig. 10. Modelled tensile response for single spot welded cross-tension specimen.
Here, using the Gurson–Tvergaard–Needleman model (GTN-model), the Nahshon–
Hutchinson model (NH-model), the extended Nahshon–Hutchinson model (NH(e)-
model) and the Gologanu–Leblond–Devaux model (GLD-model).
a b
c
Fig. 9. (a) Predicted tensile response for single spot welded shear-lab specimen containing a weld with a cylindrical hole of radius r through the nugget, when using the
Gurson–Tvergaard–Needleman model (GTN-model) or the extended Nahshon–Hutchinson model (NH(e)-model), (b) plastic localization for r ¼ 2 mm (GTN-model) and (c)
plastic localization for r ¼ 3 mm (GTN-model).
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volume fraction of voids nucleated during particle fracture, a lar-
ger dependency on void growth is observed, which leads to later
coalescence (for constant fc) and thereby a later loss of the load
carrying capacity. The dependency on void growth is however
seen to be slightly lower in the case of particle–matrix decohe-
sion. But, the GLD-model still overestimates the ultimate tensile
force and corresponding displacement, compared to the GTN-
model (see Fig. 10).
5.4. Cross-tension specimen with partially removed weld nugget
As for the shear-lab specimen, the effect of partially removing
the weld center by introducing a cylindrical hole of radius, r,
through the weld nugget, has been investigated for the cross-ten-
sion specimen. It is seen from Fig. 12a, that a hole of radius up to
r  2 mm ðr=a ¼ 0:5Þ, only slightly affects the tensile response.
This is again due to the localization and damage development
along the circumference of the spot weld (see Fig. 12b), which clo-
sely matches that of a fully intact weld. By further increasing the
hole radius, large deformations are observed to occur near the weld
interface (see Fig. 12c). As this region deform, by local thinning, the
material experiences a state of tension with limited shearing in-
volved. Hence, coinciding results are found for the NH(e)-model
and the GTN-model.
It is seen from Fig. 12a, that the overall tensile response appears
softer for r ¼ 3 mm. This is due to early localization in the rounding
near the spot weld, which severely opens as the specimen is
stretched. This localized deformation and damage development
eventually leads to numerical difﬁculties so that no drop in the
load carrying capacity was obtained. The calculation was taken
so far that a rather high number of element had been killed along
the circumference of the spot weld.
a
b
c
d
Fig. 11. Plug failure of single spot welded cross-tension specimen modelled using the GLD-model with nucleation by particle fracture, W0 ¼ 0:01. Here, showing curves of
constant (a) void volume fraction, f, (b) microscopic plastic strain, epM , (c) stress triaxiality, rkk=ð3reÞ, and (d) void shape,W ¼ lnðSÞ with the overlaying vector-ﬁeld indicating
the modelled void orientation, n1, and the relative aspect ratio, W=Wmax (a ¼ 4 mm; t ¼ 1:5 mm; 2w ¼ 25 mm and L ¼ 50 mm for DL ¼ 39:37 mm).
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6. Concluding remarks
6.1. The Gurson modelling approach
Applying Gurson modelling to the problem of predicting ductile
plug failure during commonly used testing techniques for spot
welded joints has proven to be a reasonable approach. Using the
GTN-model and the NH(e)-model, earlier studies presented in
Nielsen [17] and Nielsen and Tvergaard [8] has shown a good
agreement with both the overall tensile response curve, the local-
ization of plastic ﬂow and failure for single spot welded shear-lab
specimens (see also Fig. 6). However, by applying the GTN-model
and the NH/NH(e)-models, damage parameters such as the
nucleation (fN, eN, sN), the coalescence (fc, ff) and the predicted void
volume fraction, f, are approximated as the voids are assumed to be
spherical. To account for the void shape evolution, models like that
of Gologanu et al. [4] (the GLD-model, Pardoen and Hutchinson [5])
may be applied. However, this model affects the void volume
growth rate, thus a change in the coalescence condition may there-
fore be needed to ﬁt the response of the GTN-model (see Figs. 6 and
10).
Efforts in combining the GLD-model with micro-mechanics
based coalescence criteria may be found in the literature (Thomason
[12], Pardoen and Hutchinson [5], Zhang et al. [13]). However, to
successfully combine the GLD-model with a coalescence criterion,
and thereby to develop a ‘‘complete” Gurson model for the mate-
rial, an accurate prediction of the void volume fraction, the void
shape and the relative void spacing is required, as well as an accu-
rate knowledge about the microstructure and the nucleation
parameters. Unfortunately, these later parameters are experimen-
tally difﬁcult to measure and are often associated with rather low
accuracy. To approximate the nucleation parameters in DP-steels
recent attempts to combine Gurson modelling and homogeniza-
tion techniques have been made (Pierman et al. [32], Teko~glu
and Pardoen [33]).
6.2. Modelled plug failure of spot welded test specimens
Similar effective values for the nucleation and coalescence
were used in the present study for all models, in order to compare
their ability to predict plastic ﬂow localization and the subsequent
void nucleation, void growth and coalescence. As seen from Figs. 6
and 10, similar trends for the various models were observed for
the shear-lab and cross-tension test specimens, respectively.
Using the prediction from the GTN-model as reference, the NH-
model is, however, found to give earlier drop in load carrying
capacity, while a later drop is predicted by the GLD-model. This
is partly due to the change the void volume growth rate and
partly due to the change in the contraction of the potential surface
for the different models. Using the same q1 and q2 for the GTN-
and the NH-models, a higher rate of contraction for the potential
surface occurs in the NH-model as additional damage develops,
due to the shear-contribution to the damage growth rate (as
xðrÞ – 0). Hence, the combined effect that material appears softer
and reaches the coalescence criterion earlier ðf ¼ fcÞ leads to ear-
lier failure. On the other hand, the GLD-model gives later drop in
the load carrying capacity, which is due to a dependency on the
void shape for the void growth rate and the contraction of the po-
tential surface (see Fig. 4). Hence, even for the case of voids nucle-
ating by particle–matrix decohesion ðW0 ¼ 1Þ, where the same
void volume fraction as for the GTN-model is nucleated, a later
drop in load carrying capacity is observed. However, the latest
drop in the tensile curves is found for the case of nucleation by
particle fracture, where the damage development is affected by
the lower void volume fraction that is nucleated. Signiﬁcant void
growth, thus localization, is here needed in order to meet the coa-
lescence criterion ðf ¼ fcÞ.
Furthermore, the study of test specimens containing welds with
a partly removed nugget shows that this type of defects have only a
rather limited effect on the overall tensile response. Assuming that
the surrounding material has sufﬁciently bonded, the plastic ﬂow
localization for a defect nugget was shown to match that of a fully
intact weld up to a hole radius of r=a ¼ 0:5 (see Sections 5.2
and 5.4). This is, of course, heavily dependent on the material prop-
erties in the weld region and especially along the weld interface.
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Appendix A
The yield surface derivatives for the Gologanu–Leblond–Devaux
model in Eq. (6) can be written as
a b
c
Fig. 12. (a) Predicted tensile response for single spot welded cross-tension specimen containing a weld with a cylindrical hole of radius r through the nugget, when using the
extended Nahshon–Hutchinson model (NH(e)-model), (b) plastic localization for r ¼ 2 mm (NH(e)-model) and (c) plastic localization for r ¼ 3 mm (NH(e)-model).
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Which may be reduced to the derivatives of the Gurson–
Tvergaard–Needleman model by letting C ¼ 1; g ¼ 0; g ¼ 0; j ¼
3q2=2; q ¼ q1 and rh ¼ rkk=3. While, the yield surface constant q
in Eqs. (A.1)–(A.4), is given by Lassance et al. [25]
q ¼ 1:5 b 1
p

þ 12 ðbþ 1Þ
b ¼ 1þ 0:655 1:75N  0:5f 1=40
 
1
2
þ tan
1ð2ð1:2 S0ÞÞ
p
 1
44 expðS0Þ
 
ðA:5Þ
This heuristic expression is valid for W0 > 0:01, otherwise q is
taken to be equal to qðW0 ¼ 0:01Þ. Slightly more accurate predic-
tions can be obtained by introducing a dependency of the stress tri-
axiality in Eq. (A.5) (see Pardoen and Hutchinson [5]).
Appendix B
The deﬁning vectors for the void orientation may, e.g. be writ-
ten as Eqs. (B.1)–(B.3), by using the ﬁrst covariant base vector, ~e1,
of the convected frame as the direction the main cavity axis. This
is a reasonable approximation as long as the direction of the max-
imum principal stretch does not deviate too much from ~e1. Hence,
another choice of the main cavity axis could be in the direction of
the maximum principal stretch.
n1 ¼ ~e1=k~e1k ðB:1Þ
n2 ¼ ½n1ð2Þ;n1ð1Þ; 0T=L; L ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðn1ð1ÞÞ2 þ ðn1ð2ÞÞ2
q
ðB:2Þ
n3 ¼ n1  n2 ðB:3Þ
for n1ð1Þ– 0 or n1ð2Þ – 0.
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Abstract
The strain hardening and damage behaviour of isothermally heat treated 6005A
aluminium is investigated in order to link thermal treatment conditions, mi-
crostructure and fracture strain. The need for a plastic ﬂow rule involving a
stage IV hardening at large strain was found essential to generate quantitative
predictions when using an enhanced Gurson type damage model for the mate-
rial behaviour. This model relies on an explicit description of the three stages
of nucleation, growth and coalescence of voids, involving void shape eﬀects. An
implementation within a 3D ﬁnite element code allows for the simulation of the
full tensile response curves up to cracking initiation and ﬁnal failure. Reasonable
agreement is found when comparing the predicted and experimentally measured
fracture strains for a wide range of heat treatment conditions.
Key words: Aluminium alloys, Micro-mechanical modelling, Strain hardening,
Gurson modelling, Fracture
1. Introduction
Dislocation based models for strain hardening and micro-mechanics based dam-
age models for ductile failure of metallic materials have received lots of attention
since the 70’s. Nevertheless, there has been only limited eﬀort devoted to com-
bining physics based descriptions of strain hardening to micro-mechanics based
damage models in order to generate a realistic physics based formalism for frac-
ture behaviour of metallic alloys. Governed by plastic straining, ductile failure
proceeds by a mechanism of nucleation, growth, and coalescence of voids. The
evolution of these three mechanisms heavily relies on an accurate description of
strain hardening as well as of the microstructural parameters aﬀecting damage.
∗Tel: +32 10473565, Fax: +32 474028
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Models for treating strain hardening by dislocation informed micro-mechanical
theories can be found in the literature (Estrin [1], Nes [2], Kocks and Mecking
[3]). The strain hardening of polycrystals is typically divided into diﬀerent stages
starting with stage III when the yield stress is exceeded. For pure metals, stage
III involves the competition between forest hardening due to dislocation accu-
mulation and dynamic recovery, as described by Kocks-Mecking-Estrin (KME)
(Mecking and Kocks [4], Estrin and Mecking [5]). The KME-model leads to a
linear decrease of the plastic slope with the ﬂow stress, similar to the Voce equa-
tion. Based on a modiﬁed KME-model, Simar et al. [6] developed an enhanced
description of the stage III strain hardening in precipitation hardened alloys.
By describing strain hardening with a Voce equation, the linear decrease of
the plastic slope leads, at some point, to a saturation of the ﬂow stress. However,
as discussed in Nes [2], Kocks and Mecking [3], Argon and Haasen [7], large strain
experiments, performed under torsion or shear, demonstrate that the decrease of
the hardening rate is interrupted by a constant hardening stage, referred to as
stage IV. Stage IV hardening corresponds to the increasing misorientation among
dislocation cells built during stage III (Nes [2], Kocks and Mecking [3]).
A family of micro-mechanical damage models, relying on the pioneering con-
tribution by Gurson [8], has been developed, e.g. in Tvergaard and Needleman
[9], Tvergaard [10], Gologanu et al. [11], Pardoen and Hutchinson [12], Benzerga
et al. [13], for modelling ductile failure of metallic materials. Starting from the
initial framework developed for spherical voids under axi-symmetric loading con-
ditions, the model undergoes continued enhancements. The model was modiﬁed
in Tvergaard and Needleman [9] to capture the accelerated loss in stress carrying
capacity associated to void coalescence. The Gurson model was then reformu-
lated to account for the evolution of voids shape in perfectly plastic materials
in Gologanu et al. [11], while extensions to strain hardening materials were in-
troduced heuristically in Pardoen and Hutchinson [12], Zhang et al. [14]. The
recent versions of the Gurson model are now used with more advanced void co-
alescence criteria derived from the work of Thomason [15]. A detailed review of
the extensions of the Gurson model up to recent times can be found in Pineau
and Pardoen [16].
The aim of the present work is to properly describe the strain hardening behav-
iour and model the damage evolution in the 6005A aluminium alloy. The paper
demonstrates the importance of combining both informations in order to generate
quantitative predictions of the fracture strain under various aging treatments. By
connecting the dislocation based strain hardening laws to the extended Gurson
model, a physical interpretation of most modelling parameters is possible with a
direct link to the relevant microstructural features. Hence, an experimental cam-
paign involving a range of isothermally heat treated specimens is carried out in
order to address the changes in the strain hardening behaviours. The evolution
towards stage IV hardening is studied speciﬁcally, since it inﬂuences the large
strain response during which a signiﬁcant part of the damage process takes place.
Furthermore, the present investigation will demonstrate the importance of prop-
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erly accounting for nucleation of voids in order to predict the fracture strain over
a wide range of aging treatments. After the parameter identiﬁcation, full three
dimensional ﬁnite element simulations of the tensile tests are performed and the
predicted fracture strains of the diﬀerent heat treated specimens are compared
to the experimental results.
The paper is structured as follows. The micro-mechanical model is presented
in section 2. Section 3 describes the material and the experimental procedures.
Section 4 presents the parameter identiﬁcation, while section 5 presents the results
of the experiments and modelling, as well as a parametric study of the eﬀect of
stage IV hardening on the fracture strain. The conclusions are given in section 6.
2. Constitutive model
2.1. Coupled damage model
A ﬁnite element model based on a total Lagrangian formulation of the ﬁeld equa-
tions is implemented in a dynamic framework in 3D (see Nielsen [17]). The
Lagrangian strain increment is here taken to be the sum of the elastic and plastic
contributions, η˙ij = η˙
E
ij + η˙
p
ij. The growth and shape evolution of the primary
voids is assumed to be governed by the Gologanu model (Gologanu et al. [11], Par-
doen and Hutchinson [12]) for spheroidal voids. As deﬁned in Gologanu et al.
[11], S = ln(W ), where W is the aspect ratio of the main axes of the void. Hence,
S > 0 implies a prolate void shape, while S < 0 is an oblate void. The main axis
of the spheroidal void is assumed to follow the rotation and deformation of the
material, i.e. the main cavity axis of the void is aligned with the base vector, e˜1,
of the convected coordinate system. This is a reasonable approximation as long
as the direction of the maximum principal stress does not deviate too much from
e˜1. No additional void rotation is taken into account (Scheyvaerts et al. [18]).
Following Gologanu et al. [11], the potential surface takes the form given by
equation (1), where σM is the microscopic eﬀective stress and σ
ij are the con-
travariant components of the macroscopic Cauchy stress. In order to account for
the accelerated void growth as coalescence occurs, a correction given by equa-
tion (2), similar to the correction of Tvergaard and Needleman [9] for the Gurson
model, is applied to the porosity, f , in terms of an eﬀective porosity f ∗.
Φ = C
B20
σ2M
+ 2q(g + 1)(g + f ∗) cosh
(
κ
σh
σM
)
− (g + 1)2 − q2(g + f ∗)2 = 0 (1)
with,
f ∗(f) =
{
f for f ≤ fc
fc + K(f − fc) for f > fc (2)
where B0 is the Mises norm of the corrected stress deviators, sˆ
ij, given by B20 =
3sˆij sˆ
ij/2, with sˆij = sij + ησghXij, sij is the deviatoric part of the Cauchy stress
tensor on the convected base vectors, σh = σ
ijJij is the generalized hydrostatic
stress, and Jij and Xij are tensors given in Gologanu et al. [11]. The void shape
3
factor evolution, S˙, and the void volume growth rate, f˙ , write (Gologanu et al.
[11])
S˙ =
3
2
(1 + h1)
(
η˙pij −
1
3
GijG
klη˙pkl
)
P ij + h2G
ij η˙pij (3)
f˙ = (1− f)Gij η˙pij + B(σ˙M + σ˙kk/3) (4)
where P ij = e˜i · P · e˜j with P = n1 ⊗ n1 in (3), while η˙pij are the components
of the macroscopic plastic strain rate and Gij are the contravariant components
of the metric tensor for the convected coordinate system. Further details on the
parameters (C, g, κ, η, α2, h1, h2) can be found in Gologanu et al. [11], Pardoen
and Hutchinson [12], while the most accurate expression for q is given in Lassance
et al. [19].
As for the original Gurson model, it is assumed that the rate of plastic work
on the macroscopic and microscopic levels are equal, while the microscopic plastic
strain rate is assumed to be governed by a potential law which writes
σij η˙pij = (1− f)σM ε˙pM , ε˙pM = ε˙0
[
σM
g(εpM)
]1/m
. (5)
The material is thus represented as elastic-viscoplastic, with the strain hardening
function, g(εpM), following the Voce equation (see section 2.4).
2.2. Void nucleation
The ﬁrst term in equation (4), representing the growth of existing voids, fol-
lows from plastic incompressibility, while the second term describes nucleation
of voids. Since scanning electron microscopy (SEM) observations show void nu-
cleation governed by particles fracture (see section 5.2 and Fig. 4c), a stress
controlled nucleation law is chosen (Chu and Needleman [20]) as
B = f
(eff)
0
sN
√
2π
exp
[
−1
2
(
σM + σ
k
k/3− σN
sN
)2]
(6)
with B being the coeﬃcient for the rate of nucleation for (σM + σkk/3)|max and
(σ˙M + σ˙
k
k/3) > 0. Hence, for a constant void aspect ratio, void nucleation follows
a normal distribution with mean stress, σN , and standard deviation, sN . It is
assumed here that the primary voids nucleate with a very oblate shape as a
result of the fracture of the particles along the equatorial plane. Hence, a small
value of the initial void aspect ratio is selected (W0 = 0.01). The fact that
void nucleation occurs over an interval (Δσnucl = 6sN) implies that voids will be
nucleated with an already evolving void aspect ratio (W > W0). As discussed
in Lassance et al. [19], this can be approximately accounted for by correcting
the porosity to be nucleated as a function of the current void aspect ratio as
f
(eff)
0 = f0W/W0 = fpW/Wp (Wp is the particle aspect ratio). Selecting W0 small
enough makes the nucleation response independent of the initial void aspect ratio,
see e.g. Lassance et al. [21].
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2.3. Void coalescence
The correction for void coalescence at fc is introduced for f
∗(f) as f > fc, see
equation (2). Here, K is chosen equal to 5 which is in the range of values typically
used for the Gurson model. The critical fc is estimated using the coalescence
criterion by Thomason [15]
σn
σM
≥ (1−X 2)
[
α(εu)
(
1−X
XW
)2
+ 1.24
√
1
X
]
, X =
(
f
γd
λd
W
) 1
3
(7)
where, σn = σ
ijPij is the stress component along the main cavity axis of the void
and X is the relative void spacing. This criterion has been extended for strain
hardening materials in Pardoen and Hutchinson [12], Zhang et al. [14], owing
to the strain hardening dependent α ﬁtting parameter. Hence, deﬁning a mean
strain hardening exponent n as equal to the strain at necking, εu, following the
Conside`re condition, εu = n, α is obtained as α(εu) = 0.1 + 0.217εu + 4.8ε
2
u for
0.1 ≤ εu ≤ 0.3. Assuming a 3D cubic array of particles, the geometric factor
is γd = π/6 and the distribution factor λd = λ
2
1/λ2, with λ1 = Ly/Lx and
λ2 = Ly/Lz, where (Lx, Ly, Lz) are the mean distance to the neighbouring void.
A uniform distribution of particles is assumed for the undeformed conﬁguration
(λ1 = λ2 = 1). However, as the material deforms, the distribution changes and
λd must be updated (Lassance et al. [19]). No eﬀect of a second population of
voids on void coalescence is taken into account (Fabre`gue and Pardoen [22]).
2.4. Material model
A Voce equation based strain hardening model describes the material tensile
behaviour in stage III strain hardening. This strain hardening law has the ad-
vantage, compared to e.g. a Swift power law, that the parameters θ0 and β0
(see Fig. 1) can be linked to the mechanism of dislocation interaction with pre-
cipitates, hence to the state of precipitation [6]. Here, θ0 is associated to the
storage of Orowan loops around precipitates and β0 to the dynamic recovery in a
matrix ﬁlled with nanometric size precipitates. Nevertheless, the Voce law omits
the stage IV hardening and no model linking the stage IV hardening dislocation
movements and the precipitation stage in aluminium alloys, are available in lit-
erature. Hence, the Voce law has been heuristically extended to account for a
smooth transition to stage IV hardening (Liu [23]) and the parameter θIV will be
estimated based on post-necking tensile curves (see section 4.2).
g(εpM) =
θ
β
(1− exp(−βεpM)) + σy + θIV εpM (8)
∂g(εpM)
∂εpM
= θ + θIV − β (g(εpM)− σy − θIV εpM) (9)
By rewriting equation (9) and identifying stage III to the response of the original
Voce law (θIV = 0, θ = θ0, β = β0) at an arbitrary [g(ε
p
M), ε
p
M ]|ch, one ﬁnds
θ = θ0 − θIV and β = β0
[
1− θIV ε
p
M |ch
g(εpM)|ch − σy
]
−1
(10)
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We choose g(εpM)|ch = (g(εpM)|sat−σy)/2+σy, with εpM |ch being the corresponding
microscopic plastic strain, while g(εpM)|sat is the saturation stress in a simple stage
III Voce equation, g(εpM)|sat = θ0/β0 + σy (see Fig. 1).
3. Material and experimental procedures
3.1. Material
The composition of the Al alloy 6005A is 0.81Si, 0.48Mg, 0.24Fe, 0.11Mn and
0.09Cu (wt-%). This alloy is age hardenable with the following precipitation
sequence: sss → Guinier Preston (GP) zones → β′′ → β′(+B′) → β(Mg2Si) (Ed-
wards et al. [24]). GP zones are formed during low temperature aging and evolve
into fully coherent needle-shaped β′′ precipitates during heat treatment. A peak
hardness is attained for an optimum size of precipitates, which closely corresponds
to T6 state. Upon further heat treatment, the β′′ grow and eventually transform
into larger semi-coherent β′ precipitates and the stable incoherent Mg2Si phase,
with a loss in hardness.
3.2. Experimental procedures
Cylindrical tensile specimens, 4 mm in diameter, were cut perpendicular to the
extrusion direction of a 6 mm thick 6005A-T6 Al plate. Each specimen was
exposed for diﬀerent duration to either 180◦C, 300◦C or 350◦C isothermal heat
treatment followed by water-quenching. The specimens treated at 180◦C were
initially brought in supersaturated solid solution by a one hour heat treatment at
530◦C followed by water-quenching. These specimens were then naturally aged
for two weeks before performing the 180◦C treatment in order to leave suﬃcient
time for GP zones nucleation. The treatment at 300◦C and 350◦C were carried
out from the as received T6-state.
Uni-axial tensile tests were carried out on a universal Zwick 50 kN testing ma-
chine, under displacement controlled loading at constant velocity (1 mm/min).
The initial gauge length was equal to 30 mm. The initial yield stress σy, the
dislocation storage rate θ0, the dynamic recovery rate β0, and the stage IV hard-
ening θIV were extracted from the true stress true strain curves, see section 2.4.
The radius of the specimens was intentionally reduced by 2% to force necking to
occur within the gauge length region. The fracture strain of the tensile specimens
is deﬁned as
εf = ln
(
A0
Af
)
(11)
where A0 and Af are the initial and ﬁnal cross-section area, respectively.
The microstructure and the mechanisms by which void nucleation takes place
were studied by SEM on fracture surfaces. The neck region was also analyzed
along transverse sections of the broken specimens by grinding up to mid-thickness
in order to trace the history of the damage process at diﬀerent locations from
the fracture surface corresponding to diﬀerent amount of plastic deformation.
In addition to standard polishing, a ﬁnal 10 minutes polishing in an aqueous
6
SiO2 suspension (Struers OPS) was applied to reveal the fracture of the iron-rich
particles. Fractographies of a wide range of samples were also analyzed in order
to determine if diﬀerent heat treatment lead to diﬀerent fracture surfaces.
4. Parameter identiﬁcation
4.1. Flow properties, σy, θ0 and β0
Figure 2 presents an example of the ﬁt of the Voce equation (9) on experimental
data corresponding to short (20 sec) and long (13 days) treatments at 300◦C.
An almost linear decrease of the plastic slope during stage III is found. For
short heat treatments, the sudden experimental drop in the plastic slope is due
to necking and is thus not intrinsic. For long heat treatments, a clear indication
of a constant stage IV hardening is observed: the plastic slope deviates from
the linear evolution with (g(εpM) − σy), and tends to a constant level (stage IV
hardening) before necking takes place.
An experimental variation of σy, θ0 and β0 with heat treatment time was ex-
tracted by repeating the ﬁt for all heat treatments, see Fig. 3. Based on Simar
et al. [6], starting from a supersaturated solid solution (left of Fig. 3), the 180◦C
heat treatment gives rise to the growth of β′′ strengthening precipitates for du-
rations < 6− 10h, leading to an increase in σy, see Fig. 3a and a loss of ductility,
see Fig. 3e. The formation of β′′ precipitates leads to a slight drop of both θ0 and
β0, see Figs. 3b-c. The high strength after 6-10 hours at 180
◦C closely matches
with the as received T6 state. Further heat treatments at higher temperatures
were performed from the T6 state (right of Fig. 3), leading to the dissolution of
the β′′ precipitates, formation of the semi-coherent β′ precipitates, and eventually
of the incoherent Mg2Si phase. A continued decrease in σy is thereby observed
in Fig. 3a, while θ0 and β0 show a drastic increase, see Fig. 3b-c. Eventually σy
saturates at about 35MPa, while θ0 experiences a signiﬁcant drop for long heat
treatments, see Fig. 3b, the drop of β0 remains moderate, see Fig. 3c. The drop
in θ0 and β0 can be attributed to the eﬃcient storage of Orowan loops around
precipitates (Simar et al. [6]).
4.2. Estimating stage IV hardening, θIV
The parameter θIV is estimated based on FE-modelling of the uni-axial tensile test
specimens, using an elastic-plastic J2-ﬂow model. For each specimen associated
to a ﬁtted set of material properties (σy, θ0, β0), the θIV parameter is changed un-
til the predicted stress-strain curve matches the experimental post-necking tensile
response for a small initial portion, see e.g. Pardoen and Delannay [25]. As an
approximation, the eﬀect of damage is here neglected due to limited void growth
in the early stages of necking. The stage IV hardening can therefore be slightly
underestimated since the tensile response will appear too stiﬀ. In order to accu-
rately model the tensile curves, the same small 2% reduction in radius as induced
on the experimental specimens was introduced in the FE model. Fig. 3d shows
that the estimated stage IV hardening, θIV , lies between 40 and 110 MPa. These
stage IV hardening values are relatively high compared to typical values reported
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in Nes [2], Argon and Haasen [7] but closer to values found in Kok et al. [26] based
on experimental results obtained for copper polycrystals in Follansbee and Kocks
[27]. This diﬀerence is probably related to the presence of precipitates aﬀecting
the dislocation cell structure. Byun et al. [28] concluded from their analysis over a
wide range of polycrystal materials that stage IV hardening typically starts when
necking occurs. In the present study, no simple correlation between the ﬂow stress
at necking, σu, and the stage IV hardening, θIV , is observed even though they
exhibit the same order of magnitude. Note also that, θIV evolves with the heat
treatment time similarly to the strain at necking εu, see Fig. 3d-e.
4.3. Damage model parameters
The particle volume fraction, fp, and aspect ratio, Wp, were estimated based on
the image analysis of 200 SEM micrographs, see Figs. 4a. The values are reported
in Table 1 which gathers all material parameters. The damage parameters as-
sociated to the iron-rich particles are assumed constant in this study, since heat
treatment temperatures up to 530◦C do not aﬀect this class of particles. Based
on the estimated material parameters (σy, β0, θ0, θIV ), FE simulations with the
extended Gurson model presented in section 2 were performed in order to predict
the tensile response of the heat treated samples up to ﬁnal fracture. The void
nucleation parameters (σc,Δσnucl) were estimated to give a reasonable prediction
of the trends of the experimentally measured fracture strain, Figs. 5-7, based on
three distinct heat treatment conditions. The diﬀerence in the measured fracture
strains between weakly and massively over-aged samples is captured by the model
only when a high void nucleation stress is used, see Fig. 6.
5. Results and discussion
5.1. Characterization of the second phases and damage mechanisms
Figs. 4a-b shows the diﬀerence between the microstructure of the as received T6
material and of the material heat treated at 300◦C for 13 days. The T6 mater-
ial shows a random distribution of iron-rich particles (white), while the smaller
nanometer size strengthening precipitates and disperso¨ıds cannot be observed at
this level of magniﬁcation. For the heavily overaged material (300◦C for 13 days),
a similar volume fraction of iron-rich particles was found, together with a high
number of other particles (black), see Fig. 4b. Energy Dispersive X-ray (EDX)
measurements identiﬁed the black spots as Si or Mg2Si particles. These inco-
herent particles could act as nucleus for a second population of voids and trigger
earlier fracture. However, by analyzing the fractographies of diﬀerent heat treated
samples, no real increase of the number of dimples per unit area was found for
samples involving a large density of Si and Mg2Si particles. Only the fracture
surface of the T6 material, see Fig. 4d, showed clear evidence of smaller secondary
voids, while the presence of a second population was less convincing for the other
heat treated samples. Indeed, samples experiencing a very short heat treatment
at 300◦C or 350◦C (typically less than 1 minute) showed minor indication of a
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second population of smaller voids. For instance, Fig. 4e shows the fractography
of material heat treated at 300◦C for 5 minutes without any second population.
The nucleation of secondary voids in the T6 material can be attributed to the
combined presence of Mn rich disperso¨ıds and high ﬂow stress (Gallais et al. [29]).
Hence, the reason for the absence of a second population in the 180◦C heat treated
specimens while exhibiting a yield stress comparable to the T6 state, could be
that the Mn rich disperso¨ıds have been dissolved during the 530◦C pre-heating
treatment, e.g. Liu et al. [30] found that a 30min solution heat treatment above
430◦C causes the dissolution of the disperso¨ıds within an Al-Mg-Si alloy.
In spite of this, no secondary population of particles was considered in the
model to keep the simulation time reasonable. An overestimation of the fracture
strain for the T6 material is expected, since the presence of a second population
of voids can signiﬁcantly aﬀect the onset of void coalescence and hence reduce
the fracture strain (Fabre`gue and Pardoen [22], Gallais et al. [29], Liu et al.
[30], Asserin-Lebert et al. [31], Weck et al. [32]).
5.2. Void nucleation mechanism
Based on the SEM observations, void nucleation is identiﬁed as resulting primar-
ily from the fracture of iron-rich particles within the neck region. The inset of
Fig. 4c shows that the fracture of the iron-rich particles gives rise to very oblate
microvoids, perpendicular to the principal loading direction. The voids then open
by plastic deformation and evolve up to reaching a prolate shape (see Fig. 4c),
and eventually coalesce, (see also Huber et al. [33] for a similar sequence of mech-
anism in Al alloys). The same mechanism of particle fracture was observed for all
heat treated samples, with only a small number of occurrences of matrix-particle
decohesion. This motivated both choices of a critical stress based condition and
of W0 = 0.01, see section 2.2.
5.3. Experimental fracture strain
Fig. 6 shows the variation of the fracture strain as a function of heat treatment
time at 180◦C, 300◦C and 350◦C. The supersaturated solid solution at the left
of Fig. 6 involves an intermediate level of fracture strain. As the material is
strengthened owing to the 180◦C heat treatment, a drop in the fracture strain
is observed down to a minimum reached when the material approaches the T6
state. Upon further heat treatment at higher temperatures (300◦C and 350◦C),
the fracture strain increases and eventually saturates at a constant level. This
evolution of the fracture strain correlates to a change in the material strength.
Note that a slight error on the measured fracture strain is made, due to the
diﬃculties for accurately measuring the ﬁnal cross-section on reconstituted broken
specimens.
5.4. Results of the coupled FE damage model
The stress-strain response of all heat treated specimens is simulated up to ﬁnal
failure using the coupled damage model with the identiﬁed material parameters
σy, β0, θ0 and θIV of the modiﬁed Voce equation and the damage parameters
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gathered in Table 1. An example of the measured and simulated tensile curves
is shown in Fig. 5a, for a range of heat treatments performed at 300◦C, together
with the evolution of the strain, ε = ln(A0/A) in Fig. 5b. The tensile curves are
shown up to the point where a rapid drop in the load carrying capacity occurs. A
reasonable match of the quality exhibited in Fig 5 is obtained for all specimens,
both regarding the hardening behaviour and the displacement at failure. The
deviation from the experimental measurements is partly due to small dynamic
eﬀects associated to the numerical method and partly due to the initial 2% radius
reduction (imperfection), which both aﬀect the onset of necking. Dispersion in
the geometric imperfection imposed to the experimental specimens is unavoidable
even though care was taken to generate the expected 2% reduction.
As discussed in section 3.2, the fracture strain is measured on the cross-section
area at complete specimen failure. Fig. 6 compares the experimental fracture
strain to the predicted fracture strain. Two diﬀerent deﬁnitions of the predicted
fracture strain are here shown in Fig. 6. As coalescence takes place in the centre
of the specimen, a small crack initiates (Tvergaard and Needleman [9]) resulting
in a change of slope in the evolution of the load carrying capacity. The ﬁrst
fracture strain corresponds to the local initiation of fracture, see Fig. 5b. The
FE simulation also provides the overall fracture strain which more closely cor-
responds to the experimental measurement. The measured fracture strain given
by equation (11) is larger than the fracture strain at the point where carrying
capacity is lost due to the extra deformation involved in the crack propagation
process. Almost complete loss of load carrying capacity was successfully simu-
lated. As shown in Fig. 5b, the simulated material response after the onset of
coalescence shows an almost linear relationship between the strain and the ap-
plied force, allowing extrapolation to zero load. Now, since the Gurson model
leads to strong mesh dependence, which inﬂuences the predicted fracture strain
too, the quality of the comparison between the predicted and experimental slopes
in Fig. 5 validates, in a way the selection of the element size in the necking region.
Fig. 6 shows a good agreement between the measured and predicted fracture
strains. However, the model consistently underestimates the fracture strain, ex-
cept for the T6 material discussed later. The fracture strain predicted by the
model is very much controlled by the connection between the nucleation and co-
alescence of voids. By increasing the critical stress for void nucleation, one can
increase the simulated fracture strain. However, a very high critical nucleation
stress would result in void coalescence occurring early after void nucleation. A
very short void growth stage would not agree with the observation of elongated
voids on the micrograph of Fig. 4c.
Fig. 6 shows that the only non-systematic deviation from the measured frac-
ture strain is obtained for the T6 material. In that case the model overestimates
the ductility while for all other heat treatments the ductility is underestimated.
This deviation can be attributed to the nucleation of a second population of
smaller voids during the damage process, as observed on the fracture surface,
see Fig. 4d, and discussed in section 5.1. As explained earlier, the presence of
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a second population of voids, not accounted for in the model, can signiﬁcantly
lower the ductility by accelerating the onset of coalescence (Fabre`gue and Pardoen
[22], Faleskog and Fong Shih [34]).
Applying the coupled damage model to the prediction of the full tensile re-
sponse up to the complete loss of load carrying capacity provides a general un-
derstanding of the mechanisms involved in the fracture of Al alloys after diﬀerent
heat treatments. Void nucleation occurs due to fracture of brittle second phase
particles at a critical stress state corresponding to diﬀerent strains depending on
the yield strength and strain hardening capacity. For low strength conditions,
nucleation occurs later in the deformation process postponing void coalescence
and material failure compared to high strength conditions. This eﬀect contributes
signiﬁcantly to the changes in fracture strain with heat treatment time observed
in Fig. 6.
5.5. Eﬀect of stage IV hardening and the critical nucleation stress on fracture
strain
Fig. 7 presents a parametric study of the eﬀect of the stage IV hardening on the
strain at coalescence, εc, corresponding to the cracking initiation, i.e. when the
rapid loss of load carrying capacity starts, see Fig. 5b. Considering materials
heat treated at 300◦C for 2 minutes or 6 hours, respectively, the results are
given for two variants of the void nucleation parameters. The critical nucleation
stress is here taken to be σc = 0 or σc = 400 MPa, while the interval over
which nucleation takes place is kept constant: Δσnucl = 200 MPa. Hence, the
mean stress of the applied normal distribution in equation (6), is σN = 100
MPa or σN = 500 MPa, respectively, while the standard deviation is sN = 33
MPa. The investigated range of θIV varies between 0 ≤ θIV ≤ 0.9σu, where
σu is the true stress at the onset of necking. First of all, Fig. 7 shows that
the exact level of θIV has a ﬁrst order eﬀect on the ductility and that properly
accounting for a stage IV hardening is essential to get reliable predictions of
fracture in ductile metallic alloys. This also shows that simple extrapolation of
the ﬂow properties after the onset of necking can lead to signiﬁcant errors in the
predictions of the fracture strain. For σc = 0, the fracture strain increases with
increasing θIV . Hence, a low fracture strain is obtained for a low θIV . Large
θIV means that a large strain hardening capacity aﬀects the necking process
relatively early after its onset. This large strain hardening capacity will tend to
promote shallow necks with lower stress triaxiality levels compared to low strain
hardening capacity, see Pardoen et al. [35], Pardoen [36]. Lower stress triaxiality
means lower void growth rates. For increasing θIV the predicted fracture strain
becomes even larger than the fracture strain corresponding to σc = 400 MPa.
For σc = 400 MPa, relatively high values of the fracture strain are found for
the range of θIV estimated in section 4.2. However, ﬁrst a decrease is observed
for increasing θIV /G, after which the fracture strain is found to increase. The
degree of fracture strain variation is seen to largely depend on the remaining
material properties σy, β0 and θ0, see Fig. 7. The mechanism determining the
fracture strain is rather complex and heavily depends on the interaction between
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the nucleation law and the coalescence criterion. For σc = 0, voids nucleate early
in the deformation process and evolve to become very prolate. This tends to
delay the void growth rate when the stress triaxiality increases during necking
compared to voids that nucleate later and grow faster during the necking due to a
more equiaxed shape. This observation has been discussed in Pardoen [36]. Note
ﬁnally that, for σc = 400 MPa, void nucleation occurs late in the deformation
process and only a portion of the particles nucleate voids before a stress level
high enough to satisfy the coalescence criterion is attained, see equation (7).
6. Conclusions
The evolution of the material behaviour of the 6005A aluminium alloy after var-
ious isothermal heat treatments has been studied by uni-axial tensile testing and
SEM characterization. The change in material properties was qualitatively linked
to the evolution of the microstructure. The strain hardening parameters were
extracted using the Voce equation including a stage IV hardening. Using the
experimentally identiﬁed material properties and the microstructure based dam-
age parameters the fracture strain of the heat treated specimens was successfully
modelled using a fully coupled micro-mechanical model, see Fig. 6. More speciﬁ-
cally, the key ﬁndings of this study are:
• Diﬀerent heat treatment conditions signiﬁcantly aﬀect the onset of stage IV
hardening, in general earlier than for pure materials. The heavily overaged
materials were found to reach stage IV before the onset of necking.
• Stage IV hardening and late void nucleation must be taken into account
to allow quantitative predictions of the fracture strain. Proper modelling
of stage IV hardening is probably a key issue for generating quantitative
predictions in many other metallic alloys.
• SEM fractographic characterization revealed that void nucleation essentially
results from fracture of iron-rich particles leading to initially very oblate
voids.
• The T6 condition exhibits signiﬁcantly lower fracture strains compared to
all other heat treatments due to the nucleation of a second population of
voids.
Accounting for realistic hardening behaviour as a function of thermal history is
an essential step towards predicting damage in industrial Al alloys. Assembling
and fabrication processes cause gradients of microstructure and properties due to
complex temperature histories which require advanced numerical models to guide
towards optimized strength, ductility and fracture balance (Nielsen et al. [37]).
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Figure 1: Deﬁnition of the strain hardening parameters (θ0, β0, θIV ) of the Voce law involving
both stage III and stage IV as well as a smooth transition region, based on a hardening rate
versus ﬂow stress (minus initial yield stress) plot.
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Figure 2: Evolution of the plastic slope (∂g(εpM )/∂ε
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M ) as function of (g(ε
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M ) − σy) for short
(20 s) and long (13 days) heat treatment at 300◦C.
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Figure 3: Evolution of the estimated a) initial yield stress σy, b) dislocation storage rate θ0,
c) dynamic recovery rate β0, d) stage IV hardening rate θIV , and e) Conside`re strain εu, as a
function of heat treatment time.
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Figure 4: Scanning electron microscope micrographs showing the microstructure of a) the as
received T6 state, b) long (13 days) time heat treatment at 300◦C, as well as c) broken particle
at 2 stages of deformation for heat treated sample at 300◦C in 5 minutes, and fracture surface
of d) as-received T6 state, e) heat treated sample for 5 minutes at 300◦C.
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Figure 5: a) Simulated and measured load displacement curves for various heat treatments at
300◦C, b) evolution of the strain ε = ln(A0/A) at necking for a 20 seconds heat treatment at
300◦C
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Figure 6: Variation of the experimental and simulated fracture strain, εf , as function of the
heat treatment time.
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Figure 7: Eﬀect of stage IV hardening on the fracture strain, εc = ln(A0/Ac), for a material
heat treated at 300◦C for 2 min and 6 hours, respectively. Here, Ac denoted the reduced section
at coalescence and G the shear modulus. (For 2 min at 300◦C: θ0 = 1517MPa, β0 = 22.33,
σy = 172MPa, θIV /G = 2.2 · 10−3 and for 6 hours at 300◦C: θ0 = 2978MPa, β0 = 41.98,
σy = 85.98MPa, θIV /G = 2 · 10−3)
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9. Table
Parameters Notation Value Origin
Young’s modulus E 72000 MPa value for Al
Poisson ratio ν 0.32 value for Al
mass density ρ 2700 kg/m3 value for Al
strain rate hardening exponent m 0.002 imposed
reference strain rate ε˙0 0.005 imposed
volume fraction of particles fp 1.2± 0.44% SEM characterization
particle aspect ratio 1/Wp 1.7± 0.14 SEM observation
initial void aspect ratio W0 0.01 imposed
critical nucleation stress σc 400 MPa estimated by adjustment
interval for void nucleation Δσnucl 200 MPa estimated by adjustment
Table 1: Material properties and damage parameters for the 6005A aluminium alloy.
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Abstract – Plastic flow localisation and ductile failure in friction stir welded aluminium tensile test specimens 
are investigated with a specific focus on the local, finite strain, hardening response. A Voce law hardening model 
involving a constant stage IV is used within an enhanced Gurson type micro-mechanical damage model, 
accounting for void nucleation, growth and coalescence, as well as void shape evolution. In the experimental 
part, friction stir welds in 6005A-T6 aluminium alloy have been prepared and analysed by digital image 
correlation (DIC) during tensile testing as well as by scanning electron microscopy (SEM) on polished samples 
and on fracture surfaces. The locations of the various regions of the weld were determined based on hardness 
measurements, while the flow behaviour of these zones was extracted from micro-tensile specimens cut parallel 
to the welding direction. The measured material properties and weld topology were introduced in a 3D finite 
element model, fully coupled with the damage model. Compared with simulations omitting stage IV hardening, 
this late constant hardening stage was found to increase the stiffness during localisation of plastic flow as well as 
postponing the onset of fracture as determined by the void coalescence criterion. Furthermore, the presence of a 
second population of voids was observed on the fracture surfaces for the high strength specimens. This modelling 
effort, involving several length scales, links the microstructure and process parameters to  macroscopic 
parameters relevant to the optimisation of the welds. 
 
Key words: Aluminium alloy, FSW, Strain hardening, Stage IV, Gurson modelling. 
 
 
1. Introduction 
The strength, ductility and fracture toughness of welded joints heavily depends on the post-
welding material properties in the weld-region, thus on the complex microstructure of the 
joint. Compared to conventional fusion welding techniques, the friction stir welding (FSW) 
method, developed at The Welding Institute in 1991 (TWI, Cambridge, United Kingdom), 
Thomas et al. (1991), shows remarkable potential for joining aluminium alloys. The FSW 
technique is based on a spinning tool, consisting of a pin and a shoulder, which are plunged 
into the material until the shoulder is pressed in contact with the metal sheets. Friction heating 
between the tool and the sheets then softens the material, which allows for extensive stirring 
in the weld nugget. This heating-softening mechanism is self-stabilising, which ultimately 
makes the FSW technique a solid-state process. 
Due to the intense stirring and non-isothermal treatment of the material during welding, 
significant evolution of the microstructure and of the subsequent material properties are 
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observed across the weldline (Mishra and Ma, 2005, Nandan et al., 2008, Threadgrill et al., 
2009). A FS-weld is typically divided into four regions: (1) the unaffected base material (BM), 
(2) the heat affected zone (HAZ), (3) the thermo-mechanically affected zone (TMAZ) exposed 
to high temperature with large heating and cooling rates as well as mechanical deformation 
and (4) the nugget (NG) in the stir zone where recrystallisation takes place.  
Many experimental and numerical investigations of the in-process welding technique can 
be found in the literature. Part of the studies deal with the analysis of the material flow around 
the tool and temperature history inside the workpiece using numerical analysis and 
experimental methods including temperature measurements and material flow visualisations, 
see Nandan et al. (2008), Schmidt and Hattel (2005) and Schmidt et al. (2006) and references 
therein. Other studies focus on modelling microstructure evolution during the welding process 
and the resulting mechanical properties which are essential for structural design (Myhr and 
Grong, 2000, Shercliff et al., 2005, Kamp et al., 2006, Simar et al., 2007, Gallais et al., 2008). 
Studies have also been dedicated to model large strain localisation and damage development 
during overload conditions (Nielsen, 2008a, Nielsen and Tvergaard, 2009). Other important 
studies focus on modelling the residual stresses, developed during welding, and their 
influence during in-service loading (Chao and Qi, 1998, Shi et al., 2003, Chen and Kovacevic, 
2003), as well as on fatigue crack growth in FS-welded joints (see Pouget and Reynolds, 2008 
and references therein).  
The present work combines an experimental investigation and numerical simulations 
based on an advanced constitutive damage model to study the tensile response, plastic flow 
localisation and failure of friction stir welded Al6005-T6 aluminium joints. The material 
parameters at different locations across the weldline are determined by micro-tensile testing of 
specimens extracted from the different regions of the weld. A 3D finite element (FE) analysis 
of the localisation and failure mode during overload conditions of the welded joint is then 
carried out by mapping the material properties and weld topology onto a FE mesh. The 
numerical simulations are performed with the FE code developed in Nielsen (2009) and Simar 
et al. (2009). 
The mechanisms governing damage development and eventually failure depend 
significantly on the material properties at large plastic strains. Hence, the present work 
accounts for the effect of the late stage IV strain hardening mechanism on fracture of the FSW 
joints. Based on the study in Simar et al. (2009) for isothermally heat treated homogeneous 
tensile specimens of the 6005A aluminium alloy, the hardening law is chosen to be of the 
Voce type, including a constant stage IV. A simple empirical model for estimating the level of 
stage IV hardening is here proposed.  
The paper is structured as follows. The micro-mechanical model is presented in section 2. 
Sections 3 and 4 describe the experimental procedures and parameter identification, 
respectively, while the corresponding numerical analysis is presented in section 5. The results 
and discussion are presented in section 6. The conclusions are given in section 7. Note that, by 
convention, the advancing side of the welds will always be located on the left-hand side of the 
figures.  
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2. Constitutive model 
The finite element code is based on the work presented in Nielsen (2009) and Simar et al. 
(2009). The model is formulated using a total Lagrangian description of the field equations 
and implemented in a dynamic framework in 3D. Damage is considered to result from the 
nucleation, growth and coalescence of primary spheroidal voids. The growth and shape 
evolution of primary voids is governed by the Gologanu-Leblond-Devaux model (Gologanu et 
al., 1997, Pardoen and Hutchinson, 2000, Pardoen, 2006), with f  being the void volume 
fraction and ( )SW exp=  the aspect ratio of the principal void axes. As an approximation, the 
main cavity axis is assumed to follow the rotation and deformation of the material (See 
Nielsen (2009) for more details). 
 
2.1 Damage model 
The potential surface for the visco-plastic formulation of the model is given by equation (1), 
where Mσ  is the microscopic effective stress in the matrix material surrounding the voids. 
The accelerated void growth as void coalescence occurs ( )cff ≥  are accounted for by the 
effective porosity )(* ff  in equation (2) (Tvergaard and Needleman, 1984).  
                    ( )( ) ( ) ( ) 01cosh12 2*22*
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where, 2/ˆˆ30
ij
ij ssB =  is the Mises norm of the corrected stress deviator, ijh
ijij
Xss ησ+=ˆ , 
with ijs  being the deviatoric part of the Cauchy stress tensor, ijσ , referring to the convected 
base vectors and ij
ij
h Jσσ =  being the generalised hydrostatic stress. The second order 
direction tensors ijJ , ijX  and 
ijP  in equation (3) can be found in Nielsen (2009). The rate of 
the void shape factor, S , and the void volume growth rate, f , for the Gologanu-Leblond-
Devaux model can be written as 
                                           ( ) pij
ijijp
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                                                  ( ) ( )3/1 kkMpijij BGff σση  ++−=          (4) 
where pijη  are the components of the macroscopic plastic strain rate and 
ij
G  are the 
contravariant components of the metric tensor for the convected coordinate system. The 
applied nucleation law for B  (in equation (4)) will be described in section 2.2. Further details 
on the parameters ( )212 ,,,,,, hhgC αηκ  can be found in Gologanu et al. (1997) and Pardoen 
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and Hutchinson (2000), while the most accurate expression for q  is given in Lassance et al. 
(2007) for power law hardening material
1
.  
For numerical convenience, the material is represented as elastic-viscoplastic, but using a 
small strain rate hardening exponent ( )002.0=m  to limit the viscous effect. The effective 
plastic strain rate is given by equation (5a), while the 6005A aluminium alloy is taken to 
follow the Voce hardening law in equation (5b), including stage IV hardening, IVθ  (see Fig. 1 
and Simar et al., 2009), 
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Here, we choose ( ) ( )( ) yy
sat
p
M
ch
p
M gg σσεε +−= 2/ , with 
ch
p
Mε  being the corresponding 
microscopic plastic strain, while the saturation stress for the simpler stage III Voce equation 
( 0=IVθ ) is ( ) y
sat
p
Mg σβθε += 00 / , with yσ  being the initial yield stress, 0θ  the dislocation 
storage rate and 0β  the dynamic recovery rate. 
 
2.2 Void nucleation 
A stress controlled nucleation law is applied, since SEM observation revealed void nucleation 
in 6005A governed by fracture of iron rich particles, see Simar et al. (2009). The nucleation 
law by Chu and Needleman (1980) (see equation (4)) is here slightly modified to account for 
the evolving void shape, as (Lassance et al., 2006) 
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for ( ) max|3/kkM σσ +  and ( ) 0>+ kkM σσ  . Hence, for a constant void aspect ratio, this void 
nucleation law follows a normal distribution, where Nσ  is the mean stress and Ns  is the 
standard deviation. Compared to the original void nucleation law, a dependency is introduced 
in equation (7) on the already evolving void shape, W , as well as the particle shape, pW , and 
volume fraction, pf  (Simar et al., 2009). The initial void shape is taken to be 01.001 =W  in 
order to mimic fracture of particles in their equatorial planes, giving rise to very oblate voids 
(see Huber et al., 2005, Lassance et al., 2006). The nucleation is initiated when the stress, 
3/kkM σσ + , exceeds a critical nucleation stress NNc s31 −= σσ  (see Table 1). 
 
                                                          
1
 In the present study, the Considère strain, uε , of the Voce law is used as a substitute for a mean strain 
hardening exponent entering in the correction factor q. 
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2.3 Void coalescence 
The critical void volume fraction cf , in equation (2), corresponding to the onset of void 
coalescence is determined by the heuristically modified Thomason criterion in equation (8) 
(Thomason, 1990, Pardoen and Hutchinson, 2000).  
       ( ) ( )
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1
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2
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M
n ,   with   ( ) 28.4217.01.0 uuu εεεα ++=       (8) 
where; ij
ij
n Pσσ =  is the stress component along the main cavity axis of the void, uε  is the 
Considère strain used as a mean value of the strain hardening exponent, and χ  is the relative 
void spacing based here on an initial 3D cubic array of particles from which primary voids 
nucleate, see Simar et al. (2009) for more details. Hence, cf  is extracted as the Thomason 
criterion is fulfilled.   
 
 
3. Material and experimental procedures 
3.1. Material 
The composition of the 6005A aluminium alloy is 0.81Si, 0.48Mg, 0.24Fe, 0.11Mn and 
0.09Cu (wt-%). This alloy is age hardenable with the following precipitation sequence:  sss → 
Guinier Preston (GP) zones → ''β  → ( )'B' +β  → ( )SiMg 2β  (Edwards et al., 1998). GP 
zones are formed during low temperature aging and evolve into fully coherent needle-shaped 
''β  precipitates during heat treatment, with a peak hardness attained for an optimum size of 
precipitates corresponding to the T6 state. Upon further heat treatment, the ''β  precipitates 
grow and eventually transform into larger semi-coherent 'β  precipitates and the stable 
incoherent Mg2Si phase, leading to lower hardness. The material properties for the base 
material in the T6 state are shown in Table 1. 
 
3.2. Friction stir welds 
Plates made of 6 mm thick 6005A alloy are welded parallel to the extrusion direction in the 
as-received T6 tempering state. Keeping the rotational speed of the weld tool constant 
( 1000=r rpm), two different welding conditions denoted as ‘hot’ or ‘cold’ are studied by 
letting the advancing tool speed be equal to 200 or 1000 mm/min, respectively. The main 
difference between the two welds lies in the extent of the heat affected zones (HAZ1, HAZ2), 
as indicated in Fig. 2.  
 
3.3. Macro-tensile testing and DIC measurements 
Macro-tensile tests are performed transverse to the weldline. The specimens are 6 mm thick, 
12.5 mm wide and 140 mm long. The initial gauge length is equal to 45 mm, covering the 
entire weld region. All tensile tests are carried out using an universal Zwick 50 kN testing 
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machine, under displacement controlled loading. During testing, Digital Image Correlation 
(DIC) analysis using ARAMIS is performed on the transverse section of the welds in order to 
characterise the non-homogeneous deformation in the weld region. Hence, the local straining 
along the tensile direction is identified for comparison with the numerical predictions.  The 
elongation strain, 11ε , extracted from the numerical simulations to be compared with the DIC 
measurements is defined by ( )1,111 1ln u+=ε , where 1,1u  is the displacement gradient in the 
tensile direction. The average fracture strain is defined as 
                                                                 







=
f
f
A
A0lnε                                                            (9) 
with 0A  and fA  being the initial and final cross-sectional area of the specimen, respectively. 
Here, fA  is measured experimentally by plane projection of the fracture surface of the broken 
sample, while the corresponding area in the numerical model is taken to be the projected 
smallest area in the region of localisation when the rapid drop in the tensile curve occurs. 
 
3.4. Hardness measurements and micro-tensile testing 
Vickers hardness indentation measurements are performed on the cross-sectional surface of 
the welded joints using 1kg loading in order to identify the location of the different regions of 
the weld. Based on these hardness measurements and macrographic observations of the welds 
(Simar et al., 2006), the weld has been divided into five zones of similar hardness on the 
advancing and retreating side, respectively. These zones are: the base material (BM), two heat 
affected zones close to the base material (HAZ1) from which the samples are extracted where 
the hardness is equal to 80 HV1, two heat affected zones closer to the weldline with the 
minimum hardness (HAZ2), two thermo-mechanically affected zones (TMAZ), and the weld 
nugget (NG) (see Fig. 2). Micro-specimens are extracted from the various regions in order to 
estimate their material properties. To ensure that the micro-tensile specimens are as 
homogeneous as possible, their thickness is chosen equal to 0.8 mm. Some samples are 
machined at specific angles with respect to the plate normal, to account for the inclination of 
the zones. The extracted micro-specimens are 4 mm wide and 60 mm long (along the 
weldline), with an initial gauge length of 30 mm, see Simar et al. (2008) for more details. Due 
to the rather high aspect ratio of the micro-tensile specimens, failure is observed to occur in a 
shear-band developing inside a diffuse necking region. But, due to the small specimen size 
and machining imperfections, a number of specimens broke outside the gauge section. As for 
the macro-specimens, the fracture strain is defined as in equation (9), where the small cross-
sectional area of the broken specimen is measured experimentally by SEM observations and 
subsequent image analysis of the fracture surface. 
 
3.5. Scanning electron microscopy (SEM) analysis 
Metallographically prepared samples extracted from the welded macro-specimens and local 
micro-specimens are characterised by SEM in order to determine the phases responsible for 
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the damage nucleation and growth. The shape and volume fraction of iron rich particles from 
which primary voids nucleate are quantified by image analysis (see Table 1). Field Emission 
Gun Scanning Electron Microscopy (FEG-SEM) provided higher spatial resolution to 
characterise the dispersoïds in the base material. The fracture surface of both types of 
specimens is furthermore studied by SEM observation to determine the sequence of 
micromechanisms by which failure occurred.  
 
 
4. Experimental data and parameter identification  
4.1. Local flow properties in the weld regions 
The Voce hardening parameters ( 0θ , 0β ) specifying the stage III of the plastic slope (linear in 
( )( )ypMg σε − ) are extracted by fitting the experimental load-displacement curve up to necking 
for all the micro-specimens, see Fig. 1. The variation of the material properties for the two 
welding conditions is shown in Fig. 2. All material properties are assumed constant in each of 
the different zones giving thus piecewise constant functions. 
The 6005A aluminium alloy experiences a significant drop of the yield stress when 
exposed to FS-welding conditions. Hence, the yield stress profile has a U-shape, with almost 
identical yield stress in the HAZ2, TMAZ and weld nugget on both the advancing and 
retreating side for the cold weld. A slightly higher yield strength is found in the nugget 
compared to the HAZ2 for the hot weld (see Fig. 2). Conversely, the dislocation storage 0θ  
has an inverse U-shape and increases from a relatively low level in the base material to a 
much higher level in the HAZ2 and TMAZ. Only a slightly lower level of 0θ  is found in the 
nugget for both welds. A more pronounced drop in the nugget and the TMAZ is observed for 
the dynamic recovery rate 0β , while a low level of 0β  is found in the base material. The high 
value of 0β  in the HAZ1 and HAZ2 indicates a rapid change in the hardening rate as the 
stress level increases, i.e. these zones have a low strain hardening capacity. Furthermore, Fig. 
2 shows only a limited asymmetry across the weldline for the material properties.  
 
4.2. Estimating stage IV, θIV 
In the study of isothermally heat treated 6005A aluminium in Simar et al. (2009), the post-
necking tensile curve was simulated in order to extract the θIV hardening. This procedure is 
not applicable to the micro-tensile specimens since a number of these specimens broke outside 
the gauge length. Hence, IVθ  is instead based on an empirical correlation observed between 
the Considère strain, uε , and the stage IV hardening, IVθ , found from the studies in Simar et 
al. (2009). For the majority of the specimens, the ratio uIVIVK εθ /=  was found to be in the 
interval 200650 ± MPa. Hence, by applying the Considère condition ( ) ( )( )pMpMpM gg εεε =∂∂  
and introducing the simple correlation in the Voce hardening law (equation (5b)), the stage IV 
hardening is approximated by the solution of the following equation 
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with ( )IVθθ  and )( IVθβ  given by equation (6). The variation of IVθ  transverse to the weldline 
is shown in Fig. 2. A rather low level of stage IV hardening is found in the heat affected zones 
for both welds, while higher levels are observed in the TMAZ and especially in the weld 
nugget. Hence, the weld nugget involves a high strain hardening capacity at large plastic 
strains, while the HAZ appears softer as the plastic straining enters stage IV. Using 
650=IVK MPa, the estimated stage IV hardening for the base material is rather high. Hence, 
in the following, a stage IV hardening, IVθ , equal to 40 MPa as identified in Simar et al. 
(2009) is used for the base material. Note that the exact level of the stage IV for the base 
material is of minor importance for the numerical analysis of the welded joints, since the 
deformation rapidly localises in the HAZ, while the base material and nugget zone never 
attain large plastic strains.  
In order to confirm the estimated level of stage IV, tensile testing of cylindrical samples, 
machined from the weld nugget, were also carried out and compared with the predicted tensile 
curves. The high level of IVθ  in the weld nugget is confirmed and the best fit to the tensile 
curve of these cylindrical samples is obtained for 120=IVθ  MPa. This study is only possible 
for the weld nugget, since the size of the other weld zones does not allow to extract reasonable 
sized cylindrical specimens of homogeneous material.  Nevertheless, isothermal heat 
treatments performed in Simar et al. (2009), with material properties similar to the HAZ1 and 
HAZ2 regions of the welds, showed similar levels of stage IV hardening as estimated by 
equation (10) with 650=IVK  MPa.  
 
4.3. Damage parameters 
4.3.1. Primary voids 
As discussed in Simar et al. (2009), the nucleation of primary voids in 6005A aluminium 
alloys is governed by fracture of iron-rich particles. Hence, the stress controlled nucleation 
law presented in section 2.2 is applied, with the nucleation parameters specified in Table 1. 
The nucleation parameters ( 1cσ , 1nuclσΔ ) were estimated in Simar et al. (2009) based on 
tensile tests of isothermally treated samples, while the particle volume fraction, pf , and 
aspect ratio, pW , were based on SEM observations (see section 3.5).  
 
4.3.2. Secondary voids 
Fig. 3a presents a transmission electron microscopy (TEM) micrograph of the base material 
showing the large iron-rich particles surrounded by dispersoïds. These particles are typically 
100 nm in size, with a volume fraction equal to 0.7% (estimated by FEG-SEM). If secondary 
voids nucleate on dispersoïds, and grow in the ligament between the primary voids (Asserin-
Lebert et al., 2005, Liu et al., 2007, Gallais et al., 2007), a significant effect on the onset of 
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void coalescence can occur and reduce the fracture strain (Faleskog and Shih, 1997, Fabrègue 
and Pardoen, 2008, Gallais et al., 2007). This effect is not accounted for in the model of the 
principal part of this paper but will be discussed in the appendix based on a simple model for 
nucleation and growth of the secondary voids. 
Fig. 3b-c presents fractographies corresponding to the heat affected zone and to the 
nugget, respectively, for the cold weld. Two populations of cavities of different sizes are 
found on the fracture surfaces of the nugget, while the HAZ exhibits only one population of 
cavities. Similar observations were made in Simar et al. (2009), where fractographies 
indicated the presence of a second population of smaller voids for high strength heat treated 
samples, including the T6 state base material. 
 
 
5. Numerical analysis 
5.1. Modelling approach 
The numerical studies presented in this work are full 3D, using a dynamic finite element 
implementation of the damage model described in section 2. The spatial discretisation is made 
of 20 node isoparametric elements evaluated by reduced Gaussian quadrature, while the time 
integration is performed by a standard explicit Newmark β -procedure. Very small time 
increments have to be used, due to the constraint from the Courant condition ( ctΔ ) or the 
strong non-linearity in equation (5a). However, the critical time increment is increased using 
the forward gradient method suggested by Peirce et al. (1984) (typically ctt Δ=Δ 1.0 ), while a 
lumped mass matrix ensures low calculation times at each increment. Furthermore, as the 
potential surface shrinks due to the evolution of damage, the element vanishing technique by 
Tvergaard and Needleman (2004) is applied to limit numerical difficulties, see also Nielsen 
(2009). 
 
5.2. Macro-tensile testing simulations 
The macro-tensile specimens involving a transverse weld are modelled as shown in Fig. 4. 
The discretisation is refined in the regions undergoing severe deformation during the 
localisation of plastic flow. As indicated in Fig. 4, the mesh has been divided into the different 
regions as characterised in the respective welds and in which the material properties are kept 
constant (see Fig. 2). 
To reduce computation time, symmetry conditions are applied at 03 =x , while the 
specimens are loaded by a prescribed displacement at one end surface ( 2/1 Lx = ). Hence, the 
boundary conditions take the form  
03 =u ,   01 =T ,   02 =T   at   03 =x  
01 =u ,   02 =T ,   03 =T   at   2/1 Lx −=  
tUu Δ= 1 ,   02 =T ,   03 =T   at   2/1 Lx =  
0=iT ,   3,2,1=i  on remaining surfaces 
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For the study in section 6.2, presenting the tests on the welds, two different settings for the 
stage IV hardening are considered, which are i) a reference setting omitting stage IV ( 0=IVθ ) 
and ii)  a stage IV hardening determined by equation (9), as shown in Fig. 2. 
 
5.3. Micro-tensile testing simulations 
Accounting for stage IV hardening was shown in Simar et al. (2009) to have a rather large 
effect on the fracture strain predicted when using the Thomason criteria for void coalescence 
(equation (8)). Hence, in order to confirm the validity of the level of stage IV hardening based 
on equation (9), a numerical study of the fracture strain of the micro-specimens is carried out 
and compared with experimental observations (see Table 2).  
As described in section 3.4, the micro-specimens experimentally fail through a single 
shear-band. Hence, this localisation in a single band, inclined to the tensile direction is a key 
in the post-localisation behaviour of the tensile curve as well as in controlling damage 
development. To model the asymmetric localisation of plastic flow, one quarter of the micro-
specimen is modelled by applying symmetric condition in the mid-thickness direction and 
anti-symmetric conditions at the mid-length (loading direction). The anti-symmetry conditions 
are introduced following the dynamic approach described in Nielsen (2008b). 
 
 
6. Results and discussion 
6.1 Micro-specimens 
6.1.1 Predicted tensile test responses 
Fig. 5 provides an example of the predicted tensile curves for the micro-specimens extracted 
from the base material (BM), the heat affected zone (HAZ2) closest to the weldline and the 
nugget (NG). Tensile curves are given for simulations accounting or not for stage IV 
hardening. The results are only shown for the advancing side of the cold weld, while similar 
material behaviours were found for the respective weld regions on the retreating side of the 
cold weld and for the hot weld (see Fig. 2).  
A significant effect of the welding process is observed for the different regions. The 
heating of the T6 material causes the growth or dissolution of the smaller ''β  strengthening 
precipitates, which will eventually form larger semi-coherent ( )B'' +β  precipitates and the 
stable ( )SiMg 2β  phase, with a loss in strength (Sato et al., 1999, von Strombeck et al., 1999, 
Simar et al., 2008). The BM is unaffected by the welding treatment while the HAZ and the 
NG experience significant heating during the welding process. This is clearly observed in Fig. 
5, where the BM shows a high strength/low ductility, while both the HAZ and the NG show a 
significant loss in strength. The loss in strength is associated with a more ductile behaviour, 
which is more pronounced for the NG, while the gain in ductility is limited for the HAZ. This 
is due to the composition of hardening precipitates in the different zones. Simar et al. (2008) 
have shown that the HAZ is composed of large 'β  precipitates which lower the strain 
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hardening capacity (high 0β , see Fig. 2). While, the nugget undergoes higher temperatures 
which cause the full dissolution of the ''β  precipitates, providing a good strain hardening 
ability (low 0β , see Fig. 2) compared to the HAZ (see Simar et al., 2007). 
 
6.1.2 Measured and predicted fracture strain 
The measured and predicted fracture strains of the micro-specimens for the BM, HAZ, and the 
NG, respectively, are presented in Table 2. Experimentally, the HAZ has the largest fracture 
strain, while fracture occurs much earlier for the BM and the NG.  
When omitting the stage IV hardening ( 0=IVθ ), the model underestimates the fracture 
strain for the HAZ specimen, while it overestimates the ductility in the BM and NG (see Table 
2). However, by including a stage IV hardening, the fracture strain predicted for the HAZ 
micro-specimens is in reasonable agreement with the experimental values (see Table 2 and 
Simar et al, 2009 for a discussion about the impact of accounting for stage IV hardening on 
predicting the onset of void coalescence), but the fracture strain of both BM and NG are 
largely overestimated. This overestimation for the BM and NG is related to the presence of 
secondary voids, as discussed in the appendix. Nevertheless, the overestimation of the fracture 
strain for the BM and the NG is of minor importance for the failure prediction of the welded 
macro-specimens, since plastic localisation occurs in the HAZ of the weld. An accurate 
representation of the material behaviour in the HAZ is therefore essential in order to 
accurately predict the fracture strain of the welds. 
 
6.2 Macro-specimens 
6.2.1 Measured and predicted tensile response 
The tensile response of the macro-specimens extracted from the cold and hot welds, are 
provided in Fig. 6. The experimental curves are compared with the numerical predictions with 
and without a stage IV hardening. As for the tensile response of the micro-specimens in Fig. 5, 
introducing the stage IV decreases the unloading rate during post-localisation, stabilising the 
localisation process as a result of higher strain hardening capacity.  
The predicted tensile response for the cold weld in Fig. 6 closely matches the 
experimental curve up to maximum load, while the post-localisation elongation is 
overestimated both with and without a stage IV hardening. This relatively poor agreement is 
probably related to additional geometrical or material imperfections present in the welded 
joint as well as due to deviations in the estimated topology of the different weld regions, 
which are not accounted for in the model. Studies have shown that underestimating the size of 
the soft HAZ can result in overestimated post-localisation elongation of the weld, while 
imperfections in the experimentally tested macro-specimens will lead to earlier localisation. 
(Note also that cylindrical macro-specimens of the cold weld have been modelled following 
the same methodology as for the rectangular section specimens, with much better agreement 
with the experimental responses). 
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A slightly better agreement between the measured and predicted macroscopic tensile 
curve is found for the hot weld in Fig. 6b, which is partly due to an underestimation of the 
elongation at maximum load. However, for both welding conditions the ultimate tensile 
strength is well predicted. The predicted joint efficiency, defined as the ratio of the ultimate 
tensile strength of a weld to the ultimate tensile strength of the base material, is thus in good 
agreement with the experimental measurements. Indeed, the modelling errors are mainly 
associated with the predictions of the overall elongation. 
 
6.2.2  Local strains and DIC comparison 
In order to illustrate the mechanisms leading to failure in the welded joints during tensile 
testing, a heavily deformed specimen geometry is shown in Fig. 7a, corresponding to the cold 
weld. Fig. 7b shows the outer surface of the specimen corresponding to the surface used 
experimentally to monitor the strain 11ε  by DIC. The dashed vertical lines indicate the center 
line of the weld, while the dashed horizontal line in Fig. 7b indicates the line along which the 
simulated strain has been extracted for comparison with the DIC measurements (see Fig. 7c-
f). 
A comparison of the predicted and measured local strains is found in Fig. 7c and Fig. 7e 
for the cold weld and in Fig. 7d and Fig. 7f for the hot weld. For both the cold and the hot 
welds, failure was observed to occur on the retreating side. However, it is only for the cold 
weld that the localisation and failure is predicted correctly on the retreating side, while the 
model predicts localisation and failure on the advancing side for the hot weld.  In order to 
compare the predicted strain, 11ε , with the DIC measurements, the predicted responses for the 
hot weld are thus inverted over the weldline in Fig. 7d and Fig. 7f (also indicated in the 
respective figures). This difference is presumably due to the very symmetric appearance in the 
material properties across the weldline (see Fig. 2). Small deviations in the material properties 
can therefore be responsible for the selection of side where final localisation occurs. The 
limited accuracy in the estimated material properties as well as the location and size of the 
different regions can therefore have a major influence on the selection of the fracture side. 
Indications of this may also be found from the DIC measurement of the hot weld in Fig. 7d. 
Indeed, rather high levels of 11ε  are found by DIC in the HAZ on the advancing side when the 
maximum load is reached ( 1=uεε , see Fig. 7d) even though localisation finally concentrates 
on the retreating side upon further stretching of the specimens. Hence, the straining of the 
material on the advancing side is interrupted (see Fig. 7f). 
Fig. 7c-f show a remarkably good agreement between the measured and predicted local 
strains in the weld region. Both the region of localisation and the level of the local strains are 
very well predicted throughout the full deformation up to final failure (accounting for the 
inversion in the hot weld mentioned above). The predictions for a material with or without a 
stage IV hardening are found to be relatively close. However, by introducing a stage IV 
hardening, a consistently higher level of the local strain is predicted, which most likely results 
in the larger elongation predicted in Fig. 6. 
   13
The predicted specimen geometry in the region of plastic localisation, shown in Fig. 7a, 
resembles a diffuse neck in a 3D homogeneous specimen. Hence, significant thinning occurs 
in the mid-section of the specimens. It is seen from Fig. 7b, that the region in which failure 
occurs in the welded joints is predicted to be slightly tilted with respect to the tensile 
direction. An even more pronounced slant fracture is observed during the experiments. This 
difference in the geometry evolution during localisation can to some extent influence the 
tensile behaviour and partly cause the observed mismatch between the numerical and 
experimental tensile response for the welded joint. 
 
6.2.3. Damage development and fracture strains 
Fig. 8b-d shows maps of several state variables in the cross-sectional plane indicated in Fig. 
8a. This plane is of particular interest when investigating the damage mechanisms since it 
involves the most pronounced thinning, hence the zone of highest constraint. Similar failure 
scenarios are observed for both the cold and the hot weld during tensile testing (with and 
without stage IV). As plastic flow localises on the weakest side of the weld, the local stress 
triaxiality significantly departs from uni-axial tension. A region of high stress triaxiality 
develops in the soft HAZ, surrounded by regions of low stress triaxiality in the BM and the 
NG (see Fig. 8d). Combined with a sufficiently high stress level for microvoid  nucleation, 
void start growing significantly in this region, leading to an increase of the void volume 
fraction, f  (see Fig. 8b). Due to the relatively high critical nucleation stress (see Table 1), 
damage is limited to the region experiencing very large plastic deformation. This is in 
agreement with SEM observations of fracture surfaces which only reveal damage near the 
fracture surface. Note that due to the mechanism of particle fracture governing void nucleation 
in this alloy, voids nucleate with a very oblate shape ( 01.001 =W ). These voids then open (W  
increases) during localisation and eventually reach a shape close to spherical as void 
coalescence occurs (see Fig. 8c)   
The fracture strains of the macro-specimens are given in Table 3 for comparison with the 
numerical predictions, with and without stage IV hardening. When omitting the stage IV 
hardening ( 0=IVθ ) the prediction of both the magnitude and the variation of the fracture 
strain among the cold and the hot welds are rather poor. Indeed, the fracture strain is 
underestimated by %27  for the hot weld due to an early loss of the load carrying capacity, 
while it is overestimated by %16  for the cold weld. On the other hand, by introducing the 
stage IV hardening, the variation of the fracture strain is much better captured. Nevertheless, 
the magnitude of the fracture strain is overestimated by %2017 −  for both welding 
conditions.  
The difference of fracture strains between the hot and the cold weld (see Table 3) can to 
some extent, be explained by the difference in the local stress state predicted for the two 
welds. As discussed above, omitting stage IV hardening slightly increases the stress triaxiality 
in the region of localisation, with the highest values found for the hot weld. This is due to the 
larger mismatch in the material properties for the hot weld, hence the more localised plastic 
flow induces more rapid damage development and void shape evolution. Together with the 
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difference in the Considère strain, uε , for the various regions of the weld, this influences the 
void coalescence predicted by the Thomason criterion. Furthermore, the change in the local 
stress state was found to result in slightly earlier nucleation when omitting the stage IV 
hardening, which likewise affects the void growth and shape evolution. 
 
 
7. Conclusions  
A finite element model accounting for damage evolution is applied to friction stir welded 
joints of aluminium alloy 6005A in order to predict the overall tensile response up to final 
failure. Most damage parameters are directly identified from microstructure characterisation, 
while the flow properties as well as the size and position of the various weld regions were 
based on micro-tensile testing and hardness measurements. A Voce law type hardening model 
including a constant stage IV hardening is used to approximate the material behaviour and a 
simple empirical correlations has been proposed to estimate the level of stage IV hardening.  
 
The key findings of this study are the following. 
 
• The complex competition between plastic flow, void nucleation, void growth and 
coalescence is heavily coupled with the hardness and strain hardening of the material 
when predicting final failure. 
• An improved prediction of the level of the fracture strain for the heat affected zone 
(HAZ) has been obtained when accounting for stage IV hardening. A good estimate of 
the fracture strain for the HAZ is here of particular importance since plastic 
localisation and failure occurs in this region for the full welds. 
• Both the predicted level and variation of the fracture strain among the hot and the cold 
weld were improved when accounting for a stage IV hardening. A consistent 
overestimate of 17–20% was here obtained, which is acceptable considering that the 
model has been applied using physical parameters and no extra tuning. 
• Evidence of a second population of cavities in the ligament between the primary voids 
was found by SEM observations for the base material and the nugget, while only one 
population of voids was found in the HAZ. Assuming the secondary voids  nucleate at 
a high critical nucleation stress, a parametrical study confirms that this second 
population of voids significantly lowers the fracture strain of the micro-tensile 
specimens of the base material and the nugget, while the HAZ is unaffected. The 
presence of a second population of voids does not affect the ductility of the weld. 
 
This work shows that state of the art microstructure informed damage models can provide 
a reasonable prediction of the plastic flow and fracture strain of complex heterogeneous 
structures and is able to link end-use properties to material characteristics, without parameter 
adjustment. 
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Appendix: Effect of a second void population 
As shown in section 4.3.2, SEM observation of the fracture surfaces belonging to the high 
strength regions of the weld (e.g. the BM, see Simar et al., 2009, and NG, see Fig. 3) reveal 
both large and small dimples, indicating the presence of a second population of smaller voids 
affecting the damage process. This effect is not taken into account in the fully coupled FE-
model nor in the results presented earlier in this paper. This partly explains the overestimation 
of the fracture strains for the BM and the NG. The fracture strain was well predicted for the 
HAZ2 in which no secondary voids were observed (see Table 2). The presence of smaller 
secondary voids, nucleating in the ligament between the primary voids, is known to 
significantly influence the void coalescence and thereby cause premature failure (Tvergaard, 
1982, Faleskog and Shih, 1997, Fabrègue and Pardoen, 2008).  
A qualitative numerical study of the effect of secondary void nucleation on coalescence 
has been carried out. For this, only the micro-specimens were considered. The decoupled 
parametric study relies on the change in plastic strain and the parameters governing the 
Thomason criterion (equation (8)). The equivalent plastic strain, stress state, void shape and 
void volume fraction at each time step, for the Gauss point first reaching coalescence are 
extracted from the fully coupled 3D model (in section 2) and introduced (see equation (A1)) 
in a modified Thomason criterion suggested by Fabrègue and Pardoen (2008) that accounts for 
the presence of secondary voids. 
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The volume fraction of secondary voids, 2f , here acts as a knock-down factor on the load 
carrying capacity for the ligaments between the primary voids. The strain at which 
coalescence takes place, pcMε  (see Fig. A1a), is hence determined. The predicted volume 
fraction of secondary voids, 2f , should be seen as an effective value, since the average 
microscopic plastic strain between the primary voids is assumed to govern the nucleation and 
growth of the secondary voids. For the sake of simplicity, the secondary voids are assumed to 
evolve linearly with plastic straining (see Fabrègue and Pardoen, 2008 for a more advanced 
approach). Hence, the volume fraction of secondary voids is taken to follow 
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Mε  is the microscopic plastic strain corresponding to the 
stress state at which nucleation occurs. The stress state governing the nucleation of the 
secondary voids is taken to be similar to that of the primary voids. Nucleation thus occurs 
when 3/kkM σσ +  reaches a critical level 2cσ . The critical nucleation stress is adjusted so that 
none or a limited number of secondary voids nucleate in the HAZ to match the SEM 
observation in Fig. 3b. (see Table 1). Hence, only a limited effect of the secondary voids is 
expected on the fracture strain for the full weld, since failure here occurs in the HAZ.  
Fig. A1a shows the variation of the plastic strain at coalescence, pcMε , predicted by the 
above procedure, normalised by the plastic strain at coalescence when omitting the presence 
of secondary voids )0( 2 =K
pc
Mε . The results are shown a function of the growth rate of the 
secondary voids K2. Fig. A1b shows the variation of the corresponding effective volume 
fraction of secondary voids at coalescence. With a nucleation stress 2cσ  equal to 700 MPa, 
only a limited volume fraction of the secondary voids was found to develop in the HAZ, while 
keeping 2cσ  constant, a much higher level of the volume fraction of secondary voids is 
predicted for both the BM and the NG (see Fig. A1b). This agrees well with the SEM 
observation of Fig 3 and results in Simar et al. (2009). The high strength of the BM and high 
strain hardening capacity of the NG cause secondary voids to nucleation. Hence, these regions 
are largely affected by the secondary voids, which is also seen from Fig. A1a, where the 
plastic strain at coalescence is lowered up to 15% and 30% for the BM and the NG, 
respectively, depending on the growth rate, 2K . Hence, the presence of secondary voids might 
explain the difference between the experimental measurements and model predictions for the 
BM and NG shown in Table 2, when using a stage IV hardening. 
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 Tables 
 
Parameters Notation Value Origin 
Young’s modulus E 72000 MPa value for Al 
Poisson ratio ν  0.32 value for Al 
Mass density ρ  2700 kg/m3 value for Al 
Initial yield stress 
yσ  236.73 MPa Tensile testing  
(Transverse to extrusion direction) 
Dislocation storage rate 
0θ  713 MPa Tensile testing 
Dynamic recovery rate 
0β  8.21 Tensile testing  
Stage IV hardening 
IVθ  40 MPa Estimated
1 
Strain rate hardening exponent m  0.002 Imposed 
Reference strain rate 
0ε  0.005 Imposed 
Initial void volume fraction 
0f  0 Imposed 
Volume fraction of particles 
1pf  %44.02.1 ±  SEM characterisation 
Volume fraction of dispersoïds 
2pf  0.7% FEG-SEM characterisation 
Particle aspect ratio 
1/1 pW  14.07.1 ±  SEM characterisation
1 
Initial void aspect ratio 
01W  0.01 Imposed 
Critical nucleation stress for 
primary voids 
1cσ  400 MPa Fitted on isothermal heat 
treatments1 
Interval for nucleation of 
primary voids 
1nuclσΔ  200 MPa  Fitted on isothermal heat 
treatments1 
Critical nucleation stress for 
secondary voids 
2cσ  700 MPa Estimated in section 7.2 
Table 1: Material properties and damage parameters for the base material (A6005-T6). 
1
See 
reference Simar et al., 2009. 
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 Base material 
(BM) 
Heat affected zone 
(HAZ2) 
Weld nugget 
(NG) 
Measured fε  14.094.0 ±  12.039.1 ±  02.087.0 ±  
Predicted fε  for 0=IVθ  0.98 0.81 1.04 
Predicted fε  for uIVIV K εθ =  1.38 1.52 1.91 
 
Table 2: Experimentally measured and predicted fracture strain of the micro-specimens 
extracted from the cold weld.  
 
 
 
 
 
 
 
 
 Hot weld ( 200=v  mm/min) Cold weld ( 1000=v  mm/min) 
Measured fε  0.62 0.58 
Predicted fε  for 0=IVθ  0.45 0.67 
Predicted fε  for uIVIV K εθ =  0.75 0.68 
 
Table 3: Experimentally measured and predicted fracture strain of the macro-specimens 
containing the cold and the hot weld, respectively. Both welds are performed with 1000=r  
rpm. 
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Figures 
 
Figure 1: Definition of the strain hardening parameters ( )IVθβθ ,, 00  of the Voce law involving 
both stage III and stage IV as well as a smooth transition region, based on a hardening rate 
versus flow stress (minus initial yield stress) plot. 
 
 
   
 
Figure 2: Estimated material properties based on the micro-specimens showing the initial 
yield stress, yσ ; dislocation storage rate, 0θ ;  dynamic recovery rate, 0β , and stage IV 
hardening , IVθ  transverse to a) the cold weld ( 1000=r rpm, 1000=v mm/min) and b) the hot 
weld ( 1000=r rpm, 200=v mm/min).   
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Figure 3: (a) Iron-rich phases and dispersoïds in the base material (TEM image). Fractography 
of the micro-tensile specimen of (b) the low strength HAZ and (c) the weld nugget of the cold 
weld (SEM image). The fractography of the weld nugget shows evidences of a secondary 
voids that have presumably nucleated on the dispersoïds. 
 
 
 
 
 
 
 
Figure 4: Typical mesh used for  the 3D analysis of  a macro-specimen containing the welded 
joints; here shown for the cold weld ( 1000=r rpm, 1000=v mm/min). 
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Figure 5: Simulated engineering stress vs strain response of the micro-specimens of the cold 
weld ( 1000=r rpm, 1000=v mm/min) exhibiting the effect of taking a stage IV hardening 
into account. Only the tensile curves for the advancing side is shown, while similar results 
were found for the retreating side.  
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 Figure 6: Predicted and measured engineering stress vs strain response of macro-specimens 
containing a) the cold weld ( 1000=r rpm, 1000=v mm/min) and b) the hot weld 
( 1000=r rpm, 200=v mm/min); here, shown with ( uIVIV K εθ = ) and without ( 0=IVθ ) 
accounting for a stage IV hardening. 
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Figure 7: (a) Deformed macro-specimen at 7.1=uεε  indicating the surface on which digital 
image correlation has been performed and (b) corresponding simulated map of the 
longitudinal strain 11ε  on the same surface, both for the cold weld (using stage IV hardening). 
The dashed horizontal line in (b) indicates the position at which curves (e-f) have been 
extracted. DIC measurements and predicted local strain, showing the effect of stage IV 
hardening for two stages of deformation, (c-d) at necking ( 1=uεε ) and (e-f) at 3.1=uεε , 
for both the cold and hot weld. Here, uε   is the Considère strain and ε  the global strain in the 
tensile direction. Note that the predicted localisation has been inverted for the hot weld. To 
easily identify the local strain in the different weld zones, the curves (e-f) are shown in the 
undeformed configuration.  
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 Figure 8: Predicted localisation and failure of macro-specimen containing the cold weld, here 
showing a) the deformation at failure ( 7.1=uεε ) as well as curves of constant b) void 
volume fraction, f , c) void aspect ratio, W , d) stress triaxiality ( )e
k
k σσ 3 , all plotted in the 
through thickness cross-sectional plane indicated in a).  
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 Figure A1: Effect of the presence of secondary voids within the different regions of the weld; 
in terms of a) the relative change of the strain at coalescence, 
max
p
M
p
M εε  and b) the effective 
volume fraction of secondary voids at coalescence, 2f , both as a function of the rate of 
growth of the second population, 2K . 
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